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Preface 



The purpose of this book is to convey the conceptual framework that underlies the 
microscopic or atomistic theory of matter, emphasizing those aspects that relate to 
electronic properties, especially current flow. Even a hundred years ago the atomistic 
viewpoint was somewhat controversial and many renowned scientists of the day ques- 
tioned the utility of postulating entities called atoms that no one could see. 1 What no 
one anticipated was that by the end of the twentieth century, scientists would actually be 
"seeing" and taking pictures of atoms and even building "nanostructures" engineered 
on a nanometer length scale. 2 The properties of such nanostructures cannot be modeled 
in terms of macroscopic concepts like mobility or diffusion. What we need is an atomic 
or microscopic viewpoint and that is what this book is about. 

The microscopic theory of matter was largely developed in the course of the twentieth 
century following the advent of quantum mechanics and is gradually becoming an 
integral part of engineering disciplines, as we acquire the ability to engineer materials 
and devices on an atomic scale. It is finding use in such diverse areas as predicting 
the structure of new materials, their electrical and mechanical properties, and the rates 
of chemical reactions, to name just a few applications. In this book, however, I will 
focus on the flow of current through a nanostructure when a voltage is applied across 
it. This is a problem of great practical significance as electronic devices like transistors 
get downscaled to atomic dimensions. It is a rapidly evolving field of research and 
the specific examples I will use in this book may or may not be important twenty 
years from now. But the problem of current flow touches on some of the deepest issues 
of physics and the concepts we will discuss represent key fundamental concepts of 
quantum mechanics and non-equilibrium statistical mechanics that should be relevant 
to the analysis and design of nanoscale devices for many years into the future. This 
book is written very much in the spirit of a text-book that uses idealized examples to 
clarify general principles, rather than a research monograph that does justice to specific 
real-world issues. 



1 For an interesting description see Lindley (2001). 

2 The distance between two atoms is ~0.25 nm. 
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Preface 



Describing the flow of current involves a lot more than just quantum mechanics - 
it requires an appreciation of some of the most advanced concepts of non-equilibrium 
statistical mechanics. Traditionally these topics are spread out over many physics/ 
chemistry courses that take many semesters to cover. My aim is to condense the essential 
concepts into a book that can be covered in a one-semester graduate course. I have also 
used a subset of this material to teach a senior-level undergraduate course. The only 
background I will assume is a knowledge of partial differential equations and matrix 
algebra including familiarity with Mat lab (or an equivalent mathematical software 
package). 

The first chapter and the appendix are somewhat distinct from the rest of the book, 
but they have been included because I believe they should help the reader connect 
with the "big picture." The first chapter motivates the concepts covered in this book by 
laying out the factors that enter into a description of quantum transport in terms that are 
accessible to a beginner with no background in quantum mechanics. The appendix on 
the other hand is intended for the advanced reader and describes the same concepts using 
advanced formalism ("second quantization"). Both these chapters have been adapted 
from a longer article (Datta, 2004). 

When I finished my last book, Electronic Transport in Mesoscopic Systems (ETMS) 
(Datta, 1995), I did not think I would want to write another. But ETMS was written in 
the early 1990s when quantum transport was a topic of interest mainly to physicists. 
Since then, electronic devices have been shrinking steadily to nanometer dimensions 
and quantum transport is fast becoming a topic of interest to electrical engineers as 
well. I owe it largely to my long-time friend and colleague Mark Lundstrom, that I was 
convinced to write this book with an engineering audience in mind. And this change in 
the intended audience (though I hope physicists too will find it useful) is reflected in my 
use of "q" rather than "e" to denote the electronic charge. However, I have not replaced 
"i" with "— j", since a Schrodinger equation with "—jd^r/dt" just does not look right! 

Anyway, this book has more substantial differences with ETMS. ETMS starts from 
the effective mass equation, assuming that readers had already seen it in a solid-state 
physics course. In this book, I spend Chapters 2 through 7 building up from the hydrogen 
atom to E(k) diagrams and effective mass equations. Most importantly, ETMS was 
largely about low-bias conductance ("linear response") and its physical interpretation 
for small conductors, emphasizing the transmission formalism. In this book (Chapters 1 , 
8-11) I have stressed the full current-voltage characteristics and the importance of 
performing self -consistent calculations. I have tried to inject appropriate insights from 
the transmission formalism, like the Landauer formula and Buttiker probes, but the 
emphasis is on the non-equilibrium Green's function (NEGF) formalism which I believe 
provides a rigorous framework for the development of quantum device models that can 
be used to benchmark other simplified approaches. It bridges the gap between the fully 
coherent quantum transport models of mesoscopic physicists and the fully incoherent 
Boltzmann transport models of device physicists. 
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The NEGF formalism is usually described in the literature using advanced many- 
body formalism, but I have tried to make it accessible to a more general audience. In its 
simplest form, it reduces to a rate equation for a one-level system that I can teach under- 
graduates. And so in this book, I start with the "undergraduate" version in Chapter 1, 
develop it into the full matrix version, illustrate it with examples in Chapter 11, and 
provide a more formal justification using second quantization in the appendix. This 
book thus has a very different flavor from ETMS, which was primarily based on the 
transmission formalism with a brief mention of NEGF in the last chapter. 

Another important distinction with ETMS is that in this book I have made significant 
use of Matl ab . I use many numerical examples to provide concrete illustrations and, 
for the readers' convenience, I have listed my Matl ab codes at the end of the book, 
which can also be downloaded from my website. 1 I strongly recommend that readers 
set up their own computer program on a personal computer to reproduce the results. 
This hands-on experience is needed to grasp such deep and diverse concepts in so short 
a time. 

Additional problems designed to elaborate on the text material are posted on my 
website and I will be glad to share my solutions with interested readers. I plan to add 
more problems to this list and welcome readers to share problems of their own with 
the rest of the community. I will be happy to facilitate the process by adding links to 
relevant websites. 

This book has grown out of a graduate course (and recently its undergraduate version) 
that I have been teaching for a number of years. The reader may find it useful to 
view the videostreamed course lectures, keyed to specific sections of this book, that 
are publicly available through the web, thanks to the Purdue University E-enterprise 
Center, the NSF Network for Computational Nanotechnology, and the NASA Institute 
for Nanoelectronics and Computing. 

3 http://dynamo.ecn.purdue.edu/~datta 
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Fundamental constants 



q electronic charge 1.602 x 10 C 

h Planck constant 6.626 x 10" 34 J s 

h h/ln 1.055 x 10" 34 Js 

m free electron mass 9.11 x 10 -31 kg 

£ 0 permittivity of free space 8.854 x 10~ 12 F/m 

a 0 Bohr radius, 47T£ 0 h 2 /mq 2 0.0529 nm 



G 0 = q 2 /h conductance quantum 38.7 x 10" 6 S (S = I/O, =A/V) 

= 1/(25.8 x 10 3 fi) 

We will use rationalized MKS units throughout the book, with energy in electron-volts: 
1 eV= 1.602 x 10 19 J. 

Eq q 2 /%ji£aa.Q 13.6 eV 
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current (external) 
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./ 


current (internal) 


amperes (A) 
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voltage 


volts (V) 
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resistance 


ohms (Si = V/A) 


G 


conductance 


Siemens (S = A/V) 
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meters (m) 
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electron-volts (eV) 
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time 
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effective mass 
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conduction band effective mass 
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Luttinger parameters 


dimensionless 
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relative permittivity 


dimensionless 
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electric field 


V/m 


L 


channel length 


m 


S 


cross-sectional area 


nr 
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Symbols 



k wavevector /m 

v velocity m/s 

«s electron density per unit area /m 2 

n L electron density per unit length /m 

N number of electrons or number of photons dimensionless 

p density matrix dimensionless 

s energy level eV 

H Hamiltonian eV 

U self-consistent potential eV 

E energy eV 

[x. electrochemical potential eV 

f(E) Fermi function dimensionless 

n(E) electron density per unit energy /eV 

D{E) density of states (DOS) /eV 

A(E) spectral function /eV 

G n (E) (same as —iG < ) correlation function /eV 

G P (.E) (same as +iG > ) hole correlation function /eV 

G(E) Green's function (retarded) /eV 

T{E) transmission function dimensionless 

T(E) transmission probability (<1) dimensionless 

y, F(E) broadening eV 

E(£) self-energy (retarded) eV 

~E m (E) (same as — i'E < ) inscattering eV 

#(£) unit step function I ' dimensionless 

\ = 0, E < 0 

8(E) Dirac delta function /eV 

{= 1 , n = m 
dimensionless 
= 0, n 7^ m 

t Superscript to denote conjugate transpose 

T Superscript to denote transpose 



1 Prologue: an atomistic view of 
electrical resistance 



Let me start with a brief explanation since this is not a typical "prologue." For one it 
is too long, indeed as long as the average chapter. The reason for this is that I have 
a very broad objective in mind, namely to review all the relevant concepts needed to 
understand current flow through a very small object that has only one energy level in 
the energy range of interest. Remarkably enough, this can be done without invoking 
any significant background in quantum mechanics. What requires serious quantum 
mechanics is to understand where the energy levels come from and to describe large 
conductors with multiple energy levels. Before we get lost in these details (and we 
have the whole book for it!) it is useful to understand the factors that influence the 
current-voltage relation of a really small object. 

This "bottom-up" view is different from the standard "top-down" approach to elec- 
trical resistance. We start in college by learning that the conductance G (inverse of 
the resistance) of a large macroscopic conductor is directly proportional to its cross- 
sectional area A and inversely proportional to its length L: 

G = crA/L (Ohm's law) 

where the conductivity a is a material property of the conductor. Years later in graduate 
school we learn about the factors that determine the conductivity and if we stick around 
long enough we eventually talk about what happens when the conductor is so small that 
one cannot define its conductivity. I believe the reason for this "top-down" approach 
is historical. Till recently, no one was sure how to describe the conductance of a really 
small object, or if it even made sense to talk about the conductance of something really 
small. To measure the conductance of anything we need to attach two large contact 
pads to it, across which a battery can be connected. No one knew how to attach contact 
pads to a small molecule till the late twentieth century, and so no one knew what the 
conductance of a really small object was. But now that we are able to do so, the answers 
look fairly simple, except for unusual things like the Kondo effect that are seen only for 
a special range of parameters. Of course, it is quite likely that many new effects will be 
discovered as we experiment more on small conductors and the description presented 
here is certainly not intended to be the last word. But I think it should be the "first 
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Fig. 1 .1 Sketch of a nanoscale field effect transistor. The insulator should be thick enough to 
ensure that no current flows into the gate terminal, but thin enough to ensure that the gate voltage 
can control the electron density in the channel. 



word" since the traditional top-down approach tends to obscure the simple physics of 
very small conductors. 

The generic structure I will often use is a simple version of a "nanotransistor" con- 
sisting of a semiconducting channel separated by an insulator layer (typically silicon 
dioxide) from the metallic gate (Fig. 1.1). The regions marked source and drain are 
the two contact pads, which are assumed to be highly conducting. The resistance of 
the channel determines the current that flows from the source to the drain when a voltage 
Vd is applied between them. The voltage Va on the gate is used to control the electron 
density in the channel and hence its resistance. Such a voltage-controlled resistor is the 
essence of any field effect transistor (FET) although the details differ from one version 
to another. The channel length L has been progressively reduced from ~10 \avci in 1960 
to ~0.1 pm in 2000, allowing circuit designers to pack (100) 2 = 10000 times more 
transistors (and hence that much more computing power) into a chip of given surface 
area. This increase in packing density is at the heart of the computer revolution. How 
much longer can the downscaling continue? No one really knows. However, one thing 
seems certain. Regardless of what form future electronic devices take, we will have to 
learn how to model and describe the electronic properties of device structures that are 
engineered on an atomic scale. The examples I will use in this book may or may not be 
important twenty years from now. But the problem of current flow touches on some of 
the deepest issues of physics related to the nature of "friction" on a microscopic scale 
and the emergence of irreversibility from reversible laws. The concepts we will dis- 
cuss represent key fundamental concepts of quantum mechanics and non-equilibrium 



3 1.1 Energy level diagram 



statistical mechanics that should be relevant to the analysis and design of nanoscale 
devices for many years into the future. 

Outline: To model the flow of current, the first step is to draw an equilibrium energy 
level diagram and locate the electrochemical potential /x (also called the Fermi level or 
Fermi energy) set by the source and drain contacts (Section 1.1). Current flows when an 
external device such as a battery maintains the two contacts at different electrochemical 
potentials fix and fi^, driving the channel into a non-equilibrium state (Section 1.2). 
The current through a really small device with only one energy level in the range of 
interest is easily calculated and, as we might expect, depends on the quality of the 
contacts. But what is not obvious (and was not appreciated before the late 1980s) is 
that there is a maximum conductance for a channel with one level (in the energy range 
of interest), which is a fundamental constant related to the charge on an electron and 
Planck's constant: 

Go = q 2 /h = 38.7 ]iS = (25.8 ktty 1 (1.1) 

Actually small channels typically have two levels (one for up spin and one for down 
spin) at the same energy ("degenerate" levels) making the maximum conductance equal 
to 2Go- We can always measure conductances lower than this, if the contacts are bad. 
But the point is that there is an upper limit to the conductance that can be achieved 
even with the most perfect of contacts (Section 1.3). In Section 1.4, 1 will explain the 
important role played by charging and electrostatics in determining the shape of the 
current-voltage (I-V) characteristics, and how this aspect is coupled with the equations 
for quantum transport. Once this aspect has been incorporated we have all the basic 
physics needed to describe a one-level channel that is coupled "well" to the contacts. 
But if the channel is weakly coupled, there is some additional physics that I will discuss 
in Section 1.5. Finally, in Section 1.6, 1 will explain how the one-level description is 
extended to larger devices with multiple energy levels, eventually leading to Ohm's law. 
It is this extension to larger devices that requires the advanced concepts of quantum 
statistical mechanics that constitute the subject matter of the rest of this book. 



1 .1 Energy level diagram 



Figure 1.1.1 shows the typical current-voltage characteristics for a well-designed tran- 
sistor of the type shown in Fig. 1 . 1 having a width of 1 |j.m in the y-direction perpendic- 
ular to the plane of the paper. At low gate voltages, the transistor is in its off state, and 
very little current flows in response to a drain voltage V D . Beyond a certain gate voltage, 
called the threshold voltage V T , the transistor is turned on and the ON-current increases 
with increasing gate voltage Vq. For a fixed gate voltage, the current / increases at first 
with drain voltage, but it then tends to level off and saturate at a value referred to as the 
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ON-current. Let us start by trying to understand why the current increases when the 
gate voltage exceeds Vj (Fig. 1.1.1a). 

The first step in understanding the operation of any inhomogeneous device structure 
(like the generic one shown in Fig. 1 . 1 ) is to draw an equilibrium energy level diagram 
(sometimes called a "band diagram") assuming that there is no voltage applied between 
the source and the drain. Electrons in a semiconductor occupy a set of energy levels 
that form bands as sketched in Fig. 1.1.2. Experimentally, one way to measure the 
occupied energy levels is to find the minimum energy of a photon required to knock 
an electron out into vacuum (photoemission (PE) experiments). We can describe the 
process symbolically as 

S + hv -> S+ + e _ 

where "S" stands for the semiconductor device (or any material for that matter!). 

The empty levels, of course, cannot be measured the same way since there is no 
electron to knock out. We need an inverse photoemission (IPE) experiment where an 
incident electron is absorbed with the emission of photons: 

S + e~ -> S~+hv 

Other experiments like optical absorption also provide information regarding energy 
levels. All these experiments would be equivalent if electrons did not interact with each 
other and we could knock one electron around without affecting everything else around 
it. But in the real world subtle considerations are needed to relate the measured energies 
to those we use and we will discuss some of these issues in Chapter 2. 

We will assume that the large contact regions (labeled source and drain in Fig. 1.1) 
have a continuous distribution of states. This is true if the contacts are metallic, but not 



1.1 Energy level diagram 
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Fig. 1 .1 .2 Allowed energy levels that can be occupied by electrons in the active region of a device 
like the channel in Fig. 1 . 1 . A positive gate voltage Vg moves the energy levels down while the 
electrochemical potential /n is fixed by the source and drain contacts, which are assumed to be in 
equilibrium with each other (V D = 0). 



exactly true of semiconducting contacts, and interesting effects like a decrease in the 
current with an increase in the voltage (sometimes referred to as negative differential 
resistance (NDR)) can arise as a result (see Exercise E.1.4); however, we will ignore 
this possibility in our discussion. The allowed states are occupied up to some energy 
\jl (called the electrochemical potential) which too can be located using photoemission 
measurements. The work function is defined as the minimum energy of a photon needed 
to knock a photoelectron out of the metal and it tells us how far below the vacuum level 
fi is located. 



Fermi function: If the source and drain regions are coupled to the channel (with 
Vd held at zero), then electrons will flow in and out of the device bringing them all 
in equilibrium with a common electrochemical potential, /x, just as two materials in 
equilibrium acquire a common temperature, T. In this equilibrium state, the average 
(over time) number of electrons in any energy level is typically not an integer, but is 
given by the Fermi function: 

1 

ME-n)= (1.1.1) 

l+exp[(£-/z)A B r] 

Energy levels far below fi are always full so that f 0 = I, while energy levels far 
above /x are always empty with/o = 0. Energy levels within a few k^T of /x are 
occasionally empty and occasionally full so that the average number of electrons lies 
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Fig. 1 .1 .3 The Fermi function (Eq. (1.1.1)) describing the number of electrons occupying a state 
with an energy E if it is in equilibrium with a large contact ("reservoir") having an electrochemical 
potential fi. 

between 0 and 1: 0 <fo < 1 (Fig. 1.1.3). Note that this number cannot exceed one 
because the exclusion principle forbids more than one electron per level. 

n-type operation: A positive gate voltage Vg applied to the gate lowers the energy 
levels in the channel. However, the energy levels in the source and drain contacts 
are unchanged and hence the electrochemical potential /u. (which must be the same 
everywhere) remains unaffected. As a result the energy levels move with respect to 
/x, driving /x into the empty band as shown in Fig. 1.1.2. This makes the channel 
more conductive and turns the transistor ON, since, as we will see in the next section, 
the current flow under bias depends on the number of energy levels available around 
E = fi. The threshold gate voltage Vt needed to turn the transistor ON is thus determined 
by the energy difference between the equilibrium electrochemical potential \x and the 
lowest available empty state (Fig. 1.1.2) or what is called the conduction band edge. 

p-type operation: Note that the number of electrons in the channel is not what deter- 
mines the current flow. A negative gate voltage (Vg < 0), for example, reduces the 
number of electrons in the channel. Nevertheless the channel will become more con- 
ductive once the electrochemical potential is driven into the filled band as shown in 
Fig. 1.1.4, due to the availability of states (filled or otherwise) around E = \x. This 
is an example of p-type or "hole" conduction as opposed to the example of n-type or 
electron conduction shown in Fig. 1.1.2. The point is that for current flow to occur, 
states are needed near E = fi, but they need not be empty states. Filled states are just 
as good and it is not possible to tell from this experiment whether conduction is n-type 
(Fig. 1 . 1 .2) or p-type (Fig. 1 .1.4). This point should become clearer in Section 1 .2 when 
we discuss why current flows in response to a voltage applied across the source and 
drain contacts. 



1.2 What makes electrons flow? 
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Fig. 1 .1 .4 Example of p-type or hole conduction. A negative gate voltage ( V G < 0) reduces the 
number of electrons in the channel. Nevertheless the channel will become more conductive once 
the electrochemical potential ft is driven into the filled band since conduction depends on the 
availability of states around E — /j. and not on the total number of electrons. 

Figures 1.1.2 and 1.1.4 suggest that the same device can be operated as an n-type 
or a p-type device simply by reversing the polarity of the gate voltage. This is true 
for short devices if the contacts have a continuous distribution of states as we have 
assumed. But in general this need not be so: for example, long devices can build up 
"depletion layers" near the contacts whose shape can be different for n- and p-type 
devices. 



What makes electrons flow? 

We have stated that conduction depends on the availability of states around E = /u,; it 
does not matter if they are empty or filled. To understand why, let us consider what 
makes electrons flow from the source to the drain. The battery lowers the energy levels 
in the drain contact with respect to the source contact (assuming V D to be positive) and 
maintains them at distinct electrochemical potentials separated by gV D 

Mi-M2 = #Vd (1-2.1) 
giving rise to two different Fermi functions: 

fi(E) = — — 1 — — = f 0 (E - Ml ) (1.2.2a) 

1 +exp[(£ -fii)/k B T] 

ME) = — — — — = ME - in) (1.2.2b) 

1 +exp[(£ - M2)Ab?J 

Each contact seeks to bring the channel into equilibrium with itself. The source keeps 
pumping electrons into it, hoping to establish equilibrium. But equilibrium is never 
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SOURCE CHANNEL DRAIN 

Fig. 1 .2.1 A positive voltage Vd applied to the drain with respect to the source lowers the 
electrochemical potential at the drain: fi 2 — Mi — 9 Vd. Source and drain contacts now attempt to 
impose different Fermi distributions as shown, and the channel goes into a state intermediate 
between the two. 



achieved as the drain keeps pulling electrons out in its bid to establish equilibrium 
with itself. The channel is thus forced into a balancing act between two reservoirs with 
different agendas and this sends it into a non-equilibrium state intermediate between 
what the source would like to see and what the drain would like to see (Fig. 1.2.1). 



Rate equations for a one-level model: This balancing act is easy to see if we con- 
sider a simple one-level system, biased such that its energy s lies between the elec- 
trochemical potentials in the two contacts (Fig. 1.2.2). Contact 1 would like to see 
fi(s) electrons, while contact 2 would like to see /2(e) electrons occupying the state 
where /1 and f% are the source and drain Fermi functions defined in Eq. (1.2.2). The 
average number of electrons TV at steady state will be something intermediate between 
/i(e) andf2(s). There is a net flux I\ across the left junction that is proportional to 
(/1 — A0> dropping the argument e for clarity: 

h = ^(fi~N) (1.2.3a) 
n 

where — q is the charge per electron. Similarly the net flux h across the right junction 
is proportional to — AO and can be written as 

h=^(f2-N) (1.2.3b) 

We can interpret the rate constants y\/h and yi/h as the rates at which an electron 
placed initially in the level s will escape into the source and drain contacts respec- 
tively. In principle, we could experimentally measure these quantities, which have the 
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Fig. 1 .2.2 Flux of electrons into and out of a one-level channel at the source and drain ends: 
simple rate equation picture. 



dimension per second, so that y\ and yi have the dimension of energy. At the end of this 
section I will say a few more words about the physics behind these equations. But for 
the moment, let us work out the consequences. 

Current in a one-level model: At steady state there is no net flux into or out of the 
channel, I x +I 2 = 0, so that from Eqs. (1.2.3a, b) we obtain the reasonable result 

N = /l/l + ]/2/2 (1.2.4) 
Y\ + 72 

that is, the occupation N is a weighted average of what contacts 1 and 2 would like to 
see. Substituting this result into Eq. (1.2.3a) or (1.2.3b) we obtain an expression for the 
steady-state current: 

I = h = -I 2 = | [/i(e) - f 2 (£)] (1-2.5) 
h Y\ + Y2 

This is the current per spin. We should multiply it by two if there are two spin states 
with the same energy. 

This simple result serves to illustrate certain basic facts about the process of current 
flow. Firstly, no current will flow if fi(s) = /2(e)- A level that is way below both 
electrochemical potentials [i\ and /Z2 will have/i(e) =f 2 (e) = 1 and will not contribute 
to the current, just like a level that is way above both potentials ix\ and 1x2 and has 
/[(e) =f 2 (s) = 0. It is only when the level lies within a few k^T of the potentials /xi 
and (I2 that we have/i(e) ^f 2 (s) and a current flows. Current flow is thus the result of 
the "difference in agenda" between the contacts. Contact 1 keeps pumping in electrons 
striving to bring the number up from Ntofi, while contact 2 keeps pulling them out 
striving to bring it down 10/2- The net effect is a continuous transfer of electrons from 
contact 1 to 2 corresponding to a current / in the external circuit (Fig. 1.2.2). Note that 
the current is in a direction opposite to that of the flux of electrons, since electrons have 
negative charge. 
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It should now be clear why the process of conduction requires the presence of states 
around E = fi.lt does not matter if the states are empty (n-type, Fig. 1.1.2) or filled 
(p-type, Fig. 1.1.4) in equilibrium, before a drain voltage is applied. With empty states, 
electrons are first injected by the negative contact and subsequently collected by the 
positive contact. With filled states, electrons are first collected by the positive contact 
and subsequently refilled by the negative contact. Either way, we have current flowing 
in the external circuit in the same direction. 

Inflow/outflow: Eqs. (1.2.3a, b) look elementary and I seldom hear anyone question 
them. But they hide many subtle issues that could bother more advanced readers and 
so I feel obliged to mention these issues briefly. I realize that I run the risk of confusing 
"satisfied" readers who may want to skip the rest of this section. 

The right-hand sides of Eqs. (1.2.3a, b) can be interpreted as the difference between 
the influx and the outflux from the source and drain respectively (see Fig. 1.2.2). 
For example, consider the source. The outflux of y\N /ti is easy to justify since yi/h 
represents the rate at which an electron placed initially in the level s will escape into the 
source contact. But the influx y\f\/h is harder to justify since there are many electrons 
in many states in the contacts, all seeking to fill up one state inside the channel and it is 
not obvious how to sum up the inflow from all these states. A convenient approach is 
to use a thermodynamic argument as follows. If the channel were in equilibrium with 
the source, there would be no net flux, so that the influx would equal the outflux. But 
the outflux under equilibrium conditions would equal y\ f\ /h since N would equal f\ . 
Under non-equilibrium conditions, TV differs from/i but the influx remains unchanged 
since it depends only on the condition in the contacts which remains unchanged (note 
that the outflux does change giving a net current that we have calculated above). 

"Pauli blocking"? Advanced readers may disagree with the statement I just made, 
namely that the influx "depends only on the condition in the contacts." Shouldn't the 
influx be reduced by the presence of electrons in the channel due to the exclusion 
principle ("Pauli blocking")? Specifically one could argue that the inflow and outflow 
(at the source contact) be identified respectively as 

Xi/i(l-iV) and y v N{l-f\) 

instead of 

yxfx and y x N 

as we have indicated in Fig. 1.2.2. It is easy to see that the net current given by the 
difference between inflow and outflow is the same in either case, so that the argu- 
ment might appear "academic." What is not academic, however, is the level broaden- 
ing that accompanies the process of coupling to the contacts, something we need to 
include in order to get quantitatively correct results (as we will see in the next section). 
I have chosen to define inflow and outflow in such a way that the outflow per electron 
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(y l = yiN/N) is equal to the broadening (in addition to their difference being equal 
to the net current). Whether this broadening (due to the source) is y\ or y\(l — f\) or 
something else is not an academic question. It can be shown that as long as energy 
relaxing or inelastic interactions are not involved in the inflow/outflow process, the 
broadening is y\ , independent of the occupation factor f\ in the contact. We will discuss 
this point a little further in Chapters 9 and 10, but a proper treatment requires advanced 
formalism as described in the appendix. 



The quantum of conductance 

Consider a device with a small voltage applied across it causing a splitting of the source 
and drain electrochemical potentials (Fig. 1 .3.1a). We can write the current through this 
device from Eq. (1.2.5) and simplify it by assuming n\ > e > fi2 and the temperature 
is low enough that /i(e) = fo(e — /xi) « 1 and fois) = fo(s — m) ^ 0: 



/ = 



hyi + y 2 



in 
2h 



if 



Yl = Yi 



(1.3.1a) 



This suggests that we could pump unlimited current through this one-level device 
by increasing y\ (= yi), that is by coupling it more and more strongly to the con- 
tacts. However, one of the seminal results of mesoscopic physics is that the maxi- 
mum conductance of a one-level device is equal to Go (see Eq. (1.1)). What have we 
missed? 

What we have missed is the broadening of the level that inevitably accompanies any 
process of coupling to it. This causes part of the energy level to spread outside the energy 
range between [i\ and [i-i where current flows. The actual current is then reduced below 
what we expect from Eq. (1.3.1a) by a factor (/xi — 112)/ Cy\ representing the fraction 
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Fig. 1.3.1 (a) A channel with a small voltage applied across it causing a splitting of the source and 
drain electrochemical potentials fii > e > (b) The process of coupling to the channel inevitably 
broadens the level, thereby spreading part of the energy level outside the energy range between \x\ 
and /jL 2 where current flows. 



Prologue: an atomistic view of electrical resistance 



(a) | 
£ 




(b)f 
£ 



Fig. 1.3.2 



Source 



Channel 



Drain 




Source 



Channel 



Drain 



of the level that lies in the window between /xi and 1^2, where Cy\ is the effective 
width of the level, C being a numerical constant. Since \i\ — fi 2 = q Vd, we see from 
Eq. (1.3.1b) 



/ = 



qyi qVp 
2fi Cyi 



I 



2Ch 



(1.3.1b) 



that the conductance indeed approaches a constant value independent of the strength 
of the coupling (y\ = y 2 ) to the contacts. We will now carry out this calculation a little 
more quantitatively so as to obtain a better estimate for C. 

One way to understand this broadening is to note that, before we couple the channel 
to the source and the drain, the density of states (DOS) D(E) looks something like 
Fig. 1.3.2a (dark indicates a high DOS). We have one sharp level in the channel and a 
continuous distribution of states in the source and drain contacts. On coupling, these 
states "spill over": the channel "loses" part of its state as it spreads into the contacts, 
but it also "gains" part of the contact states that spread into the channel. Since the loss 
occurs at a fixed energy while the gain is spread out over a range of energies, the overall 
effect is to broaden the channel DOS from its initial sharp structure (Fig. 1.3.2a) into a 
more diffuse structure (Fig. 1 .3.2b). In Chapter 8 we will see that there is a "sum rule" 
that requires the loss to be exactly offset by the gain. Integrated over all energy, the 
level can still hold only one electron. The broadened DOS could in principle have any 
shape, but in the simplest situation it is described by a Lorentzian function centered 
around E = s (whose integral over all energy is equal to one): 



D E {E) 



y/2n 



(E - e) 1 + (y/2) z 



(1.3.2) 



The initial delta function can be represented as the limiting case of D B (E) as the 
broadening tends to zero: y —> 0 (Fig. 1.3.3). The broadening y is proportional to the 
strength of the coupling as we might expect. Indeed it turns out that y = y\ + y 2 , where 
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D E (E) -> D E (E) 



Fig. 1 .3.3 An energy level at E — e is broadened into a continuous density of states D e (E) by 
the process of coupling to the contacts. D e (E) curves for two different values of coupling y 
with e = 0 eV are shown. 



Y\ /h and y 2 /fi are the escape rates introduced in Section 1 .2. This will come out of our 
quantum mechanical treatment in Chapter 8, but at this stage we could rationalize it as 
a consequence of the "uncertainty principle" that requires the product of the lifetime 
(= h/y) of a state and its spread in energy (y) to equal h. Note that in general the 
lineshape need not be Lorentzian and this is usually reflected in an energy-dependent 
broadening y(E). 

Anyway, the bottom line is that the coupling to the contacts broadens a single discrete 
energy level into a continuous density of states given by Eq. (1.3.2) and we can include 
this effect by modifying our expression for the current (Eq. (1.2.5)) 

CI VlV? 

/ = |_n^_ [/l(e) _ /2(e)] 

h y x + y 2 

to integrate (that is, sum) over a distribution of states, D E (E) dE: 

l = \ \ dED e (E)—^-p— [ME) - f 2 {E)] (1.3.3) 
n J Y1 + Y2 

— CO 

At low temperatures, we can write 

ME) - ME) = 1 if Mi > E > /a 2 
= 0 otherwise 

so that the current is given by 



mi 

Y1Y2 



fi yi + Yi 

M2 



l/ 2 f 

- Y2 J 



dED e (E) 
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If the bias is small enough that we can assume the DOS to be constant over the range 
IX\ > E > jti.2, we can use Eq. (1.3.2) to write 

1 = T ; (Ml - M2h 



h Yi + Yi "~ ' (M - e) 2 + (Yi + /2) 2 

The maximum current is obtained if the energy level e coincides with /x, the average 
of ix\ and fi 2 - Noting that /zi — (i 2 = <?Vd, we can write the maximum conductance as 

I q 2 4y lY 2 q 2 ., 
Vd h (yi + y 2 y h 

Equation (1.3.3) for the current extends our earlier result in Eq. (1.2.5) to include 
the effect of broadening. Similarly, we can extend the expression for the number of 
electrons N (see Eq. (1.2.4)) 

N _ + nMe) 

Yi + Y2 

to account for the broadened DOS: 

f Yifi(E) + y 2 ME) 

N= / dED E (E) - — y J ^ y - J2K ' (1.3.4) 

J Y1 + Y2 



Potential profile 

Physicists often focus on the low-bias conductance ("linear response"), which is deter- 
mined solely by the properties of the energy levels around the equilibrium electro- 
chemical potential /x. What is not widely appreciated is that this is not enough if we 
are interested in the full current-voltage characteristics. It is then important to pay 
attention to the actual potential inside the channel in response to the voltages applied 
to the external electrodes (source, drain, and gate). To see this, consider a one-level 
channel with an equilibrium electrochemical potential [i located slightly above the 
energy level e as shown in Fig. 1 .4. 1 . When we apply a voltage between the source and 
drain, the electrochemical potentials separate bygV: /xi — fx 2 = qV. We know that a 
current flows (at low temperatures) only if the level e lies between /xi and fi 2 - Depend- 
ing on how the energy level e is affected by the applied voltage, we have different 
possibilities. 

If we ignore the gate we might expect the potential in the channel to lie halfway 
between the source and the drain, s — > s — (V/2), leading to Fig. 1.4.2 for positive and 
negative voltages (note that we are assuming the source potential to be held constant, 
relative to which the other potentials are changing). It is apparent that the energy level 
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Fig. 1 .4.2 Energy level diagram under (a) forward ( V > 0) and (b) reverse (V < 0) bias, assuming 
that the channel potential lies halfway between the source and the drain. 



(a) V > 0 (b) V < 0 




Fig. 1 .4.3 Energy level diagram under (a) forward ( V > 0) and (b) reverse ( V < 0) bias assuming 
that the channel potential remains fixed with respect to the source. 



lies halfway between /xi and /X2 for either bias polarity (V > 0 or V < 0), leading to 
equal magnitudes for + V and —V. 

A different picture emerges if we assume that the gate is so closely coupled to the 
channel that the energy level follows the gate potential and is unaffected by the drain 
voltage or, in other words, e remains fixed with respect to the source (Fig. 1.4.3). 
In this case the energy level lies between fi\ and fi2 for positive bias (V > 0) but 
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Cv. = Cq + Cfi + Cn 



H 2 = H-qV D 



-qV G 




Fig. 1 .4.4 A simple capacitive circuit model for the "Laplace" potential t/ L of the active region in 
response to the external gate and drain voltages, V G and Vd- The total capacitance is denoted Ce, 
where E stands for electrostatic. The actual potential U can be different from Ul if there is a 
significant density of electronic states in the energy range around fii and /j.2- 



not for negative bias (V < 0), leading to a current-voltage characteristic that can 
be very asymmetric in V. Clearly the shape of the current-voltage characteristic is 
affected strongly by the potential profile and even the simplest model needs to account 
for it. 

So how do we calculate the potential inside the channel? If the channel were an 
insulator, we could solve Laplace's equation (e r is the relative permittivity, which could 
be spatially varying) 

V-feVV) = 0 

subject to the boundary conditions that V= 0 (source electrode), V=Vg (gate electrode), 
and V= Vd (drain electrode). We could visualize the solution to this equation in terms 
of the capacitive circuit model shown in Fig. 1.4.4, if we treat the channel as a single 
point ignoring any spatial variation of the potential inside it. 

The potential energy in the channel is obtained by multiplying the electrostatic 
potential Vby the electronic charge — q: 



Ul= 7 ^(-qV G )+-^(-qV D ) 
Le Le 



(1.4.1a) 



Here we have labeled the potential energy with a subscript L as a reminder that it is 
calculated from the Laplace equation ignoring any change in the electronic charge, 
which is justified if there are very few electronic states in the energy range around /ij 
and /X2- Otherwise there is a change Ap in the electron density in the channel and we 
need to solve the Poisson equation 



V.(e r W) = -Ap/e 0 
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for the potential. In terms of our capacitive circuit model, we could write the change in 
the charge as a sum of the charges on the three capacitors: 

-qAN = C S V + C G (V - V G ) + C D (V - Vb) 

so that the potential energy U = — qVis given by the sum of the Laplace potential and 
an additional term proportional to the change in the number of electrons: 



V 



U L +—AN 



(1.4.1b) 



The constant q 2 /CE = Uq tells us the change in the potential energy due to one extra 
electron and is called the single-electron charging energy, whose significance we will 
discuss further in the next section. The change AN in the number of electrons is 
calculated with respect to the reference number of electrons, originally in the channel, 
Nq, corresponding to which the energy level is believed to be located at e. 

Iterative procedure for self -consistent solution: For a small device, the effect of the 
potential U is to raise the DOS in energy and can be included in our expressions for the 
number of electrons N (Eq. (1.3.4)) and the current / (Eq. (1.3.3)) in a straightforward 
manner: 



N 



-J 



dED B (E - U) 



Yifi(E) + YifiiE) 



Y\ + Y2 
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+ 00 

/ 



dED e (E - U) 



Y\Yi 
Y\ + Y2 



[ME) - f 2 (E)] 



(1.4.2) 



(1.4.3) 



Equation (1.4.2) has a U appearing on its right-hand side, which in turn is a function 
of Af through the electrostatic relation (Eq. (1.4.1b)). This requires a simultaneous or 
"self-consistent" solution of the two equations which is usually carried out using the 
iterative procedure depicted in Fig. 1.4.5. 



A/-> U, Eqs. (1.4.1a, b) 



t7 -> A/ , Eq. (1.4.2) 
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Fig. 1 .4.5 Iterative procedure for calculating A' and U self-consistently. 
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Fig. 1.4.6 (a) Current vs. voltage calculated using the SCF method (Fig. 1.4.5) with fi — 0, 
e = 0.2 eV, V G = 0, k B T = 0.025 eV, U 0 = 0.025 eV, C D /C E = 0.5, and yi = Yi = 0.005 eV. 
(b) Number of electrons vs. voltage calculated using the SCF method (Fig. 1 .4.5) with same 
parameters as in (a). 



We start with an initial guess for U, calculate N from Eq. (1.4.2) with D S (E) given by 
Eq. (1.3.2), calculate an appropriate U fromEq. (1.4.1b), with given by Eq. (1.4.1a) 
and compare with our starting guess for U. If this new U is not sufficiently close to our 
original guess, we revise our guess using a suitable algorithm, say something like 

(1 4 4) 

Unevt = t^old + a Create _ ^old) 

/ \ 

New guess Old guess Calculated 

where a is a positive number (typically < 1) that is adjusted to be as large as possible 
without causing the solution to diverge (which is manifested as an increase in f/ ca ic — 
U 0 \& from one iteration to the next). The iterative process has to be repeated till we 
find a U that yields an N that leads to a new U which is sufficiently close (say within a 
fraction of k B T) to the original value. Once a converged U has been found, the current 
can be calculated from Eq. (1.4.3). 

Figure 1.4.6 shows the current / and the number of electrons calculated as a function 
of the applied drain voltage using the self-consistent field (SCF) method shown in 
Fig. 1.4.5. 




Coulomb blockade 

The charging model based on the Poisson equation represents a good zero-order approx- 
imation (sometimes called the Hartree approximation) to the problem of electron- 
electron interactions, but it is generally recognized that it tends to overestimate the 
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Fig. 1 .5.1 A channel with two spin-degenerate levels containing one electron is expected to have 
an equilibrium electrochemical potential that lies in the center of its broadened density of states, so 
that current should flow easily under bias (y — 0.05 eV). 



effect and may need to be corrected (the so-called exchange and correlation effects). 
Discovering an appropriate function U(N) (if there is one!) to replace our simple result 
(cf. Eq. (1.4.1b)) 

U(N) = q\N - N 0 )/C E 

is arguably one of the central topics in many-electron physics and can in some cases 
give rise to profound effects like magnetism, which are largely outside the scope of this 
book. However, there is one aspect that I would like to mention right away, since it can 
affect our picture of current flow even for a simple one -level device and put it in the 
so-called Coulomb blockade or single-electron charging regime. Let me explain what 
this means. 

Energy levels come in pairs, one up-spin and one down-spin, which are degenerate, 
that is they have the same energy. Usually this simply means that all our results have to 
be multiplied by two. Even the smallest device has two levels rather than one, and its 
maximum conductance will be twice the conductance quantum Go = q 1 / h discussed 
earlier. The expressions for the number of electrons and the current should all be 
multiplied by two. However, there is a less trivial consequence that I would like to 
explain. 

Consider a channel with two spin-degenerate levels (Fig. 1.5.1), containing one 
electron when neutral (No =1). We expect the broadened DOS to be twice our previous 
result (see Eq. (1.3.2)) 

D e (E) = 2 (for spin) x ^— =• (1.5.1) 

(E - ef + (y/2) 2 

where the total broadening is the sum of those due to each of the two contacts individu- 
ally: y = Yi + Y2, as before. Since the available states are only half filled for a neutral 
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Fig. 1 .5.2 Under certain conditions, the up-spin and down-spin density of states splits into two 
parts separated by the single-electron charging energy, Uo, instead of one single degenerate peak as 
shown in Fig. 1.5.1 (y = 0.05 eV, U 0 = 0.25 eV). 



channel, the electrochemical potential will lie exactly in the middle of the broadened 
DOS, so that we would expect a lot of current to flow when a bias is applied to split the 
electrochemical potentials in the source and drain as shown. 

However, under certain conditions the DOS looks like one of the two possibilities 
shown in Fig. 1.5.2. The up-spin and the down-spin density of states splits into two 
parts separated by the single-electron charging energy 

U 0 = q 2 /C E (1.5.2) 

Very little current flows when we apply a small bias since there are hardly any states 
between fi\ and 1x2 and this "Coulomb blockade" has been experimentally observed 
for systems where the charging energy Uq exceeds the broadening y. 

It is hard to understand why the two peaks should separate based on the simple 
SCF picture. Two peaks with the same energy ("degenerate") should always remain 
degenerate as long as they feel the same self-consistent potential U. The point is that 
no electron feels any potential due to itself. Suppose the up-spin level gets filled first, 
causing the down-spin level to float up by Uq. But the up-spin level does not float up 
because it does not feel any self-interaction, leading to the picture shown on the left in 
Fig. 1.5.2. Of course, it is just as likely that the down-spin will fill up first leading to 
the picture on the right. In either case the DOS near fi is suppressed relative to the SCF 
picture (Fig. 1.5.1). 

Describing the flow of current in this Coulomb blockade regime requires a very 
different point of view that we will not discuss in this book, except briefly in 
Section 3.4. But when do we have to worry about Coulomb blockade effects? Answer: 
only if Uq exceeds both k B T and y (= yi + yi). Otherwise, the SCF method will give 
results that look much like those obtained from the correct treatment (see Fig. 3.4.3). 
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So what determines UqI Answer: the extent of the electronic wavefunction. If we smear 
out one electron over the surface of a sphere of radius R, then we know from freshman 
physics that the potential of the sphere will be q/AjTS r SoR, so that the energy needed 
to put another electron on the sphere will be q 2 /4jrs r SoR = Uo, which is ~0.025 eV if 
R = 5nm and e r = 10. Levels with well-delocalized wavefunctions (large R) have a 
very small Uo and the SCF method provides an acceptable description even at the lowest 
temperatures of interest. But if R is small, then the charging energy Uo can exceed k B T 
and one could be in a regime dominated by single-electron charging effects that is not 
described well by the SCF method. 

1 .6 Towards Ohm's law 



Now that we have discussed the basic physics of electrical conduction through small 
conductors, let us talk about the new factors that arise when we have large conduc- 
tors. In describing electronic conduction through small conductors we can identify the 
following three regimes. 

• Self-consistent field (SCF) regime. If k^T and/or y is comparable to Uo, we can use 
the SCF method described in Section 1 .4. 

• Coulomb blockade ( CB) regime. If Uo is well in excess of both k^T and y, the SCF 
method is not adequate. More correctly, one could use (if practicable) the multi- 
electron master equation that we will discuss in Section 3.4. 

• Intermediate regime. If Uo is comparable to the larger of k B T and y, there is no 
simple approach: the SCF method does not do justice to the charging, while the 
master equation does not do justice to the broadening. 

It is generally recognized that the intermediate regime can lead to novel physics that 
requires advanced concepts, even for the small conductors that we have been dis- 
cussing. For example, experimentalists have seen evidence for the Kondo effect, which 
is reflected as an extra peak in the density of states around E = /x in addition to the two 
peaks (separated by Uo) that are shown in Fig. 1.5.2. 

With large conductors too we can envision three regimes of transport that evolve 
out of these three regimes. We could view a large conductor as an array of unit cells 
as shown in Fig. 1.6.1. The inter-unit coupling energy t has an effect somewhat (but 
not exactly) similar to the broadening y that we have associated with the contacts. If 
t > Uo, the overall conduction will be in the SCF regime and can be treated using 
an extension of the SCF method from Section 1.4. If t <SC Uo, it will be in the CB 
regime and can in principle be treated using the multi-electron master equation (to be 
discussed in Section 3.4), under certain conditions (specifically if t is much less than the 
level broadening y s introduced by phase-breaking processes of the type to be discussed 
in Chapter 10). On the other hand, large conductors with y s <^ t < Uo belong to an 
intermediate regime that presents major theoretical challenges, giving rise to intriguing 
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Fig. 1 .6.1 A large conductor can be viewed as an array of unit cells. If the conductor is extended in 
the transverse plane, we should view each unit cell as representing an array of unit cells in the 
transverse direction. 



possibilities. Indeed many believe that high-r c superconductors (whose microscopic 
theory is still controversial) consist of unit cells whose coupling is delicately balanced 
on the borderline of the SCF and the CB regimes. 

The more delocalized the electronic wavefunctions (large t), the more accurate the 
SCF description becomes and in this book I will focus on this regime. Basically I will 
try to explain how the simple one-level description from Section 1.4 is extended to 
larger conductors all the way to a nanotransistor, within the SCF picture that accounts 
for electron-electron interactions through an average potential U(r) that one electron 
feels due to the other electrons. 



Summary of results for one-level conductors: We have developed a model for current 
flow through a one-level device, starting with a simple discrete level (e) in Section 1.2 
and then extending it to include the broadening of the level into a Lorentzian density 
of states in Section 1.3 

y Ilit 
(E - ef + (y/2Y 

and the self-consistent potential in Section 1.4 



D £ (E) = 2 (for spin) x — x7 : ; 2 y = Y\ + Yi (1.6.1) 



U =U L + U 0 (N-N 0 ) (1.6.2) 
U L =^(-qV G )+^(-qV D ) 

U 0 =q 2 /C E C E = C G + C S + C D (1.6.3) 
The number of electrons N is given by (restricted SCF method) 

N = I dEn(E) 
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where 

n(E) = D(E - U) (jfi(E) + jfiiE)) (1-6.4) 

while the currents at the two terminals are given by 

+00 

h = | f dE Yl [D(E - U)ME) - n(E)] (1.6.5a) 

— OO 
+OO 

h = J J dE y 2 [D(E - U)f 2 (E) - n(E)] (1.6.5b) 

— OO 

At steady state, the sum of the two currents is equated to zero to eliminate n(E): 

+00 

1 = 1 j dET(E)[ME) - f 2 (E)] 

—00 

where 

T(E) = D(E - U)2ny Y y 2 lY (1-6-6) 

is called the transmission - a concept that plays a central role in the transmission 
formalism widely used in mesoscopic physics (see Section 9.4). Note that the Fermi 
functions f\ and/2 are given by 

ME) = ME - fii) 

ME) = ME - in) (1.6.7) 

where ME) = [1 + exp^/^^")] -1 and the electrochemical potentials in the source 
and drain contacts are given by 

Mi = M 

IJ, 2 = lJ--qV D (1.6.8) 
being the equilibrium electrochemical potential. 

Note that in Eqs. (1.6.4) through (1.6.6) I have used D(E) instead of D e (E) to denote 
the DOS. Let me explain why. 

Large conductors - a heuristic approach: D e (E) (see Eq. (1.6.1)) is intended to denote 
the DOS obtained by broadening a single discrete level e, while D(E) denotes the DOS 
in general for a multi-level conductor with many energy levels (Fig. 1.6.2). 

If we make the rather cavalier assumption that all levels conduct independently, then 
we could use exactly the same equations as for the one-level device, replacing the 
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one-level DOS D S (E) in Eq. (1.6.1) with the total DOS D{E). With this in mind, I will 
refer to Eqs. (1 .6.4)— (1.6.6) as the independent level model for the current through a 
channel. 



Nanotransistor - a simple model: As an example of this independent level model, let 
us model the nanotransistor shown in Fig. 1.1 by writing the DOS as (see Fig. 1.6.3, W 
is the width in the y-direction) 

D(E) = m c WL/7Th 2 &(E - E c ) (1.6.9) 

making use of a result that we will discuss in Chapter 6, namely that the DOS per 
unit area in a large two-dimensional (2D) conductor described by an effective mass 
m c is equal to m c /nh 2 , for energies greater than the energy E c of the conduction band 
edge. The escape rates can be written down assuming that electrons are removed by the 
contact with a velocity v R (somewhat like a "surface recombination velocity"): 

n = n = hv K /L (1.6.10) 



The current-voltage relations shown in Fig. 1.1.1 were obtained using these 
model parameters: m c = 0.25m, Cq = 2e 1 .£ 0 WL/f, Cs = C D = 0.05Cg, W = 1 u.m, 
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L = 10 nm, insulator thickness t = 1.5 nm, vr = 10 7 cm/s. At high drain voltages Vb 
the current saturates when /X2 drops below E c since there are no additional states to 
contribute to the current. Note that the gate capacitance Cg is much larger than the other 
capacitances, which helps to hold the channel potential fixed relative to the source as 
the drain voltage is increased (see Eq. (1.6.3)). Otherwise, the bottom of the channel 
density of states, E c will "slip down" with respect to /xi when the drain voltage is 
applied, so that the current will not saturate. The essential feature of a well-designed 
transistor is that the gate is much closer to the channel than L, allowing it to hold the 
channel potential constant despite the voltage V D on the drain. 

I should mention that our present model ignores the profile of the potential along 
the length of the channel, treating it as a little box with a single potential U given by 
Eq. (1.6.2). Nonetheless the results (Fig. 1.1.1) are surprisingly close to experiments/ 
realistic models, because the current in well-designed nanotransistors is controlled by a 
small region in the channel near the source whose length can be a small fraction of the 
actual length L. Luckily we do not need to pin down the precise value of this fraction, 
since the present model gives the same current independent of L. 

Ohm's law? Would this independent level model lead to Ohm's law if we were to 
calculate the low -bias conductance of a large conductor of length L and cross-sectional 
area SI Since the current is proportional to the DOS, D(E) (see Eq. (1.6.5)), which is 
proportional to the volume SL of the conductor, it might seem that the conductance 
G ~ SL. However, the coupling to the contacts decreases inversely with the length L of 
the conductor, since the longer a conductor is, the smaller is its coupling to the contact. 
While the DOS goes up with the volume, the coupling to the contact goes down as 1 /L, 
so that the conductance 

G ~ SL/L = S 

However, Ohm' s law tells us that the conductance should scale as S/L ; we are predicting 
that it should scale as S. The reason is that we are really modeling a ballistic conductor, 
where electrons propagate freely, the only resistance arising from the contacts. The 
conductance of such a conductor is indeed independent of its length. The ohmic length 
dependence of the conductance comes from scattering processes within the conductor 
that are not yet included in our thinking. 

For example, in a uniform channel the electronic wavefunction is spread out uni- 
formly. But a scatterer in the middle of the channel could split up the wavefunc- 
tions into two, one on the left and one on the right with different energies. One has 
a small yi while the other has a small y\, and so neither conducts very well. This 
localization of wavefunctions would seem to explain why the presence of a scatterer 
contributes to the resistance, but to get the story quantitatively correct it is in general 
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Fig. 1 .6.4 When an electron goes from the source to the drain, an empty state or hole is left behind 
in the source, while an electron appears in the drain. Energy dissipating processes quickly take the 
electron down to /i 2 inside the drain and the hole up to /^i in the source. In our model we do not 
explicitly discuss these processes; we simply legislate that the contacts are maintained at 
equilibrium with the assumed electrochemical potentials. 

necessary to go beyond the independent level model to account for interference between 
multiple paths. This requires a model that treats y as a matrix rather than as simple 
numbers. 

Such "coherent" scatterers, however, do not really lead to a resistance R ~ 1/L 
(Ohm's law). The full story requires us to include phase-breaking scattering processes 
that cause a change in the state of an external object. For example, if an electron 
gets deflected by a rigid (that is unchangeable) defect in the lattice, the scattering 
is said to be coherent. But if the electron transfers some energy to the atomic lat- 
tice causing it to start vibrating, that would constitute a phase-breaking or incoherent 
process. 

Such incoherent scatterers are also needed to remove energy from the electrons and 
cause dissipation. For example, in this chapter we have developed a simple model that 
allows us to calculate the resistance R, but none of the associated Joule heat I 2 R is 
dissipated in the channel; it is all dissipated in the contacts. This is evident if we consider 
what happens when an electron goes from the source to the drain (Fig. 1 .6.4). An empty 
state or hole is left behind in the source at an energy lower than /xi while an electron 
appears in the drain at an energy higher than Energy dissipating processes quickly 
take the electron down to \ii inside the drain and the hole up to in the source. The 
overall effect is to take an electron from [i\ in the source to jXj in the drain, and in our 
model the energy (/xi — /X2) is dissipated partly in the source and partly in the drain, but 
none in the channel. In the real world too there is experimental evidence that in nanoscale 
conductors, most of the heating occurs in the contacts outside the channel, allowing 
experimentalists to pump a lot more current through a small conductor without burning 
it up. But long conductors have significant incoherent scattering inside the channel and 
it is important to include it in our model. 

The point is that the transition from ballistic conductors to Ohm's law has many 
subtleties that require a much deeper model for the flow of current than the independent 
level model (Eqs. (1.6.4)-(1.6.6)), although the latter can often provide an adequate 
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description of short conductors. Let me now try to outline briefly the nature of this 
"deeper model" that we will develop in this book and illustrate with examples in 
Chapter 11. 



Multi-level conductors - from numbers to matrices: The independent level model 
that we have developed in this chapter serves to identify the important concepts 
underlying the flow of current through a conductor, namely the location of the 
equilibrium electrochemical potential /x relative to the density of states D(E), the broad- 
ening of the level y\ t i due to the coupling to contacts 1 and 2, the self-consistent potential 
U describing the effect of the external electrodes, and the change in the number of elec- 
trons N. In the general model for a multi-level conductor with n energy levels, each of 
these quantities is replaced by a corresponding matrix of size {n x n): 

e [H] Hamiltonian matrix 

Y\ 2 [r^CE 1 )] Broadening matrix 

2ttD(E) — > [A(£)] Spectral function 

2nn(E) — > [G n (E)] Correlation function 

U — > [U] Self-consistent potential matrix 



N->[p] = j (d£ /27t)[G n (E)] Density matrix 



Actually, the effect of the contacts is described by a "self-energy" matrix, [Ei^C-E)], 
whose anti-Hermitian part is the broadening matrix: = i[Si,2 — Ej" 2 ]. All quan- 
tities of interest can be calculated from these matrices. For example, in Section 1.2 we 
discussed the inflow/outflow of electrons from a one -level device. Figure 1.6.5 illus- 
trates how these concepts are generalized in terms of these matrices. I should mention 
that in order to emphasize its similarity to the familiar concept of electron density, 
I have used G n (E) to denote what is usually written in the literature as — iG < {E) 
following the non-equilibrium Green's function (NEGF) formalism pioneered by the 
works of Martin and Schwinger (1959), Kadanoff and Baym (1962) and Keldysh 
(1965). 

Note that in the matrix model (Fig. 1.6.5b), I have added a third "contact" labeled 
"s-contact" representing scattering processes, without which we cannot make the tran- 
sition to Ohm's law. Indeed it is only with the advent of mesoscopic physics in the 
1980s that the importance of the contacts (ri andr2) in interpreting experiments 
became widely recognized. Prior to that, it was common to ignore the contacts as minor 
experimental distractions and try to understand the physics of conduction in terms of 
the s-contact, though no one (to my knowledge) thought of scattering as a "contact" 
till Biittiker introduced the idea phenomenologically in the mid 1980s (see Biittiker, 
1988; Datta, 1995). Subsequently, Datta (1989) showed from a microscopic model that 
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Fig. 1 .6.5 From numbers to matrices: flux of electrons into and out of a device at the source and 
drain ends, (a) Simple result for independent level model, see Eqs. ( 1 .6.4)— ( 1 .6.6). (b) General 
matrix model, to be developed in this book. Without the "s-contact" this model is equivalent to 
Eq. (6) of Meir and Wingreen (1992). The "s-contact" distributed throughout the channel describes 
incoherent scattering processes (Datta, 1989). In general this "contact" cannot be described by a 
Fermi function, unlike the real contacts. 



incoherent scattering processes act like a fictitious "contact" distributed throughout the 
channel that extracts and reinjects electrons. Like the real contacts, coupling to this 
"contact" too can be described by a broadening matrix T s . However, unlike the real 
contacts, the scattering contact in general cannot be described by a Fermi function so 
that although the outflow is given by Trace[r s G n /27r], the inflow requires separate 
considerations that we will discuss in Chapter 10. The complete set of equations is 
summarized in Chapter 1 1 . 

The reader might wonder why the numbers become matrices, rather than just column 
vectors. For example, with one unit cell, we have an energy level s. It seems reasonable 
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that with many unit cells, we should talk about an energy level s(n) in each cell 
But why do we need a matrix H(m, «)? This is a question that goes to the heart of 
quantum mechanics whereby all physical quantities are represented by matrices. We 
can find a representation that diagonalizes [H] and in this representation we could write 
the energy eigenvalues as a column vector e(n). If all the other matrices were also 
approximately diagonal in this representation, then we could indeed work with column 
vectors with n elements rather than matrices with n 2 elements and that is what "semi- 
classical" methods commonly do. In general, no single representation will diagonalize 
all the matrices and a full quantum treatment is needed. 

Figure 1.6.5b without the s-contact is often used to analyze small devices and in 
this form it is identical to the result obtained by Meir and Wingreen (1992, their 
Eq. (6)) following the method of Caroli et al. (1972) based on the NEGF formal- 
ism. In order to make this approach accessible to readers unfamiliar with advanced 
many-body physics, I will derive these results using elementary arguments. What we 
have derived in this chapter (Fig. 1 .6.5a) could be viewed as a special case of this general 
formalism with all the matrices being (1 x 1) in size. Indeed if there is a representation 
that diagonalizes all the matrices, then the matrix model without the s-contact would 
follow quite simply from Fig. 1.6.5a. We could write down separate equations for the 
current through each diagonal element (or level) for this special representation, add 
them up and write the sum as a trace. The resulting equations would then be valid in 
any representation, since the trace is invariant under a change in basis. In general, how- 
ever, the matrix model cannot be derived quite so simply since no single representation 
will diagonalize all the matrices. In Chapters 8-10, 1 have derived the full matrix model 
(Fig. 1.6.5b) using elementary quantum mechanics. In the appendix, I have provided a 
brief derivation of the same results using the language of second quantization, but here 
too I have tried to keep the discussion less "advanced" than the standard treatments 
available in the literature. 

I should mention that the picture in Fig. 1.6.5 is not enough to calculate the current: 
additional equations are needed to determine the "density of states" [A(£)] and the 
"electron density" [G n (£)]. In our elementary model (Fig. 1.6.5a) we wrote down the 
density of states by "ansatz" (see Eq. (1.6.1)), but no separate equation was needed for 
the electron density which was evaluated by equating the currents (see derivation of 
Eq. (1.2.3) for a discrete level that was extended to obtain Eq. (1.6.4) for a broadened 
level). In the matrix model (Fig. 1.6.5b) too (without the s-contact), it was argued in 
Meir and Wingreen ( 1 992) that [G n (E)] can be similarly eliminated if [T\ \ is equal to a 
constant times [Ty. However, this can be true only for very short channels. Otherwise, 
the source end is distinct from the drain end, making [T\\ a very different matrix from 
[T2] since they couple to different ends. We then need additional equations to determine 
both [A(£)] and [G n (£)]. 

There is an enormous amount of physics behind all these matrices (both the diagonal 
and the off-diagonal elements) and we will introduce and discuss them in course of this 
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book: the next five chapters are about [H], Chapter 7 is about [p], Chapter 8 is about 
[£], Chapter 9 combines these concepts to obtain the inflow/outflow diagram shown in 
Fig. 1.6.5b, and Chapter 10 introduces the matrix r s describing scattering to complete 
the model for dissipative quantum transport. Finally, in Chapter 1 1, we illustrate the full 
"machinery" using a series of examples chosen to depict the transition from ballistic 
transport to Ohm's law, or in other words, from the atom to the transistor. 

After that rather long introduction, we are now ready to get on with the "details." 
We will start with the question of how we can write down the Hamiltonian [H] for a 
given device, whose eigenvalues will tell us the energy levels. We will work our way 
from the hydrogen atom in Chapter 2 "up" to solids in Chapter 5 and then "down" 
to nanostructures in Chapter 6. Let us now start where quantum mechanics started, 
namely, with the hydrogen atom. 



EXERCISES 

E.l.l. Consider a channel with one spin-degenerate level assuming the following 
parameters: /j, = 0, s = 0.2 eV, k B T = 0.025 eV, y x = y 2 = 0.005 eV. Calculate the 
current vs. drain voltage Vd assuming V G = 0 with Ul = —qVo/2 and Uq = 0.1 eV, 
0.25 eV, using the SCF approach and compare with Fig. 1 .4.6. 

E.1.2. Calculate the current vs. gate and drain voltages for a nanotransistor as shown 
in Fig. 1.1.1 using the SCF equations summarized in Eqs. (1.6.2)-(1.6.7) with D(E) = 
m c W L/nh 2 and y l = y 2 = hv R /L and the following parameters: m c = 0.25m, Cq = 
2s r SoWL/t, Cs = Co = 0.05Cg, W = 1 \xm, L = lOnm, insulator thickness, t = 
1.5 nm, v R = 10 7 cm/s. 

E.1.3. Thermoelectric effect: In this chapter we have discussed the current that flows 
when a voltage is applied between the two contacts. In this case the current depends on 
the DOS near the Fermi energy and it does not matter whether the equilibrium Fermi 
energy /xi lies on (a) the lower end or (b) the upper end of the DOS: 
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Fig. E.1 .3 You should get a plot like this showing the reversal in the direction of the current from 
p-type (fii < s) to n-type (/xi > e) samples. 



However, if we simply heat up one contact relative to the other so that T\ > T 2 (with 
no applied voltage) a thermoelectric current will flow whose direction will be different 
in case (a) and in case (b). 

To see this, calculate the current from Eq. (1.6.6) with U = 0 (there is no need to 
perform a self-consistent solution), V D = 0 and Vq = 0, and with k B T\ = 0.026 eV and 
k B T 2 = 0.025 eV: 



ME) = 



1 + exp 



Mi 



knT, 



-1 



and f 2 (E) 



1 + exp 



/Xi 



k B T 2 



-1 



and plot it as a function of (/xi — s) as the latter changes from —0.25 eV to +0.25 eV 
assuming y x = y 2 = 0.05 eV (Fig. E.1.3). This problem is motivated by Paulsson and 
Datta (2003). 

E.1.4. Negative differential resistance: Figure 1.4.6a shows the current-voltage 
(/-Vd) characteristics calculated from a self-consistent solution of Eqs. (1.6.2)-(1.6.5) 
assuming 

e = 0.2 eV, k B T = 0.025 eV, U 0 = 0.025 eV, V G = 0, 
Mi = 0, /x 2 = Mi - qV D , U L = -qV D /2 



The broadening due to the two contacts y\ and y 2 is assumed to be constant, equal to 
0.005 eV. 

Now suppose y\ is equal to 0.005 eV for E > 0, but is zero for E < 0 (y 2 is still inde- 
pendent of energy and equal to 0.005 eV). Show that the current-voltage characteristics 
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will now show negative differential resistance (NDR), that is, a drop in the current with 
an increase in the voltage, in one direction of applied voltage but not the other as shown 
in Fig. E.1.4. 

This problem is motivated by Rakshit et al. (2004). 



(a) (b) 




Voltage (V) 



Fig. E.1.4 



2 Schrodinger equation 



Our objective for the next few chapters is to learn how the Hamiltonian matrix [H] for a 
given device structure (see Fig. 1.6.5) is written down. We start in this chapter with (1) 
the hydrogen atom (Section 2.1) and how it led scientists to the Schrodinger equation, 
(2) a simple approach called the finite difference method (Section 2.2) that can be used 
to convert this differential equation into a matrix equation, and (3) a few numerical 
examples (Section 2.3) showing how energy levels are calculated by diagonalizing the 
resulting Hamiltonian matrix. 

2.1 Hydrogen atom 



Early in the twentieth century scientists were trying to build a model for atoms which 
were known to consist of negative particles called electrons surrounding a positive 
nucleus. A simple model pictures the electron (of mass m and charge —q) as orbiting 
the nucleus (with charge Zq) at a radius r (Fig. 2.1.1) kept in place by electrostatic 
attraction, in much the same way that gravitational attraction keeps the planets in orbit 
around the Sun. 



Zq 2 mv 2 / Zq 2 

=>v = J—i— (2.1.1) 



An ear 2 r y Ansomr 

Electrostatic force = Centripetal force 

A faster electron describes an orbit with a smaller radius. The total energy of the electron 
is related to the radius of its orbit by the relation 

Zq 2 mv 2 Zq 2 

E = — + = — (2.1.2) 

An e 0 r 2 87re () r 

Potential energy + Kinetic energy = Total energy 

However, it was soon realized that this simple viewpoint was inadequate since, accord- 
ing to classical electrodynamics, an orbiting electron should radiate electromagnetic 
waves like an antenna, lose energy continuously and spiral into the nucleus. Classically 
it is impossible to come up with a stable structure for such a system except with the 



33 



Schrodinger equation 




+ Zq 



-q 



Fig. 2.1.1 Stationary orbits of an electron around a nucleus can be obtained by requiring their 
circumferences to be integer multiples of the de Broglie wavelength. 

electron sitting right on top of the nucleus, in contradiction with experiment. It was 
apparent that a radical departure from classical physics was called for. 

Bohr postulated that electrons could be described by stable orbits around the nucleus 
at specific distances from the nucleus corresponding to specific values of angular 
momenta. It was later realized that these distances could be determined by endow- 
ing the electrons with a wavelike character having a de Broglie wavelength equal to 
(h/mv), h being the Planck constant. One could then argue that the circumference of 
an orbit had to be an integer multiple of wavelengths in order to be stable: 



Combining Eq. (2.1.3) with Eqs. (2.1.1) and (2.1.2) we obtain the radius and energy of 
stable orbits respectively: 



Once the electron is in its lowest energy orbit (n = 1) it cannot lose any more energy 
because there are no stationary orbits having lower energies available (Fig. 2.1.2a). If 
we heat up the atom, the electron is excited to higher stationary orbits (Fig. 2.1.2b). 
When it subsequently jumps down to lower energy states, it emits photons whose energy 
hv corresponds to the energy difference between orbits m and n: 



Experimentally it had been observed that the light emitted by a hydrogen atom indeed 
consisted of discrete frequencies that were described by this relation with integer values 
of n and m. This striking agreement with experiment suggested that there was some 
truth to this simple picture, generally known as the Bohr model. 



27rr = n(h/mv) 



(2.1.3) 



r n = (n /Z)ao (Bohr radius) 

where ciq = Aneoh 2 /mq 2 = 0.0529 nm 

E n = -(Z 2 /n 2 )E 0 

where Eq = q 2 /Stteqciq = 13.6 eV (1 Rydberg) 



(2.1.4) 
(2.1.5) 
(2.1.6a) 
(2.1.6b) 




(2.1.7) 



2.1 Hydrogen atom 



(a) Ground state 



(b) Excited states 
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Fig. 2.1.2 (a) Left to itself, the electron relaxes to its lowest energy orbit (n — 1). (b) If we heat up 
the atom, the electron is excited to higher stationary orbits. When it subsequently jumps down to 
lower energy states, it emits photons whose energy hv corresponds to the energy difference 
between the initial and final orbits. 

The Schrddinger equation put this heuristic insight on a formal quantitative basis 
allowing one to calculate the energy levels for any confining potential U (r). 



dt \ 2m ) 

How does this equation lead to discrete energy levels? Mathematically, one can show 
that if we assume a potential U(r) = —Zq 2 /4jreo r appropriate for a nucleus of charge 
+Zq, then the solutions to this equation can be labeled with three indices n, I and m 



where the energy E„ depends only on the index n and is given by E„ = —(Z /n )Eo in 
agreement with the heuristic result obtained earlier (see Eq. (2. 1 .6a)). The Schrodinger 
equation provides a formal wave equation for the electron not unlike the equation that 
describes, for example, an acoustic wave in a sound box . The energy E of the electron 
plays a role similar to that played by the frequency of the acoustic wave. It is well- 
known that a sound box resonates at specific frequencies determined by the size and 
shape of the box. Similarly an electron wave in an atomic box "resonates" at specific 
energies determined by the size and shape of the box as defined by the potential energy 
U(r). Let us elaborate on this point a little further. 

Waves in a box: To keep things simple let us consider the vibrations u(x, t) of a 
one-dimensional (ID) string described by the ID wave equation: 




(2.1.8) 



t) = (pnimir) exp(-iE„t/h) 



(2.1.9) 



d 2 u 




(2.1.10) 
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Fig. 2.1.3 Standing waves, (a) Acoustic waves in a "guitar" string with the displacement clamped 
to zero at either end. (b) Electron waves in a one-dimensional box with the wavefunction clamped 
to zero at both ends by an infinite potential. 



The solutions to this equation can be written in the form of plane waves with a linear 
dispersion co = ±vk : 



2 1,2 



u = uq exp(i^x) exp(— iwt) a> = v k 



(2.1.11) 



What happens if we clamp the two ends so that the displacement there is forced to be 
zero (Fig. 2.1.3)? We have to superpose solutions with +k and — k to obtain standing 
wave solutions. The allowed values of k are quantized leading to discrete resonant 
frequencies: 



u = uo sin(kx) exp(— icot) =>■ k = nn/L => co = rntv/L 



(2.1.12) 



Well, it's the same way with the Schrodinger equation. If there is no confining potential 
(U = 0), we can write the solutions to the ID Schrodinger equation: 



(2.1.13) 



9* h 2 3 2 * 

ih = z- 

dt 2m dx l 

in the form of plane waves with a parabolic dispersion law E = h 2 k 2 /2m: 

* = * 0 exp(ifcx)exp(-i££/ft) E = ti 2 k 2 /2m (2.1.14) 
If we fix the two ends we get standing waves with quantized k and resonant frequency: 

* = *o sin(£x) exp(-i£f//z) => k = nn/L 



E =h 2 n 2 n 2 /2mL 2 



(2.1.15) 



Atomic "boxes" are of course defined by potentials U (?) that are more complicated 
than the simple rectangular ID potential shown in Fig. 2.1.2b, but the essential point is 
the same: anytime we confine a wave to a box, the frequency or energy is discretized 
because of the need for the wave to "fit" inside the box. 



"Periodic" box: Another kind of box that we will often use is a ring (Fig. 2.1.4) where 
the end point at x = L is connected back to the first point at x = 0 and there are no ends. 
Real boxes are seldom in this form but this idealization is often used since it simplifies 
the mathematics. The justification for this assumption is that if we are interested in the 
properties in the interior of the box, then what we assume at the ends (or surfaces) should 
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x = L — I 



x = 0 — 




x 



Fig. 2.1 .4 Standing waves in a ring. 

make no real difference and we could assume anything that makes our calculations 
simpler. However, this may not be a valid argument for "nanostructures" where the 
actual surface conditions can and do affect what an experimentalist measures. 
Anyway, for a periodic box the eigenfunctions are given by (cf. Eq. (2.1.15)) 

^ = * 0 sin(A:x)exp(-i£Y/ft) 
and * = ^QCOs(kx) exp(— iEt/h) 



The values of k are spaced by 2n/L instead of n/L, so that there are half as many 
allowed values. But for each value of k there is a sine and a cosine function which have 
the same eigenvalue, so that the eigenvalues now come in pairs. 

An important point to note is that whenever we have degenerate eigenstates, that is, 
two or more eigenfunctions with the same eigenvalue, any linear combination of these 
eigenfunctions is also an eigenfunction with the same eigenvalue. So we could just as 
well write the eigenstates as 

^ = *o exp(+ikx) exp(-iEt /h) 
and * = * 0 exp(+i&x)exp(-i£7//z) 



This is done quite commonly in analytical calculations and the first of these is viewed 
as the +k state traveling in the positive x-direction while the second is viewed as 
the — k state traveling in the negative x-direction. 

Electron density and probability current density: An electron with a wavefunction 
^(x, t) has a probability of *I>* * d V of being found in a volume d V. When a number of 
electrons are present we could add up *I>*^ for all the electrons to obtain the average 
electron density n(x, t). What is the corresponding quantity we should sum to obtain 
the probability current density 7(x, t)l 

The appropriate expression for the probability current density 



with k = 2nn/L => E = 2h 2 n 2 n 2 /mL 2 



(2.1.16) 



with k = 2rm/L => E = 2h 2 jt 2 n 2 /mL 2 



(2.1.17) 




(2.1.18) 
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is motivated by the observation that as long as the wavefunction ^(jc, t) obeys the 
Schrodinger equation, it can be shown that 

37 dn 

ir + — = 0 (2.1.19) 
dx at 

if J is given by Eq. (2.1.18) and n = ^**. This ensures that the continuity equation is 
satisfied regardless of the detailed dynamics of the wavefunction. The electrical current 
density is obtained by multiplying J by the charge (— q) of an electron. 

It is straightforward to check that the "+k" and "— k" states in Eq. (2.1.17) carry 
equal and opposite non-zero currents proportional to the electron density 

J = (hk/m)W* (2.1.20) 

suggesting that we associate (hk/m) with the velocity v of the electron (since we expect 
J to equal nv). However, this is true only for the plane wave functions in Eq. (2.1.17). 
The cosine and sine states in Eq. (2.1.16), for example, carry zero current. Indeed 
Eq. (2.1.18) will predict zero current for any real wavefunction. 



Method of finite differences 

The Schrodinger equation for a hydrogen atom can be solved analytically, but most 
other practical problems require a numerical solution. In this section I will describe one 
way of obtaining a numerical solution to the Schrodinger equation. Most numerical 
methods have one thing in common - they use some trick to convert the 

wavefunction ^(r, t) into a column vector {f(t)} 
and the differential operator H op into a matrix [H] 

so that the Schrodinger equation is converted from a 

partial differential equation into a matrix equation 

ift|-¥(r, t) = ff op *(r, f) ift- {f{t)} = [tf] {f{t)} 

dt at 

This conversion can be done in many ways, but the simplest one is to choose a discrete 
lattice. To see how this is done let us for simplicity consider just one dimension and 
discretize the position variable x into a lattice as shown in Fig. 2.2.1: x„ = na. 

We can represent the wavefunction ty(x, t) by a column vector {f\(t) fait) } T 
("T" denotes transpose) containing its values around each of the lattice points at time 
t. Suppressing the time variable t for clarity, we can write 

[fi f 2 } = Wxi) *(x 2 ) } 

This representation becomes exact only in the limit a — > 0, but as long as a is smaller 
than the spatial scale on which ^ varies, we can expect it to be reasonably accurate. 



2.2 Method of finite differences 




Fig. 2.2.1 A continuous function can be represented by its values at a set of points on a discrete 
lattice. 



The next step is to obtain the matrix representing the Hamiltonian operator 

h 2 d 2 

Basically what we are doing is to turn a differential equation into a difference equation. 
There is a standard procedure for doing this - the finite difference technique: 

d 2 V\ 1 

[*(*„+!) - 2V(x n ) + 



dx 2 ) x=Xn a 2 
and 

U(x)V(x)^U(x„)V(x n ) 

This allows us to write (note: to = h 2 /2ma 2 and U„ = U (x n )) 

d\fr n r -, 
i« -T- = [H op f\ x=Xn = (U„ + 2t 0 ) f n - t 0 f„-i - t Q f n+Y 

= [(U„ +2to)S, h ,„ — ?o<5n,m+i — to8 n<m -i]i/r m (2.2.1) 
m 

where 8 n>m is the Kronecker delta, which is one if n = m and zero if n ^ m. We can 
write Eq. (2.2.1) as a matrix equation: 

ih^-{f(t)} = [H]{f(t)} (2.2.2) 
at 

The elements of the Hamiltonian matrix are given by 



H n , m — [U n + 2fo] S n>m — ffAi,m+l — ?0^«,m — 1 



(2.2.3) 
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where t$ = h 2 /2ma 2 and U n = U (x n ). This means that the matrix representing H looks 
like this 



H = 1 2 ... N -I N 

1 2/ 0 + E/i -t 0 0 0 

2 -f 0 2f 0 + t/ 2 0 0 (22 .4) 

N - 1 0 0 2? 0 + E/jv-i -A) 

Af 0 0 -<b 2t 0 + U N 



For a given potential function U(x) it is straightforward to set up this matrix, once we 
have chosen an appropriate lattice spacing a. 

Eigenvalues and eigenvectors: Now that we have converted the Schrodinger equation 
into a matrix equation (Eq. (2.2.2)) 

ih-mt)} = mmt)} 

at 

how do we calculate {i/r(t)} given some initial state {t/t(0)}? The standard procedure is 
to find the eigenvalues E a and eigenvectors {a} of the matrix [H]: 

[H]{a] = E a {a} (2.2.5) 

Making use of Eq. (2.2.5) it is easy to show that the wavefunction {i/r(t)} = e~ lEat ^ {a} 
satisfies Eq. (2.2.2). Since Eq. (2.2.2) is linear, any superposition of such solutions 

m)} = Y J C a z- lEl ' ,,t, {oL} (2.2.6) 

a 

is also a solution. It can be shown that this form, Eq. (2.2.6), is "complete," that is, 
any solution to Eq. (2.2.2) can be written in this form. Given an initial state we can 
figure out the coefficients C a . The wavefunction at subsequent times t is then given 
by Eq. (2.2.6). Later we will discuss how we can figure out the coefficients. For the 
moment we are just trying to make the point that the dynamics of the system are easy 
to visualize or describe in terms of the eigenvalues (which are the energy levels that we 
talked about earlier) and the corresponding eigenvectors (which are the wavefunctions 
associated with those levels) of [H]. That is why the first step in discussing any system 
is to write down the matrix [H] and to find its eigenvalues and eigenvectors. This is 
easily done using any standard mathematical package like Matlab as we will discuss 
in the next section. 
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Let us now look at a few examples to make sure we understand how to find the eigen- 
energies and eigenvectors numerically using the method of finite differences described 
in the last section. These examples are all simple enough to permit analytical solutions 
that we can use to compare and evaluate our numerical solutions. The advantage of 
the numerical procedure is that it can handle more complicated problems just as easily, 
even when no analytical solutions are available. 



2.3.1 Particle in a box 

Consider, first the "particle in a box" problem that we mentioned in Section 2.1. The 
potential is constant inside the box which is bounded by infinitely high walls at x = 0 
and at x = L (Fig. 2.3. 1). The eigenstates <p a (x) are given by 

(pa( x ) ~ sin(k a x) where k a = arc/L, a = 1,2,... 

and their energies are given by E a = ti 2 kl/2m. 

We could solve this problem numerically by selecting a discrete lattice with 100 
points and writing down a 100 x 100 matrix [H] using Eq. (2.2.4) with all U n = 0: 



H = 


1 


2 


. 99 


100 


1 


2t 0 


-to 


0 


0 


2 


-to 


2t 0 


0 


0 


99 


0 


0 




-to 


100 


0 


0 


-to 


2t 0 



(2.3.1) 



U(x) 



a = I A 



(7=0 



1 2 



99 100 



Fig. 2.3.1 Energy levels for a "particle in a box" are calculated using a discrete lattice of 
100 points spaced by a — 1 A. 
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Fig. 2.3.2 (a) Numerical evaluation (see Fig. 2.3. 1) yields 100 eigenvalues that follow the 
analytical result well for low energies but deviate at higher energies because the wavefunctions 
oscillate too rapidly, (b) Probability distribution (squared eigenfunction) for eigenvalues a — 1 and 
a = 25. 



It is straightforward to set up this matrix and use any standard mathematical package 
like Matl ab to find the eigenvalues and the corresponding eigenvectors. We obtained 
100 eigenvalues, which are plotted in Fig. 2.3.2a. They follow the analytical result 
E a = h 2 7T 2 a 2 /2mL 2 , with L = 101a, fairly well at low energy, but deviate at higher 
energies because of the rapid oscillations in the wavefunction. Our finite difference 
approximation to the second derivative operator (note that to = h 2 /2ma 2 ) 

-+ t 0 [*(x n+ i) - 2V(x n ) + *(x n _0] 

x=x n 

is accurate only if ^ varies slowly enough on a length scale of a. Indeed if we put 
* ~ sin (k a x) it is straightforward to show that 

h 2 /3 2 *\ , 

while 

fo - 2*(x„) + *(x„_i)] = 2f 0 (l - cosk a a)V(x n ) 

Since k a = ait/L, the analytical eigenvalues follow a parabolic function while the 
numerical eigenvalues follow a cosine function: 

E a = to(7taa/L) 2 E a = 2to[l — cos(ana/L)] 
Analytical result Numerical result 

The two are equivalent only if k a a = ana/ L ^ 1 so that cos (k a a) 1 — (k 2 a 2 /2). 



2m V dx 2 ) 
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Normalization: Figure 2.3.2b shows the eigenfunction squared corresponding to the 
eigenvalues a = 1 and a = 25. A word about the normalization of the wavef unctions: 
In analytical treatments, it is common to normalize wavefunctions such that 

J dx |</>„(x)| 2 = 1 

— oo 

Numerically, a normalized eigenvector satisfies the condition 

N 
n=\ 

So when we compare numerical results with analytical results we should expect 

I0„(*„)| 2 =\4>aM\ 2 a (2.3.2) 
Numerical Analytical 

where a is the lattice constant (see Fig. 2.3.1). For example, in the present case 

|0„(x)| 2 = (2/L) sm\k a x) |0 a (x„)| 2 = (2a/L)sm 2 (k a x„) 
Analytical Numerical 

Since we used a = 1 A and L = 101 A, the numerical probability distribution should 
have a peak value of 2a/ L % 0.02 as shown in Fig. 2.3.2b. 

Boundary conditions: One more point: Strictly speaking, the matrix [H] is infinitely 
large, but in practice we always truncate it to a finite number, say N, of points. This 
means that at the two ends we are replacing (see Eq. (2.2.1)) 

-toiro + (2r 0 + Ui)i//i- t Q f 2 with (2t 0 + Ui)^\- t 0 f 2 

and 

-foVov-i + (2*o + U N )f N - t 0 f N+ -i with -?oV;v-i + ( 2f o + U N )f N 

In effect we are setting i/^o and ^n + \ equal to zero. This boundary condition is appro- 
priate if the potential is infinitely large at point 0 and at point TV + 1 as shown in 
Fig. 2.3.3. The actual value of the potential at the end points will not affect the results 
as long as the wavefunctions are essentially zero at these points anyway. 

Another boundary condition that is often used is the periodic boundary condition 
where we assume that the last point is connected back to the first point so that there 
are no ends (Fig. 2.3.4). As we mentioned earlier (Fig. 2.1.4), the justification for this 
assumption is that if we are interested in the properties in the interior of a structure, 
then what we assume at the boundaries should make no real difference and we could 
assume anything to make our calculations simpler. 
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Fig. 2.3.3 The boundary condition \jro — 0 and VOvr+i — 0 can be used if we assume an infinitely 
large potential at points 0 and N+ 1. 
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Fig. 2.3.4 Periodic boundary conditions assume that there are no "ends." Point N is connected 
back to point 1 as if the structure were in the form of a ring making (A' + 1) equivalent to 1. 



Mathematically, periodic boundary conditions are implemented by modifying the 
Hamiltonian to 



H = 


1 


2 


. 99 


100 


1 


2t 0 


-to 


0 


-to 
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-to 


2t 0 


0 


0 


99 


0 


0 


2t 0 


-to 


100 


-to 
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-to 


2t 0 



(2.3.3) 



Note that compared to the infinite wall boundary conditions (cf. Eq. (2.3.1)) the only 
change is in the elements H(l, 100) and //(100, 1). This does change the resulting 
eigenvalues and eigenvectors, but the change is imperceptible if the number of points 
is large. The eigenfunctions are now given by 

(j) a {x) ~ sin(k a x) and cos(k a x) 

where k a = a 2jt/L, a = 1, 2, . . . instead of 

<Pa(x) ~ sin(£ a x) 

where k a = a jt/L, a = 1,2, ... 

The values of ka are spaced by 2jt/L instead of n /L, so that there are half as many 
allowed values. But for each value of k a there is a sine and a cosine function which 
have the same eigenvalue, so that the eigenvalues now come in pairs as evident from 
Fig. 2.3.5. 
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Fig. 2.3.5 Energy eigenvalues for a box of length 101 A (same as Fig. 2.3. 1) with periodic 
boundary conditions: the eigenvalues now come in pairs. 

As we discussed earlier, instead of writing the eigenstates as 
cos(k a x) and sin(k a x) 
we could just as well write them as 

e lkaX = cos{k a x) + i sm(k a x) and Q^ lk « x = cos(k a x) — i sin(^ a x) 

This is done quite commonly in analytical calculations, but numerical calculations will 
typically give the eigenvectors as cos(k a x) and sin(£„x). Both forms are equally correct 
though one may be more convenient than the other for certain calculations. 



Number of eigenvalues: Another important point to note about the numerical solution 
is that it yields a finite number of eigenvalues (unlike the analytical solution for which 
the number is infinite). This is expected since a finite matrix can have only a finite 
number of eigenvalues, but one might wonder why we do not have an infinite number 
of E a corresponding to an infinite number of k a a = a2na/L, just as we have for the 
analytical result. The reason is that for a discrete lattice, the wavefunctions 

sin(k a x) and sin([£„ + (2jr/a)]x) 

represent the same state because at any lattice point x n = na, 
sm(k a x n ) = sin([&„ + (2jT/a)]x„) 

They are NOT equal between two lattice points and thus represent distinct states in a 
non-discrete representation. But once we adopt a discrete lattice, values of k a differing 
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by 2n/a represent identical states and only the values of k a a within a range of 2n yield 
independent solutions. Since k a a = aira/L = ajt/N, this means that there are only 
N values of a that need to be considered. It is common to restrict the values of k a a to 
the range (sometimes called the first Brillouin zone) 

—tt < k a a < +7T for periodic boundary conditions 

and 

0 < k a a < +7T for infinite wall boundary conditions 
Particle in a 3D "box" 

For simplicity we have limited our discussion of the method of finite differences to one 
dimension, but the basic idea carries over in principle to two or three dimensions. The 
diagonal elements of [H] are equal to fo times the number of nearest neighbors (two in 
one dimension, four in two dimensions and six in three dimensions) plus the potential 
U(r) evaluated at the lattice site, while the off-diagonal elements are equal to — to for 
neighboring sites on the lattice. That is, (v is the number of nearest neighbors) 

H nm = vto n = m 

= —to n, m are nearest neighbors (2.3.4) 
= 0 otherwise 

However, we run into a practical difficulty in two or three dimensions. If we have lattice 
points spaced by 1 A, then a one-dimensional problem with L = 101 A requires a matrix 
[H] 100 x 100 in size. But in three dimensions this would require a matrix 10 6 x 10 6 
in size. This means that in practice we are limited to very small problems. However, 
if the coordinates are separable then we can deal with three separate one-dimensional 
problems as opposed to one giant three-dimensional problem. This is possible if the 
potential can be separated into an x-, a y-, and a z-dependent part: 



The wavefunction can then be written in product form: 
*(r) = X(x)Y(y)Z(z) 

where each of the functions X(x), Y(y), and Z(z) is obtained by solving a separate 
one-dimensional Schrodinger equation: 



U(7) = U x (x) + U y (y) + U z (z) 



(2.3.5) 




(2.3.6) 
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The total energy E is equal to the sum of the energies associated with each of the three 
dimensions: E — E x + E y + E.. 

Spherically symmetric potential: Some problems may not be separable in Cartesian 
coordinates but could be separable in cylindrical or spherical coordinates. For example, 
the potential in a hydrogen atom Uir) = —q 2 /4jTSor cannot be separated in (x, y, z). 
But it is separable in (r, 9, 0) and the wavefunction may be written in the form 

<P(r, 9, 0) = [f(r)/r] F/"(0,0) (2.3.7) 

where the radial wavefunction f(r) is obtained by solving the radial Schrodinger 
equation: 

h 2 d 2 l(l + i)h 2 ~ 

2m dr 2 Imr 2 



Ef(r) =(- — — + U(r) + „ ' ) f(r) (2.3.8) 



Here / = Ofors levels, / = 1 for p levels and so on. Y™{9, 0) are the spherical harmonics 
given by 



Y°(9, 0) = 

Y?(fi,4>) = V3/4tt cos6» 
Y±\6, 0) = ±73/87r sin0e ±i0 

etc. Equation (2.3.8) can be solved numerically using the method of finite differences 
that we have described. 



Normalization: Note that the overall wavef unctions are normalized such that 

OO JT lit 

0 0 0 

Since, from Eq. (2.3.7) 



OO 71 LIZ 

j drr 2 J d(9sin(9 J d0|^| 2 = 



9<T, 9, 0) = \f{r)/r}Y?{9,4>) 

and the spherical harmonics are normalized such that 



2jt 



j d6»sin6» j d0 |F/"| 2 = 1 



o o 

it is easy to see that the radial function /(r) obeys the normalization condition 



/ 



dr\f(r)\ 2 = l (2.3.9) 
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Fig. 2.3.6 Radial probability distribution \f(r)\ 2 corresponding to the two lowest eigenvalues 
(—13.56 eV and —2.96 eV) for 1 = 0 (which correspond to the Is and 2s levels). The dots show the 
analytical result (Eqs. (2.1.10a, b)) while the solid curve denotes the numerical result obtained 
using a lattice with 100 points spaced by a = 0.05 A. 



suggesting that we view \f(r)\ 2 as a radial probability distribution function such that 
\f(r)\ 2 Ar tells us the probability of finding the electron in the volume between r and 
(r +Ar). Numerical results with a lattice spacing of a should be compared with the 
analytical values of \f(r)\ 2 a. For example, for the Is and 2s levels, 

\f H \ 2 a = (Aar 2 /al)c- 2r l"<> (2.3.10a) 
\M 2 a = (ar 2 /Sa 3 0 ) (l - ^\ e^ 2 " 0 (2.3.10b) 

Numerical results: If we use a lattice with 100 points spaced by a = 0.05 A then the 
two lowest eigenvalues with I = 0 (which correspond to the Is and 2s levels) are 

E u = -13.56 eV and £ 2s = -2.96 eV 

as compared with the analytical values (see Eq. (2.2.6)) Eu = — 13.59 eV and 
i?2s = — 3.4 eV. The Is level agrees well, but the 2s level is considerably off. The 
reason is easy to see if we plot the corresponding \f(r)\ 2 and compare with the analyt- 
ical results. It is evident from Fig. 2.3.6 that the Is wavefunction matches well, but it 
is apparent that we do not have enough range for the 2s function. This can be fixed by 
choosing a larger lattice spacing, namely a = 0.1 A. Figure 2.3.7 shows that the wave- 
function now matches the analytical result quite well and the 2s eigenvalue is —3.39 eV, 
in good agreement with the analytical result. However, the Is eigenvalue degrades 
slightly to — 13.47 eV, because the wavefunction is not sampled frequently enough. We 
could improve the agreement for both Is and 2s levels by using 200 points spaced by 
a = 0.05 A, so that we would have both fine sampling and large range. But the calculation 
would then take longer since we would have to calculate the eigenvalues of a (200 x 
200) matrix instead of a (100 x 100) matrix. 
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r(m) r(m) 

Fig. 2.3.7 Radial probability distribution |/(r)| 2 corresponding to the two lowest eigenvalues 
(-13.47 eV and —3.39 eV) for / = 0 (which correspond to the Is and 2s levels). Solid line shows 
the analytical result (Eqs. (2.3.10a, b)) while the x 's denote the numerical result obtained using a 
lattice with 100 points spaced by a — 0.1 A. 

This simple example illustrates the essential issues one has to consider in setting up 
the lattice for a numerical calculation. The lattice constant a has to be small enough to 
provide adequate sampling of the wavefunction while the size of the lattice has to be 
big enough to cover the entire range of the wavefunction. If it were essential to describe 
all the eigenstates accurately, our problem would be a hopeless one. Luckily, however, 
we usually need an accurate description of the eigenstates that lie within a certain range 
of energies and it is possible to optimize our matrix [H] so as to provide an accurate 
description over a desired range. 

EXERCISES 

E.2.1. (a) Use a discrete lattice with 100 points spaced by 1 A to calculate the eigenen- 
ergies for a particle in a box with infinite walls and compare with E a = h 2 n 2 a 2 /2mL 2 
(cf. Fig. 2.3.2a). Plot the probability distribution (eigenfunction squared) for the eigen- 
values a = 1 and a = 50 (cf. Fig. 2.3.2b). (b) Find the eigenvalues using periodic 
boundary conditions and compare with Fig. 2.3.5. 

E.2.2. (a) Obtain the radial equation given in Eq. (2.3.8) by (1) writing the operator V 2 
in the Schrodinger equation in spherical coordinates: 

v 2_/ 9 2 2 d \ 1/1 3 / 3 \ 1 3 2 \ 
= \dr^ + r ~d~r) + \shi# W \ 39 ) + sin 2 9 W ) 

(2) noting that the spherical harmonics Y™(9, (p) are eigenfunctions of the angular 
part: 

(— (sin 9—} + — ^] Y!" = -1(1 + l)Y! n 

\sin9d9\ d9) sin 2 0 30 2 / ' ' 



Schrodinger equation 



(3) writing the wavefunction ^(r) = ^(r) Y™(9, 0) and noting that 



, 3 Z 2 3 /(/ + 1) . 
V* =| — - H | * 

3r 2 r 3r r 2 



(4) simplifying the Schrodinger equation to write for the radial part 

E -( hl ( dl + 2 d \ + U{r) + h2l<yl + l) \ 
\ 2m \dr 2 r dr J 2mr 2 J 

and finally (5) writing \ff(r) = f(r)/r, to obtain Eq. (2.3.8) for f(r). 
(b) Use a discrete lattice with 100 points spaced by a to solve Eq. (2.3.8) 

E f(r) = (- f t*L- + W + W 2 ) f(r) 

\ 2m dr 2 4jt£or 2mr 2 ) 

for the Is and 2s energy levels of a hydrogen atom. Plot the corresponding radial 
probability distributions \f(r)\ 2 and compare with the analytical results for (a) a = 
0.05 A (cf. Fig. 2.3.6) and (b) a = 0.1 A (cf. Fig. 2.3.7). 

Strictly speaking one should replace the electron mass with the reduced mass to 
account for nuclear motion, but this is a small correction compared to our level of 
accuracy. 

E.2.3. Use Eq. (2. 1 . 1 8) to evaluate the current density associated with an electron having 
the wavefunction 

*(x, 0 = (e +yx + ae- yx )e~ iEt/n 

assuming y is (a) purely imaginary (= i/6) and (b) purely real. 



Self-consistent field 



As we move from the hydrogen atom (one electron only) to multi-electron atoms, we are 
immediately faced with the issue of electron-electron interactions, which is at the heart 
of almost all the unsolved problems in our field. In this chapter I will explain (1) the 
self-consistent field (SCF) procedure (Section 3.1), which provides an approximate way 
to include electron-electron interactions into the Schrodinger equation, (2) the inter- 
pretation of the energy levels obtained from this so-called "one-electron" Schrodinger 
equation (Section 3.2), and (3) the energetic considerations underlying the process by 
which atoms "bond" to form molecules (Section 3.3). Finally, a supplementary section 
elaborates on the concepts of Section 3.2 for interested readers (Section 3.4). 



The self-consistent field (SCF) procedure 

One of the first successes of quantum theory after the interpretation of the hydrogen atom 
was to explain the periodic table of atoms by combining the energy levels obtained from 
the Schrodinger equation with the Pauli exclusion principle requiring that each level 
be occupied by no more than one electron. The energy eigenvalues of the Schrodinger 
equation for each value of / starting from / = 0 (see Eq. (2.3.8)) are numbered with 
integer values of n starting from n = I + 1. For any (n, I) there are (21 + 1) levels with 
distinct angular wavefunctions (labeled with another index m), all of which have the 
same energy. For each (n, I, m) there a is an up-spin and a down-spin level making the 
number of degenerate levels equal to 2(2/ + 1) for a given (n, /). The energy levels look 
something like Fig. 3.1.1. 

The elements of the periodic table are arranged in order as the number of electrons 
increases by one from one atom to the next. Their electronic structure can be written as: 
hydrogen, Is 1 ; helium, Is 2 ; lithium, ls 2 2s 1 ; beryllium, ls 2 2s 2 ; boron, ls 2 2s 2 2p , etc., 
where the superscript indicates the number of electrons occupying a particular orbital. 

How do we calculate the energy levels for a multi-electron atom? The time- 
independent Schrodinger equation 

E a 4> a (?) = H op <t> a (r) where H 0 „ = -|-V 2 + U(r) 
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Fig. 3.1.1 



provides a fairly accurate description of the observed spectra of all atoms, not just the 
hydrogen atom. However, multi-electron atoms involve electron-electron interactions 
that are included by adding a "self-consistent field (SCF)," Uscf(7), to the nuclear 
potential U nuc (r): U(r) = U nuc (r) + Uscf(7), just as in Section 1.4 we added an extra 
potential to the Laplace potential Ul (see Eq. (1.4.1b)). The nuclear potential t/ nuc , 
like C/lj is fixed, while t/scF depends on the electronic wavefunctions and has to be 
calculated from a self-consistent iterative procedure. In this chapter we will describe 
this procedure and the associated conceptual issues. 

Consider a helium atom consisting of two electrons bound to a nucleus with two 
positive charges +2q. What will the energy levels looks like? Our first guess would be 
simply to treat it just like a hydrogen atom except that the potential is 

U(r) = -2q 2 /4ne 0 r 

instead of 

U(r) = -q 2 /4ns 0 r 

If we solve the Schrodinger equation with U (P) = — Zq 2 /Ane^r we will obtain energy 
levels given by 

E n = -(Z 2 /n 2 ) E 0 = -54.4 eV//? 2 (Z = 2) 

just as predicted by the simple Bohr model (see Eqs. (2. 1 .6a, b)). However, this does not 
compare well with experiment at all. For example, the ionization potential of helium 
is ~25 eV, which means that it takes a photon with an energy of at least 25 eV to ionize 
a helium atom: 



He + hv 



He+ + e - 



(3.1.1a) 



3.1 The self-consistent field (SCF) procedure 




Fig. 3.1 .2 Ionization of a neutral helium atom takes approximately 25 eV of energy, suggesting 
that the n — 1 level has an energy of —25 eV. 



This suggests that the Is level of a helium atom has an energy of — 25 eV and not 
— 54.4eV as the simple argument would suggest. How could we be off by over 30 eV? 
It is because we did not account for the other electron in helium. If we were to measure 
the energy that it takes to remove the second electron from He + 

He + +hv -> He ++ + e~ (3.1.1b) 



the result (known as the second ionization potential) is indeed close to 54.4 eV. But the 
(first) ionization potential is about 30 eV less, indicating that it takes 30 eV less energy 
to pull an electron out of a neutral helium atom than it takes to pull an electron out of 
a helium ion (He + ) that has already lost one electron. The reason is that an electron in 
a helium atom feels a repulsive force from the other electron, which effectively raises 
its energy by 30eV and makes it easier for it to escape (Fig. 3.1.2). 

In general, the ionization levels for multielectron atoms can be calculated approx- 
imately from the Schrodinger equation by adding to the nuclear potential U nuc (r), a 
self-consistent field £/scf(?) due to the other electrons (Fig. 3.1.3): 

U(r) = U mc (r) + U SCP (r) (3.1.2) 



For all atoms, the nuclear potential arises from the nuclear charge of +Zq located 
at the origin and is given by U auc (r) = —Zq 2 /AnsQr. The self-consistent field arises 
from the other (Z— 1) electrons, since an electron does not feel any potential due to 
itself. In order to calculate the potential Uscf(7) we need the electronic charge which 
depends on the wavefunctions of the electron which in turn has to be calculated from 
the Schrodinger equation containing 6 , scf(?)- This means that the calculation has to be 
done self-consistently as follows. 

Step 1. Guess electronic potential L^cf^)- 

Step 2. Find eigenfunctions and eigenvalues from Schrodinger equation. 

Step 3. Calculate the electron density n(r). 

Step 4. Calculate the electronic potential Uscf(t). 
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Fig. 3.1.3 Sketch of (a) the nuclear charge density and the electronic charge density; 
(b) potential energy felt by an additional electron due to the nucleus, U wlc {r'), and the other 
electrons, 1/scf(/)- The latter has to be calculated self-consistently. 



Step 5. If the new <7scf(/) is significantly different from last guess, update £/scf(?) 

and go back to Step 2. If the new Uscf(/) is within say lOmeV of the last 
guess, the result has converged and the calculation is complete. 

For Step 2 we can use essentially the same method as we used for the hydrogen atom, 
although an analytical solution is usually not possible. The potential UscfO") is in 
general not isotropic (which means independent of 9 , 0) but for atoms it can be assumed 
to be isotropic without incurring any significant error. However, the dependence on r 
is quite complicated so that no analytical solution is possible. Numerically, however, 
it is just as easy to solve the Schrodinger equation with any U(r) as it is to solve the 
hydrogen atom problem with U(r) ~ 1 Jr. 

For Step 3 we have to sum up the probability distributions for all the occupied 
eigenstates: 



occ n.l.i 



Mr) 



\YU9,4>)Y 



(3.1.3) 
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First term in 
Eq. (3.1.5) 
Fig. 3.1.4 



Second term in 
Eq. (3.1.5) 



If we assume the charge distribution to be isotropic, we can write 
a(r) = J r 2 sin 6>d<9 = J] \f,,(r)\ 2 

accn,l,m 

For Step 4 we can use straightforward electrostatics to show that 



(3.1.4) 



£/scfO) = 



47T£ 0 r 



/ 



dr'a(r') + 



oo 



(3.1.5) 



The two terms in Eq. (3.1.5) arise from the contributions due to the charge within a 
sphere of radius r and that due to the charge outside of this sphere as shown in Fig. 3 . 1 .4. 
The first term is the potential at r outside a sphere of charge that can be shown to be 
the same as if the entire charge were concentrated at the center of the sphere: 



47T£ 0 r 



r 

j dr' cr(r') 



The second term is the potential at r inside a sphere of charge and can be shown to 
be the same as the potential at the center of the sphere (the potential is the same at all 
points inside the sphere since the electric field is zero) 



47T£o 



oo 



We obtain the total potential by adding the two components. 

To understand the reason for the factor (Z — 1)/Z in Eq. (3.1.5), we note that the 
appropriate charge density for each eigenstate should exclude the eigenstate under 
consideration, since no electron feels any repulsion due to itself. For example, silicon 
has 14 electrons Is 2 2s 2 2p 6 3s 2 3p 2 and the self-consistent field includes all but one of 
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Fig. 3.1.5 Self-consistent field method applied to the helium atom, (a) Nuclear potential (/nucM 
and the self-consistent electronic potential {/scf(V)- (b) Radial probability distribution for the Is 
state in helium and hydrogen. 



these electrons - for the 3p level we exclude the 3p electron, for the 3s level we exclude 
the 3s electron etc. However, it is more convenient to simply take the total charge 
density and scale it by the factor (Z — 1)/Z. This preserves the spherical symmetry of 
the charge distribution and the difference is usually not significant. Note that the total 
electronic charge is equal to Z: 

I dr a(r) = J] 1 = Z (3.1.6) 

q occ n,l,m 

oo 

since the radial eigenf unctions are normalized: f Ar\f n {r)\ 2 = 1. 

o 

Helium atom: Figure 3.1.5 shows the potential profile and the probability distribution 
for the Is state of helium obtained using the SCF method we have just described. 



3.2 Relation to the multi-electron picture 
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Fig. 3.1 .6 Self-consistent field method applied to the silicon atom. The radial probability 
distributions for hydrogen Is level and silicon Is level and 3p level are shown. 

Also shown for comparison is the Is level of the hydrogen atom, discussed in the 
last chapter. 

Silicon atom: Figure 3.1 .6 shows the probability distribution for the Is and 3p states of 
silicon obtained using the SCF method. Also shown for comparison is the Is level of the 
hydrogen atom. Note that the silicon Is state is very tightly confined relative to the 3p 
state or the hydrogen Is state. This is typical of core states and explains why such states 
remain well-localized in solids, while the outer electrons (like 3p) are delocalized. 



Relation to the multi-electron picture 

Multi-electron Schrodinger equation: It is important to recognize that the SCF 
method is really an approximation that is widely used only because the correct method 
is virtually impossible to implement. For example, if we wish to calculate the eigen- 
states of a helium atom with two electrons we need to solve a two-electron Schrodinger 
equation of the form 

E*<ru h) = ( K ~^ 2 + + U(r 2 ) + £/ ee (n, r 2 )) V(?u h) (3.2.1) 

where r\ and r 2 are the coordinates of the two electrons and f/ ee is the potential energy 
due to their mutual repulsion: t/ ee (n, r 2 ) = e 2 /Aixeo\r\ — r 2 \. This is more difficult to 
solve than the "one-electron" Schrodinger equation that we have been talking about, 
but it is not impossible. However, this approach quickly gets out of hand as we go to 
bigger atoms with many electrons and so is seldom implemented directly. But suppose 
we could actually calculate the energy levels of multi-electron atoms. How would we 
use our results (in principle, if not in practice) to construct a one-electron energy level 
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Energy levels of Energy levels of 

( N - 1 )-electron atom Lowest energy ( N + 1 )-electron atom 




Fig. 3.2.1 One-electron energy levels represent energy differences between the energy levels of 
the A'-electron atom and the (N — 1)- or the (N + l)-electron atom. The former (called the 
ionization levels) are the filled states from which an electron can be removed while the latter 
(the affinity levels) are the empty states to which an electron can be added. 

diagram like the ones we have been drawing? The answer depends on what we want 
our one-electron energy levels to tell us. 

Ionization levels and affinity levels: Our interest is primarily in describing the flow of 
current, which involves inserting an electron and then taking it out or vice versa, as we 
discussed in Chapter 1 . So we would want the one-electron energy levels to represent 
either the energies needed to take an electron out of the atom (ionization levels) or the 
energies involved in inserting an electron into the atom (affinity levels) (Fig. 3.2.1). 

For the ionization levels, the one-electron energies s„ represent the difference 
between the ground state energy Eq(N) of the neutral A'-electron atom and the 
nth energy level E„(N — 1) of the positively ionized (N — l)-electron atom: 

s n = E G (N) - E„(N - 1) (3.2.2a) 

These ionization energy levels are measured by looking at the photon energy needed to 
ionize an electron in a particular level. Such photoemission experiments are very useful 
for probing the occupied energy levels of atoms, molecules, and solids. However, they 
only provide information about the occupied levels, like the Is level of a helium atom 
or the valence band of a semiconductor. To probe unoccupied levels such as the 2s 
level of a helium atom or the conduction band of a semiconductor we need an inverse 
photoemission (IPE) experiment (see Fig. 3.2.2): 

He + e -> He + hv 

with which to measure the affinity of the atom for acquiring additional electrons. To 
calculate the affinity levels we should look at the difference between the ground state 
energy Eq(N) and the nth energy level E n (N + 1) of the negatively ionized (TV + 1)- 
electron atom: 



e n = E„(N + 1) - E G (N) 



(3.2.2b) 



3.2 Relation to the multi-electron picture 



Vacuum 
level 



Electron affinity, EA 



Ionization potential, IP 




Ionization 
levels 



Affinity 
levels 



Fig. 3.2.2 The ionization levels include the repulsive potential from Z — 1 electrons while the 
affinity levels include that of Z electrons, so that the latter is higher in energy by the single-electron 
charging energy U 0 . 

Note that if we want the energy levels to correspond to optical transitions then we should 
look at the difference between the ground state energy Eq(N) and the nth energy level 
E n (N) of the iV-electron atom, since visible light does not change the total number of 
electrons in the atom, just excites them to a higher energy: 



There is no a priori reason why the energy gap obtained from this calculation should 
correspond to the energy gap obtained from either the ionization or the affinity levels. 
In large solids (without significant excitonic effects) we are accustomed to assuming 
that the optical gap is equal to the gap between the valence and conduction bands, but 
this need not be true for small nanostructures. 

Single-electron charging energy: As we have explained above, the straightforward 
approach for calculating the energy levels would be to calculate the energies Eq(N) 
and E n (N ± 1) from an A'-electron and an (./V ± l)-electron Schrodinger equation 
(cf. Eq. (3.2.1) which is a two-electron Schrodinger equation) respectively. This, how- 
ever, is usually impossible and the only practical approach for large atoms, molecules, 
or solids is to include an effective potential t/scF^) in the Schrodinger equation as we 
have been discussing. 

How do we choose this effective potential? If we use U ee (N) to denote the total 
electron-electron interaction energy of an TV-electron system then the appropriate C/scf 
for the ionization levels is equal to the change in the interaction energy as we go from 
an ,/V-electron to an (N — l)-electron atom: 



II 



= E n (N) - Eq(N) 



[^SCF]ionization = U ee (N) - U ee (N - 1) 



(3.2.3a) 



Similarly the appropriate <7scf for the affinity levels is equal to the change in the 
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interaction energy between an ,/V-electron and an (N + l)-electron atom: 

[^SCpLffimty = U ee (N + 1) - C/ ee (iV) (3.2.3b) 

The electron-electron interaction energy of a collection of N electrons is proportional 
to the number of distinct pairs: 

U ee (N) = U 0 N(N - l)/2 (3.2.4) 

where Uo is the average interaction energy per pair, similar to the single-electron charg- 
ing energy introduced in Section 1.4. From Eqs. (3.2.3a, b) and (3.2.4) it is easy to see 
that 



[f/sCF]ionization = U 0 (N - 1) while [£/ S Cf] affinity = UoN (3.2.5) 

This means that to calculate the ionization levels of a Z-electron atom, we should use 
the potential due to (Z — 1) electrons (one electron for helium) as we did in the last 
section. But to calculate the affinity levels we should use the potential due to Z electrons 
(two electrons for helium). The energy levels we obtain from the first calculation are 
lower in energy than those obtained from the second calculation by the single-electron 
charging energy Uo- 

As we discussed in Section 1.5, the single-electron charging energy Uq depends on 
the degree of localization of the electronic wavefunction and can be several electron- 
volts in atoms. Even in nanostructures that are say 10 nm or less in dimension, it can 
be quite significant (that is, comparable to k^T). 

Typically one uses a single self-consistent potential 

f/scF = dU ee /dN = U 0 N - (U 0 /2) (3.2.6) 

for all levels so that the ionization levels are (Uq/2) lower while the affinity levels are 
(Uq /2) higher than the energy levels we calculate. One important consequence of this is 
that even if an SCF calculation gives energy levels that are very closely spaced compared 
to k^T (see Fig. 3.2.3a), a structure may not conduct well, because the one-electron 
charging effects will create a "Coulomb gap" between the occupied and unoccupied 
levels (Fig. 3.2.3b). Of course, this is a significant effect only if the single-electron 
charging energy Uq is larger than k B T. 



Hartree approximation: In large conductors (large R) Uq is negligible and the dis- 
tinction between Z and (Z — 1) can be ignored. The self-consistent potential for both 
ionization and affinity levels is essentially the same and the expression 



f/scp = dU^/dN 



(3.2.7) 
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Fig. 3.2.3 

can be generalized to obtain the standard expression used in density functional theory 
(DFT): 



UscF(r) = 



(3.2.8) 



d [«(?)] 

which tells us that the self -consistent potential at any point r is equal to the change in 
the electron-electron interaction energy due to an infinitesimal change in the number 
of electrons at the same point. If we use the standard expression for U ee from classical 
electrostatics 



1 f f „, q z n(r 
U ee = - / dr / dr' 

2 J J 4tt£ | , 



(3.2.9) 



Equation (3.2.8) yields the Hartree approximation, Un(r) for the self-consistent 
potential: 



f _ q 2 n{r') 
U H (?) = / d?' J- % 



(3.2.10) 



which is a solution of the Poisson equation —V 2 U\\ = —q 2 n/s in a homogeneous 
medium. Device problems often require us to incorporate complicated boundary con- 
ditions including different materials with different dielectric constants. It is then more 
convenient to solve a modified form of the Poisson equation that allows a spatially 
varying relative permittivity: 



-V-(£,.V£/ H) =q 2 n/s 0 



(3.2.11) 



But for atoms, there is no complicated inhomogeneity to account for and it is more 
convenient to work with Eq. (3.2.10). 

Correlation energy: The actual interaction energy is less than that predicted by 
Eq. (3.2.9) because electrons can correlate their motion so as to avoid each other - 
this correlation would be included in a many-electron picture but is missed in the 
one-particle picture. One way to include it is to write 

e 2 n(9)n(?) [1 - g(r, r')] 



Aire \r 
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where g is a correlation function that accounts for the fact that the probability of 
finding two electrons simultaneously at r and r' is not just proportional to n(r)n(r'), but 
is somewhat reduced because electrons try to avoid each other (actually this correlation 
factor is spin-dependent, but we are ignoring such details). The corresponding self- 
consistent potential is also reduced (cf. Eq. (3.2.10)): 



J 4n 



v . ') [1 - g(r, ?)] n . n , 

f/scF = / dr — — (3.2.12) 

Ajts \r — r'\ 



Much research has gone into estimating the function g(r , r') (generally referred to as 
the exchange-correlation "hole"). 

The basic effect of the correlation energy is to add a negative term U xc (r) to the 
Hartree term Un(r) discussed above (cf. Eq. (3.2.10)): 

U SCF (r) = U H (r) + U xc (r) (3.2.13) 

One simple approximation, called the local density approximation (LDA) expresses 
C/ xc at a point in terms of the electron density at that point: 

a 2 

U xc (7) = ~t~ C[n(r)] 1/3 (3.2.14) 
4jt£q 

Here, C is a constant of order one. The physical basis for this approximation is that 
an individual electron introduced into a medium with a background electron density 
n(r) will push other electrons in its neighborhood, creating a positive correlation "hole" 
around it. If we model this hole as a positive sphere of radius r 0 then we can estimate 
ro by requiring that the total charge within the sphere be equal in magnitude to that of 
an electron: 

n(r) 47rr 0 3 /3 = 1 -> r 0 = i [n(r)V in 

C being a constant of order one. The potential in Eq. (3.2.14) can be viewed as the 
potential at the center of this positive charge contained in a sphere of radius r^: 



47te 0 r 0 

Much work has gone into the SCF theory and many sophisticated versions of Eq. (3.2. 14) 
have been developed over the years. But it is really quite surprising that the one-electron 
picture with a suitable SCF often provides a reasonably accurate description of multi- 
electron systems. The fact that it works so well is not something that can be proved 
mathematically in any convincing way. Our confidence in the SCF method stems from 
the excellent agreement that has been obtained with experiment for virtually every atom 
in the periodic table (see Fig. 3.2.4). Almost all the work on the theory of electronic 
structure of atoms, molecules, and solids is based on this method and that is what we 
will be using. 
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Fig. 3.2.4 Energy levels as a function of the atomic number calculated theoretically using a 
self-consistent field method. The results are in excellent agreement with experiment (adapted from 
Herman and Skillman (1963)). For a hydrogen atom, the s and p levels are degenerate (that is, they 
have the same energy). This is a consequence of the ~1 / r dependence of the nuclear potential. But 
this is not true of the self-consistent potential due to the electrons and, for multi-electron atoms, the 
s state has a lower energy than the p state. 



Bonding 



One of the first successes of quantum theory was to explain the structure of the periodic 
table of atoms by combining the energy levels obtained from the Schrodinger equation 
with the Pauli exclusion principle requiring that each level be occupied by no more 
than one electron. In Section 3.3.1 we will discuss the general trends, especially the 
periodic character of the energy levels of individual atoms. We will then discuss two 
bonding mechanisms (ionic (Section 3.3.2) and covalent (Section 3.3.3)) whereby a 
pair of atoms, A and B, can lower their overall energy by forming a molecule AB: 
£(AB) < E(A) + £(B). 
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Fig. 3.3.1 Energy of the outermost s (x) and p levels (o) of the first 86 elements of the periodic 
table excluding the d- and f-shell transition metals (Z = 21-28, 39^-6, and 57-78). The numbers 
are taken from Harrison (1999) and Mann (1967). 



3.3.1 Valence electrons 

It is important to note that only the electrons in the outermost shell, referred to as the 
valence electrons, participate in the bonding process. The energies of these valence 
electrons exhibit a periodic variation as shown in Fig. 3.3.1 for the first 86 atoms of 
the periodic table from hydrogen (atomic number Z = 1) to radon (Z = 86), exclud- 
ing the d- and f-shell transition metals (see Table 3.3.1). The main point to notice is 
that the energies tend to go down as we go across a row of the periodic table from 
lithium (Li) to neon (Ne), increase abruptly as we step into the next row with sodium 
(Na) and then decrease as we go down the row to argon (Ar). This trend is shown by 
both the s and p levels and continues onto the higher rows. Indeed this periodic variation 
in the energy levels is at the heart of the periodic table of the elements. 



3.3.2 Ionic bonds 

Ionic bonds are typically formed between an atom to the left of the periodic table (like 
sodium, Na) and one on the right of the periodic table (like chlorine, CI). The energy 
levels of Na and CI look roughly as shown in Fig. 3.3.2. It seems natural for the 3s 
electron from Na to "spill over" into the 3p levels of CI, thereby lowering the overall 
energy as shown. Indeed it seems "obvious" that the binding energy, E hin , of NaCl 
would be 



E bin = E(Na) + £(C1) - £(Na+Cr) = 12.3 - 5.1 = 7.2 eV. 
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Fig. 3.3.2 Formation of Na + Cl~ from individual Na and CI atoms with a 3s electron from Na 
"spilling over" into the 3p levels of CI thereby lowering the overall energy. This is only part of the 
story, since the overall energetics also includes the electrostatic energy stored in the microscopic 
capacitor formed by the two ions as explained in the text. 

But this argument is incomplete because we also need to consider the change in 
the electrostatic energy due to the bonding. The correct binding energy is more 
like 4 eV. 

The point is that the energy levels we have drawn here are all ionization levels. The 
energy needed to create a sodium ion is given by its ionization potential (IP) 

£(Na+) - £(Na) = IP(Na) = 5 eV (3.3.1a) 

But the energy needed to create a chlorine ion is given by the electron affinity (EA) of 
CI and this includes an extra charging energy Uq\ 

E(CV) - £(Cr) = EA(C1) = IP(C1) - U 0 = 13.8 eV - U 0 (3.3.1b) 
Combining Eqs. (3.3.1a) and (3.3.1b) we obtain 

£(Na) + £(C1) - £(Na+) - E(Cr ) = 8.8 eV - U 0 (3.3.2) 

However, this is not the binding energy of NaCl. It gives us the energy gained in 
converting neutral Na and neutral CI into a Na + and a CI - ion completely separated 
from each other. If we let a Na + and a CI ion that are infinitely far apart come together 
to form a sodium chloride molecule, Na+Cl~, it will gain an energy Uq in the process. 

£(Na+) + £(Cr) - £(Na+Cr) = U' 0 

so that the binding energy is given by 

E bia = E(Na) + £(C1) - £(Na+Cr ) = 8.8 eV - U 0 + U' Q (3.3.3) 

C/o — t/y is approximately 5 eV, giving a binding energy of around 4 eV. The numerical 
details of this specific problem are not particularly important or even accurate. The 
main point I wish to make is that although the process of bonding by electron transfer 
may seem like a simple one where one electron "drops" off an atom into another with 
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Fig. 3.3.3 Formation of H 2 from individual H atoms with a bonding level £ B an d an anti-bonding 
level E A . 

a lower energy level, the detailed energetics of the process require a more careful 
discussion. In general, care is needed when using one-electron energy level diagrams 
to discuss electron transfer on an atomic scale. 

Covalent bonds 

We have just seen how a lowering of energy comes about when we bring together 
an atom from the left of the periodic table (like sodium) and one from the right (like 
chlorine). The atoms on the right of the periodic table have lower electronic energy 
levels and are said to be more electronegative than those on the left. We would expect 
electrons to transfer from the higher energy levels in the former to the lower energy 
levels in the latter to form an ionic bond. 

However, this argument does not explain covalent bonds which involve atoms with 
roughly the same electronegativity. The process is a little more subtle. For example, it 
is hard to see why two identical hydrogen atoms would want to form a tb molecule, 
since no lowering of energy is achieved by transferring an electron from one atom to 
the other. What happens is that when the two atoms come close together the resulting 
energy levels split into a bonding level (£ B ) and an anti-bonding level (E A ) as shown 
in Fig. 3.3.3. Both electrons occupy the bonding level which has an energy lower than 
that of an isolated hydrogen atom: £b < fo- 
llow do we calculate £b? By solving the Schrodinger equation: 



where U^(r) and Uw(r) are the potentials due to the left and the right nuclei respectively 
and UscF(r) is the potential that one electron feels due to the other. To keep things simple 
let us ignore L^cfM an d calculate the electronic energy levels due to the nuclear 
potentials alone: 



EMr) = 




V 2 + U n (r) + U w (r) + U SCF (r) *„(r) 



(3.3.4) 




(3.3.5) 



Self-consistent field 




Fig. 3.3.4 Various energies as a function of the nuclear distance R. xxx, approximate 
electron-electron repulsive energy (i/ e ,e')- Solid curve, nucleus-nucleus repulsive energy (t/nj.N')' 
Dashed curve, Ebq—Eq; energy of the bonding level in a H2 molecule relative to the Is level in a 
hydrogen atom calculated approximately from the Schrodinger equation without any 
self-consistent potential. ++++, binding energy of a H 2 molecule relative to two hydrogen atoms 
estimated from 2(E B0 —E 0 ) + 1/n,n' + U tfi >. 



The lowest energy solution to Eq. (3.3.5) can be written approximately as 

a + b 

E B o = E 0 + — — (3.3.6) 
1 + s 

where 

l-(l + tf)e- 2 * 

a = —2t(, — 

R 

b = -2E 0 (l + R)e-x 
s = e-«[l + R + (R 2 /3)] 
R = R/a 0 

R being the center-to-center distance between the hydrogen atoms. 

Let us now try to understand the competing forces that lead to covalent bonding. 
The dashed curve in Fig. 3.3.4 shows Ebo — Eq versus the bond length R as given 
by Eq. (3.3.6). Experimentally, the bond length R for a H9 molecule is 0.074 nm, 
indicating that the overall energy is a minimum for this value of R. Since the energy 
keeps decreasing as R is decreased, one might wonder why the two hydrogen atoms do 
not just sit on top of each other (R = 0). To answer this question we need to calculate the 
overall energy which should include the electron-electron repulsion (note that L'scf('") 



3.3 Bonding 



was left out from Eq. (3.3.6)) as well as the nucleus-nucleus repulsion. To understand 
the overall energetics let us consider the difference in energy between a hydrogen 
molecule (H2) and two isolated hydrogen atoms (2H). 

The energy required to assemble two separate hydrogen atoms from two protons 
(N, N') and two electrons (e, e') can be written as 

£(2H) = t/ e ,N + t/e',N' = 2E 0 (3.3.7a) 

The energy required to assemble an H2 molecule from two protons (N, N') and two 
electrons (e, e') can be written as 

£(H 2 ) = C/ N , N , + U e>ef + C/ e , N + t/ e ,N< + f/ e <,N + E4',N' (3.3.7b) 

Equation (3.3.6) gives the quantum mechanical value of (t/ e ,N + £4,n') as well as 
(£4',n + f/e',N') as ^bo- Hence 

£(H 2 ) = {/n,N' + U e , d + 2E m (3.3.7c) 

The binding energy is the energy it takes to make the hydrogen molecule dissociate 
into two hydrogen atoms and can be written as 

£ bin = £(H 2 ) - £(2H) = 2(£ B o - £0) + E/n,n' + (3.3.8) 

This is the quantity that ought to be a minimum at equilibrium and it consists of three 
separate terms. Eq. (3.3.6) gives us only the first term. The second term is easily written 
down since it is the electrostatic energy between the two nuclei, which are point charges: 

f/ N>N , = q 2 /Ane^R (3.3.9a) 

The electrostatic interaction between the two electrons should also look like q 2 /AtteqR 
for large R, but should saturate to ~g 2 /4;r£o a o at short distances since the electronic 
charges are diffused over distances ~ao- Let us approximate it as 



U e , e , = q z /Ans^ R 2 + a 2 (3.3.9b) 

noting that this is just an oversimplified approximation to what is in general a very dif- 
ficult quantum mechanical problem - indeed, electron-electron interactions represent 
the central outstanding problem in the quantum theory of matter. 

The solid curve in Fig. 3.3.4 shows £/ N>N < (Eq. (3.3.9a)), while the xxx curve shows 
C/ e ,e' (Eq. (3.3.9b)). The +++ curve shows the total binding energy estimated from 
Eq. (3.3.8). It has a minimum around 0. 1 nm, which is not too far from the experimental 
bond length of 0.074 nm. Also the binding energy at this minimum is ~4.5eV, very 
close to the actual experimental value. Despite the crudeness of the approximations 
used, the basic physics of bonding is illustrated fairly well by this example. 
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Fig. 3.3.5 A hydrogen molecule can be viewed as two masses connected by a spring. 

Vibrational frequency: The shape of the binding energy vs. R curve suggests that 
we can visualize a hydrogen molecule as two masses connected by a spring (Fig. 
3.3.5). An ideal spring with a spring constant K has a potential energy of the form 
U(R) = K(R — Rq) 2 /2. The binding energy of the hydrogen molecule (see Fig. 3.3.4) 
can be approximated as U(R) = U(Rq) + K(R — Rq) 2 /2, where the effective spring 
constant K is estimated from the curvature [d 2 U /dR 2 ]R = R 0 . Indeed the vibrational 
frequency of the H-H bond can be estimated well from the resonant frequency -J2K JM 
of the mass and spring system where M is the mass of a hydrogen atom. 

Ionization levels: As we have discussed, the energy levels of a multi-electron system 
usually denote the ionization levels, that is the energy it takes to strip an electron from 
the system. This means that in the present context the energy level for a hydrogen 
molecule should represent 

E B = £(H 2 ) - £(H+) 

Since £(Hj) = t/ N ,N' + £4',n + f/e'.N', we can write using Eq. (3.3.7b), 

E B = £/e,e< + t/e,N + C4.N' = U e , e + E B o (3.3.10) 

It is easy to check that for our model calculation (see Fig. 3.3.4) £bo is nearly 15 eV 
below Eq, but E B lies only about 4 eV below En. If we were to include a self-consistent 
field Uscp(r) in the Schrodinger equation, we would obtain the energy Eq which would 
be higher (less negative) than the non-interacting value of £bo by the electron-electron 
interaction energy £/ e , e '- 

Binding energy: It is tempting to think that the binding energy is given by 

£bin = 2(£b — Eq) + £/n,N' 

since E B includes the electron-electron interaction energy U e<e i. However, it is easy to 
see from Eqs. (3.3.8) and (3.3.10) that the correct expression is 

£bin = 2(£b — Eq) + (E/n,N' ~ £4,e') 

The point I am trying to make is that if we include the electron-electron interaction 
in our calculation of the energy level E B then the overall energy of two electrons 
is NOT 2E B , for that would double-count the interaction energy between the two 
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electrons. The correct energy is obtained by subtracting off this double-counted part: 

2£b — £4,e'- 

Supplementary notes: multi-electron picture 

As I mentioned in Section 3.2, the SCF method is widely used because the exact method 
based on a multi-electron picture is usually impossible to implement. However, it is 
possible to solve the multi-electron problem exactly if we are dealing with a small 
channel weakly coupled to its surroundings, like the one-level system discussed in 
Section 1.4. It is instructive to recalculate this one-level problem in the multi-electron 
picture and compare with the results obtained from the SCF method. 

One-electron vs. multi-electron energy levels: If we have one spin-degenerate level 
with energy e, the one-electron and multi-electron energy levels would look as shown 
in Fig. 3.4. 1 . Since each one-electron energy level can either be empty (0) or occupied 
(1), multi-electron states can be labeled in the form of binary numbers with a number 
of digits equal to the number of one-particle states. N one-electron states thus give 
rise to 2 N multi-electron states, which quickly diverges as ,/V increases, making a direct 
treatment impractical. That is why SCF methods are so widely used, even though they 
are only approximate. 

Consider a system with two degenerate one-electron states (up-spin and down-spin) 
that can either be filled or empty. All other one-electron states are assumed not to 
change their occupation: those below remain filled while those above remain empty. 
Let us assume that the electron-electron interaction energy is given by 

UeeiN) = (U 0 /2)N(N - 1) (same as Eq. (3.2.4)) 

One-electron energy levels Multi-electron energy levels 




/ / 00 

Fig. 3.4.1 One-electron vs. multi-electron energy levels in a channel with one spin-degenerate 
level having energy e. 
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corresponding to a self-consistent potential (see Eq. (3.2.6)) 
dU ee /dN = U 0 N - (U 0 /2) 

Suppose the number of electrons Nq in the neutral state corresponds to having one of 
these states filled. The one-electron energy levels e can be written as the sum of the 
"bare" levels s (obtained from a Schrodinger equation with just the nuclear potential, 
Uyf) plus the self-consistent potential [dU ee /dN]N=N 0 - 

s = e + [dU e JdN] N=No = s + U 0 N 0 - (U 0 /2) 

Consider now the multi-electron picture. We have four available multi-electron states 
which we can designate as 00, 01 , 10, and 1 1 . In the neutral state, the system is in either 
the (10) or the (01) state whose total energy we denote as 

£(10) = £(01) = £ 0 

We can write the energies of the other multi-electron states as 

£(11) = £ 0 + £ + U ee (N 0 + 1) - U ee (N 0 ) 
= £,, + £ + U 0 No = £o + e + (U 0 /2) 

and 

£(00) = £ 0 - £ - U ee (N 0 ) + U ee (N 0 - 1) 

= £ 0 - e - U 0 (N 0 - 1) = £„ - £ + (t/o/2) 

Master equation: In the multi-electron picture, the overall system has different proba- 
bilities P a of being in one of the 2 N possible states a and all the probabilities must add 
up to one: 

P a = l^ Poo + Poi + Pio +Pn = l (3.4.1) 

a 

We can calculate the individual probabilities by noting that the system is continually 
shuffled among these states and under steady-state conditions there must be no net flow 
into or out of any state: 

/?)/>„ = J2 R (P^ a ) p P ( 3 - 4 - 2 ) 

P P 

Knowing the rate constants, we can calculate the probabilities by solving Eq. (3.4.2). 
Equations involving probabilities of different states are called master equations. We 
could call Eq. (3.4.2) a multi-electron master equation. 

The rate constants R(a — > /3) can be written down assuming a specific model for the 
interaction with the surroundings. For example, if we assume that the interaction only 
involves the entry and exit of individual electrons from the source and drain contacts 
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then for the 00 and 01 states the rate constants are given by 



7i ,, 72 f , 



01 



En 



00 



£ 0 - e + (t/o/2) 4 



(1 - /i') + j a - / 2 ') 



where 
/i = /o(ei 



Mi) and / 2 ' = / 0 (ei - fi 2 ) 



tell us the availability of electrons with energy ei = e — (t/o/2) in the source and drain 
contacts respectively. The entry rate is proportional to the available electrons, while 
the exit rate is proportional to the available empty states. The same picture applies 
to the flow between the 00 and the 10 states, assuming that up- and down-spin states 
are described by the same Fermi function in the contacts, as we would expect if each 
contact is locally in equilibrium. 

Similarly we can write the rate constants for the flow between the 01 and the 1 1 
states 



7l rll I "I*?- ft! 

7/ 1 + J h 
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01 





fd- /D + fd- fz) 



where 

fl' = MS 2 



/xi) and f![ = f 0 (s 2 - m) 



tell us the availability of electrons with energy e 2 = e + (t/o/2) in the source and drain 
contacts corresponding to the energy difference between the 01 and 11 states. This is 
larger than the energy difference e between the 00 and 01 states because it takes more 
energy to add an electron when one electron is already present due to the interaction 
energy t/ 0 . 

Using these rate constants it is straightforward to show from Eq. (3.4.2) that 



Pio 
and 

^10 



Poo 



Pn 
Poi 



n(i - fl) + Mi - f{) 



7i (1 " fl') + 72(1 - f») 



(3.4.3a) 



(3.4.3b) 



Together with Eq. (3.4.1), this gives us all the individual probabilities. Figure 3.4.2 
shows the evolution of these probabilities as the gate voltage Vg is increased 
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Fig. 3.4.2 Evolution of the energy levels of a channel with one spin-degenerate level as the gate 
voltage Vg is made more positive, holding the drain voltage Vd equal to zero, ft — 0, e = 0.2 eV, 
k B T— 0.025 eV, Co = 0.25 eV, (7 L = — qVa- Lower plot shows the probabilities of finding the 
channel in one of its four states: P 0 o (°), Pqi — Pia (solid) and P n (x). 

holding the drain voltage V D equal to zero. The gate voltage shifts the one-electron level 
e —> s + Ul (we have assumed = — qVa) and the probabilities are calculated from 
Eqs. (3.4.3a, b) and (3.4.1) noting that the Fermi functions are given by 



// = /o(£i +U L - mi), f{ = /oOi + U L - H2) 
fx = fo(£2 + U L - mi), / 2 " = /ofe + U L - (12) 



(3.4.4a) 
(3.4.4b) 
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The system starts out in the 00 state (Poo = 1)» shifts to the 01 and 10 states (Poi = 
Pio = 0.5) once s\ + Ul drops below fi, and finally goes into the 11 state (P u = 1) 
when £2 + J/l drops below /x. 

Relation between the multi-electron picture and the one-electron levels: As I have 
emphasized in Section 3.2, one -electron energy levels represent differences between 
energy levels in the multi-electron picture corresponding to states that differ by one 
electron. Transitions involving the addition of one electron are called affinity levels 
while those corresponding to the removal of one electron are called ionization levels. 
For example (see Fig. 3.4.2), if the system is in the 00 state then there are two degenerate 
one-electron levels si + Ul representing 

8 X + U L = £(10) - £(00) = £(01) - £(00) Affinity levels 

Once it is in the 10 state there are two one-electron levels 

£i + Ul = £(10) — £(00) Ionization level 
and e 2 + U h = £(11) - £(10) Affinity level 

In the 1 1 state there are two degenerate one-electron levels 

£ 2 + U L = £(11) - £(10) = £(11)- £(01) Ionization levels 

Affinity levels lie above /x, while ionization levels lie below [i as shown in Fig. 3.4.2. 
This is a very important general concept regarding the interpretation of the one-electron 
energy levels when dealing with complicated interacting objects. The occupied (or 
ionization) levels tell us the energy levels for removing an electron while the unoccupied 
(or affinity) levels tell us the energy levels for adding an extra electron. Indeed that is 
exactly how these levels are measured experimentally, the occupied levels by photo- 
emission (PE) and the unoccupied levels by inverse photoemission (IPE) as mentioned 
in Section 1.1. 

Law of equilibrium: Figure 3.4.2 represents an equilibrium calculation with both 
source and drain contacts having the same Fermi function:/! = fi- Equilibrium problems 
do not really require the use of a master equation like Eq. (3.4.2). We can use the general 
principle of equilibrium statistical mechanics which states that the probability P a that 
the system is in a multi-electron state a with energy £„ and N a electrons is given by 



where the constant Z (called the partition function) is determined so as to ensure that 
the probabilities given by Eq. (3.4.5) for all states a add up to one: 




(3.4.5) 




(3.4.6) 



a 
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This is the central law of equilibrium statistical mechanics that is applicable to any 
system of particles (electrons, photons, atoms, etc.), interacting or otherwise (see for 
example, Chapter 1 of Feynman, 1972). The Fermi function is just a special case of 
this general relation that can be obtained by applying it to a system with just a single 
one-electron energy level, corresponding to two multi-electron states: 

of N a E a P a 

0 0 0 l/Z 

1 1 s (l/Z)exp[( M -£)A B r] 

so that Z = 1 + exp[(/x — e)/k B T] and it is straightforward to show that the average 
number of electrons is equal to the Fermi function (Eq. (1.1.1)): 

., ,., n n exp[(/z - s)/k B T] 

N = > N a P a = P x = — — — = Me- M] 

1 +exp[(pt - e)/k B T] 

For multi-electron systems, we can use the Fermi function only if the electrons are 
not interacting. It is then justifiable to single out one level and treat it independently, 
ignoring the occupation of the other levels. The SCF method uses the Fermi function 
assuming that the energy of each level depends on the occupation of the other levels. But 
this is only approximate. The exact method is to abandon the Fermi function altogether 
and use Eq. (3.4.5) instead to calculate the probabilities of the different multi-particle 
states. 

One well-known example of this is the fact that localized donor or acceptor levels 
(which have large charging energies Uo) in semiconductors at equilibrium are occupied 
according to a modified Fermi function (v is the level degeneracy) 

/ = (3.4.7) 

l+(l/v)exp[( e -/z)/£ B r] 

rather than the standard Fermi function (cf. Eq. (1.1.1)). We can easily derive this 
relation for two spin-degenerate levels (v = 2) if we assume that the charging energy 
Uo is so large that the 1 1 state has zero probability. We can then write for the remaining 
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so that Z = 1 + 2 exp[(/z — s)/k B T] and the average number of electrons is given by 
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in agreement with Eq. (3.4.7). This result, known to every device engineer, could thus 
be viewed as a special case of the general result in Eq. (3.4.5). 

Equation (3.4.5), however, can only be used to treat equilibrium problems. Our 
primary interest is in calculating the current under non-equilibrium conditions and that 
is one reason we have emphasized the master equation approach based on Eq. (3.4.2). 
For equilibrium problems, it gives the same answer. However, it also helps to bring out 
an important conceptual point. One often hears concerns that the law of equilibrium 
is a statistical one that can only be applied to large systems. But it is apparent from 
the master equation approach that the law of equilibrium (Eq. (3.4.5)) is not a property 
of the system. It is a property of the contacts or the "reservoir." The only assumptions 
we have made relate to the energy distribution of the electrons that come in from the 
contacts. As long as these "reservoirs" are simple, it does not matter how complicated 
or how small the "system" is. 

Current calculation: Getting back to non-equilibrium problems, once we have solved 
the master equation for the individual probabilities, the source current can be obtained 
from 

7 i = -«£(±)*i (« -» P)P a 







+ if fi has one more electron than a 
— if f3 has one less electron than a 





where R\ represents the part of the total transition rate R associated with the source 
contact. In our present problem this reduces to evaluating the expression 

h = ( - q/h) {2 yi f[p m - 7l (i - f[)(p m + p l0 ) 

+ Yif"(Poi + Pio) ~ 2yi(l - f{')Pn) (3.4.8) 

Figure 3.4.3 shows the current-drain voltage (I—Vq) characteristics calculated from the 
approach just described. The result is compared with a calculation based on the restricted 
SCF method described in Section 1.4. The SCF current-voltage characteristics look 
different from Fig. 1. 4.6a because the self-consistent potential Uq(N — No) has No = 1 
rather than zero and we have now included two spins. The two approaches agree well for 
(Jo = 0.025 eV, but differ appreciably for Uo = 0.25 eV, showing evidence for Coulomb 
blockade or single-electron charging (see Exercise E.3.6). 

The multi-electron master equation provides a suitable framework for the analysis 
of current flow in the Coulomb blockade regime where the single-electron charg- 
ing energy Uq is well in excess of the level broadening y\2 and/or the thermal 
energy k B T. We cannot use this method more generally for two reasons. Firstly, the 
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Drain Voltage, VD (volts) 

Fig. 3.4.3 Current vs. drain voltage V D calculated assuming V c — 0 with fi — 0, e — 0.2 eV, k B T — 
0.025 eV, y l = Yi = 0.005 eV, U L = -qV D / 2. The two approaches (the SCF and the 
multi-electron master equation) agree well for Uo — 0.1 eV, but differ appreciably for Uo — 0.25 eV, 
showing evidence for Coulomb blockade or single-electron charging. 

size of the problem increases exponentially and becomes prohibitive. Secondly, it is 
not clear how to incorporate broadening into this picture and apply it to the trans- 
port regime where the broadening is comparable to the other energy scales. And 
so it remains a major challenge to provide a proper theoretical description of the 
intermediate transport regime Uo ~ /i^^b^: the regime where electronic motion 
is "strongly correlated" making a two-electron probability like P(ll) very different 
from the product of one-electron probabilities like P(01)P(10). A lot of work has 
gone into trying to discover a suitable SCF within the one-electron picture that will 
capture the essential physics of correlation. For example, the self-consistent potential 
Uscf = UqAN we have used is the same for all energy levels or orbitals. One could use 
an "unrestricted" self-consistent field that is orbital-dependent such that the potential 
felt by level j excludes any self-interaction due to the number of electrons nj in that 
level: 

UscfU) = Uo(AN - Anj) (3.4.9) 

Such approaches can lead to better agreement with the results from the multi-electron 
picture but must be carefully evaluated, especially for non-equilibrium problems. 

EXERCISES 

E.3.1. Use the SCF method (only the Hartree term) to calculate the energy of the Is level 
in a helium atom, (a) Plot the nuclear potential U^(r) and the self-consistent electronic 
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potential i/scFM (cf. Fig. 3.1.4a). (b) Plot the wavefunction for the Is level in helium 
and compare with that for the Is level in hydrogen (cf. Fig. 3.1.4b). 

E.3.2. Use the SCF method (only the Hartree term) to calculate the energies of the 3s 
and 3p levels in a silicon atom. Plot the wavefunction for the Is and 3p levels in silicon 
and compare with that for the Is level in hydrogen (cf. Fig. 3.1.4b). 

E.3.3. Plot the approximate binding energy for a hydrogen molecule as a function of 
the hydrogen-hydrogen bond length, making use of Eqs. (3.3.6) and (3.3.9a, b) and 
compare with Fig. 3.3.4. 

E.3.4: In Section 1.2 we obtained the following expression for the current through a 
single level 

/= 9_W^_ [/l(e) _ /2(g)] 
h Y\ + 72 

and for the average number of electrons 

yi/i + 72/2 



n = 



Y\ + 72 



by writing a set of rate equations for a single one-electron energy level (without spin 
degeneracy). In the multi-electron picture we have two levels "0" and "1" corresponding 
to the one-electron level being empty or full respectively. Write down the appropriate 
rate equations in this picture and re-derive the expressions for "N" and "7". 

E.3.5: Consider a channel with two spin-degenerate levels assuming the following 
parameters: (i = 0, s = 0.2 eV, lc B T = 0.025 eV, y 1= y 2 = 0.005 eV. 

(a) Calculate the number of electrons vs. gate voltage Vg, with V D = 0 and Ul = 
— qVo, using (1) the multi-electron master equation and (2) a restricted SCF 
potential given by t/scF = Uq(N — No) with No = 1. Use two different values 
of U 0 = 0.025 eV, 0.25 eV. 

(b) Calculate the current vs. drain voltage V D assuming V G = 0 with t/ L = —qV-o/2, 
using (1) the multi-electron master equation and (2) the restricted SCF potential 
given in (a). Use two different values of Uq = 0.025 eV, 0.25 eV and compare with 
Fig. 3.4.3. 

(c) Repeat (a) and (b) with an unrestricted SCF potential (Eq. (3.4.9)) that excludes 
the self-interaction: 

U SCF (f) = U 0 (AN - An f ) = U 0 (A H ) = U 0 (n l - 0.5) 

^scf(^) = tfo(nt " °- 5 ) 

Note: The result may be different depending on whether the initial guess is symmetric, 
C/scF^t) = ^scfW or not > ^scF(t) + ^scfW- 
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E.3.6: In Fig. 3.4.3a (Uq = 0.25 eV) the multi-electron approach yields two current 
plateaus: a lower one with e-i + > /xi > £j + such that f[— 1, /" — 0 and 
an upper one with fii > £2 + Ul > £i + Ul, such that /{ — 1, f" — 1. In either case 
/j ~ 0, / 2 " ~ 0. Show from Eqs. (3.4.3) and (3.4.8) that the current at these plateaus 
is given by 



2yi yi 



and 



2/i /2 
Y\ + n 



2/i + Yi 
respectively. 
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We have seen that it is straightforward to calculate the energy levels for atoms using the 
SCF method, because the spherical symmetry effectively reduces it to a one-dimensional 
problem. Molecules, on the other hand, do not have this spherical symmetry and a more 
efficient approach is needed to make the problem numerically tractable. The concept of 
basis functions provides a convenient computational tool for solving the Schrodinger 
equation (or any differential equation for that matter). At the same time it is also a very 
important conceptual tool that is fundamental to the quantum mechanical viewpoint. 
In this chapter we attempt to convey both these aspects. 

The basic idea is that the wavefunction can, in general, be expressed in terms of a 
set of basis functions, u m (r) 



We can then represent the wavefunction by a column vector consisting of the expansion 
coefficients 

4>(r) — > {</>i 02 4>m} T , 'T' denotes transpose 

In spirit, this is not too different from what we did in Chapter 2 where we represented 
the wavefunction by its values at different points on a discrete lattice: 

<D(r) {$(?!) 4>(r 2 ) 4>(?m)} t 

However, the difference is that now we have the freedom to choose the basis functions 
u m (r ) : if we choose them to look much like our expected wavefunction, we can represent 
the wavefunction accurately with just a few terms, thereby reducing the size of the 
resulting matrix [H] greatly. This makes the approach useful as a computational tool 
(similar in spirit to the concept of "shape functions" in the finite element method 
(Ramdas Ram-Mohan, 2002; White etal., 1989)) as we illustrate with a simple example 
in Section 4.1. 

But the concept of basis functions is far more general. One can view them as the 
coordinate axes in an abstract Hilbert space as described in Section 4.2 and we will 



M 




m = l 
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illustrate the power and versatility of this viewpoint using the concept of the density 
matrix in Section 4.3 and further examples in Section 4.4. 



Basis functions as a computational tool 

The basic formulation can be stated fairly simply. We write the wavefunction in terms 
of any set of basis functions u m (f): 

(?) (4.1.1) 

in 

and substitute it into the Schrodinger equation £<!>(?) = H op <t>(P) to obtain 
E <Pm u m (r) = ^ 4>,„ H op u m (r) 

m m 

Multiply both sides by w*(r) and integrate over all r to yield 

m hi 
which can be written as a matrix equation 

E[S]{4>} = [//]{</>} (4.1.2) 
where 

S lim = j d?w*(?)M„,(?) (4.1.3a) 

H nm = j dru*(r)H ov u m (r) (4.1.3b) 

To proceed further we have to evaluate the integrals and that is the most time-consuming 
step in the process. But once the matrix elements have been calculated, it is straight- 
forward to obtain the eigenvalues E a and eigenvectors of the matrix. The eigen- 
functions can then be written down in "real space" by substituting the coefficients back 
into the original expansion in Eq. (4.1.1): 

<D„(r) =-7==J2 4>™ M '" (?) ' °« (?) = ~rr S < {7) (4 " L4) 

V A* m V A* „ 

where Z„ is a constant chosen to ensure proper normalization: 

1 = f d? ** (?) <t> a (?) -> Z a = J2 ^« 5 '™ (4 " 1 " 5) 

^ n m 

Equations (4. 1.1)— (4. 1.5) summarize the basic mathematical relations involved in the 
use of basis functions. 
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Fig. 4.1 .1 t/ N and t/ N < are the Coulombic potentials due to the left and right nuclei of a 
H 2 molecule respectively. 



A specific example: To understand the underlying physics and how this works in prac- 
tice let us look at a specific example. In Section 3.3.3 we stated that the lowest energy 
eigenvalue of the Schrodinger equation including the two nuclear potentials (Fig. 4.1.1) 
but excluding the self-consistent potential 

£.o O a0 (r) = ("^V 2 + C/ N (r) + U w (r)\ <t> a0 (r) (4.1.6) 

is approximately given by (E\ = —Eq = — 13.6eV) 
a + b 

£bo = £i + — - (4.1.7) 
1 + s 

where 

1 - (1 + R 0 )e- 2Ro R 
a = -2E 0 — — ^ b = -2£ 0 (1 + Ro)e~ R ° 

s = e- R ° [1 + R 0 + (Rl /3)] R 0 = R/a 0 

R being the center-to-center distance between the hydrogen atoms. 

We will now use the concept of basis functions to show how this result is obtained 
fromEq. (4.1.6). 

Note that the potential U(r) = Un(r) + U^(r) in Eq. (4.1.6) is not spherically sym- 
metric, unlike the atomic potentials we discussed in Chapters 2 and 3. This means that 
we cannot simply solve the radial Schrodinger equation. In general, we have to solve the 
full three-dimensional Schrodinger equation, which is numerically quite challenging; 
the problem is made tractable by using basis functions to expand the wavefunction. In 
the present case we can use just two basis functions 

Goof?) = <£l u L (r) + <£ R u R (r) (4. 1 .8) 

where u L (r) and M R (r) represent a hydrogenic Is orbital centered around the left and 
right nuclei respectively (see Fig. 4.1.2). 
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Fig. 4.1.2 A convenient basis set for the H2 molecule consists of two Is orbitals centered around 
the left and right nuclei respectively. 



This means that 



Ei u L (r) = 
and 

E { u R (r) = 



2m 



V 2 + t/ N (r) w L (r) 



2m 



V z + t/ N ,(r) u R (r) 



(4.1.9a) 



(4.1.9b) 



The ansatz in Eq. (4.1.8) is motivated by the observation that it clearly describes the 
eigenstates correctly if we move the two atoms far apart: the eigenstates are then given 
by 

(0l 0r) = (1 0) and (0l 0 R ) = (O 1) 

It seems reasonable to expect that if the bond length R is not too short (compared to the 
Bohr radius ao) Eq. (4.1.8) will still provide a reasonably accurate description of the 
correct eigenstates with an appropriate choice of the coefficients 0 L and cp R . 

Since we have used only two functions ml and u R to express our wavefunction, the 
matrices [5] and [H] in Eqs. (4.1.2) are simple (2 x 2) matrices whose elements can be 
written down from Eqs. (4.1.3a, b) making use of Eqs. (4.1.9a, b): 



S = 
where 



1 s 
s 1 



and H = 



E\+ a E\s + b 
Eys + b E\+ a 



s = j dr ulff) u R (f ) = j dif u R (f ) u L (f ) 
a = j d(r) u\r U N >(r) u L (r) = j dr u R (r) f/ N (r) u R (f) 
b = j dr ul(r) C/ N (r) u R (r) = j dr u* L (r)Un'(r)u R (r) 
= j dru* R (r)Un(r) u L (f) = j dr u R ( 



(4.1.10) 

(4.1.11a) 
(4.1.11b) 



,(r) Uw(r) u L (r) 



(4.1.11c) 
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Fig. 4.1 .3 

Hence Eq. (4.1.2) becomes 

1 s 
s 1 




Ei + a Eis + b 
Eis + b Ei + a 




(4.1.12) 



from which it is straightforward to write down the two eigenvalues - the lower one is 
called the bonding level (B) and the higher one is called the anti-bonding level (A): 

a + b a — b 



E B = Ei + 



and Ea = Ei + 



(4.1.13) 



l+S 1-5 

The quantities a, b, and s can be evaluated by plugging in the known basis functions 
ul(7), ur(t) and the nuclear potentials U^(r) and U^(r) into Eqs. (4.1.11a, b, c). The 
integrals can be performed analytically to yield the results stated earlier in Eq. (4.17). 
The wavefunctions corresponding to the bonding and anti-bonding levels are given 

by 

(0l </>r)b = (1 1) and (0 L 0r) a = (1 -1) 

which represent a symmetric (B) (Fig. 4.1.3a) and an antisymmetric (A) (Fig. 4.1.3b) 
combination of two Is orbitals centered around the two nuclei respectively. Both elec- 
trons in a H2 molecule occupy the symmetric or bonding state whose wavefunction can 
be written as 



1 

®Bo(r) = —j= [u L (r) + M R (r)] 



(4.1.14) 



where 
Uh(r) = 

ur(t) = 



' Ttat-. 



: exp 



exp 



r L = -(*o/2)2 



r R = +(/? 0 /2)z 



The constant Z has to be chosen to ensure correct normalization of the wavefunction: 

2(1 +s) 



dr t>*(r) t> B0 (r) 



Z = 2(1 +s) 
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Fig. 4.1.4 Plot of electron density along the axis joining two hydrogen atoms assuming they are 
separated by the equilibrium bond distance of R — 0.074 nm. 

The electron density n(r) in a H2 molecule is given by I^Bof/)! 2 : multiplied by two 
since we have two electrons (one up-spin and one down-spin) with this wavefunction. 
Figure 4.1.4 shows a plot of the electron density along a line joining the two nuclei. 

How can we get accurate results using just two basis functions? If we were to start 
from the Schrodinger equation and use a discrete lattice representation as we did in 
Chapters 2 and 3, we would need a fairly large number of basis functions per atom. For 
example if the lattice points are spaced by 0.5 A and the size of an atom is 2.5 A, then 
we need 5 3 = 125 lattice points (each of which represents a basis function), since the 
problem is a three-dimensional one. What do we lose by using only one basis function 
instead of 125? The answer is that our results are accurate only over a limited range of 
energies. 

To see this, suppose we were to use not just the Is orbital as we did previously, but 
also the 2s, 2p x , 2p v , 2p,., 3s, 3p x , 3p v and 3p- orbitals (see Fig. 4.1.5). We argue that 
the lowest eigenstates will still be essentially made up of Is wavefunctions and will 
involve negligible amounts of the other wavefunctions, so that fairly accurate results 
can be obtained with just one basis function per atom. The reason is that an off-diagonal 
matrix element M modifies the eigenstates of a matrix 



significantly only if it is comparable to the difference between the diagonal elements, 
that is, if M > \E\ — E2 \ ■ The diagonal elements are roughly equal to the energy levels 



E x M 
M E 2 
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^^^^= 3s, 3p 

1s 

Fig. 4.1.5 Eigenstates of a H 2 molecule when the atoms are not too close. All these states could be 
used as basis functions for a more accurate treatment of the hydrogen molecule. 

of the isolated atoms, so that \E\ — £2 1 is ~10eV if we consider say the Is and the 2s 
levels of a hydrogen atom. The off-diagonal element M depends on the proximity of 
the two atoms and for typical covalently bonded molecules and solids is ~2 eV, which 
is smaller than \E\ — E%\. As a result the bonding level is primarily composed of Is 
wavefunctions and our treatment based on a 2 x 2 matrix is fairly accurate. But a proper 
treatment of the higher energy levels would require more basis functions to be included. 

Ab initio and semi-empirical models: The concept of basis functions is widely used 
for ab initio calculations where the Schrodinger equation is solved directly including 
a self-consistent field. For large molecules or solids such calculations can be compu- 
tationally quite intensive due to the large number of basis functions involved and the 
integrals that have to be evaluated to obtain the matrix elements. The integrals arising 
from the self-consistent field are particularly time consuming. For this reason, semi- 
empirical approaches are widely used where the matrix elements are adjusted through 
a combination of theory and experiment. Such semi-empirical approaches can be very 
useful if the parameters turn out to be "transferable," that is, if we can obtain them by 
fitting one set of observations and then use them to make predictions in other situations. 
For example, we could calculate suitable parameters to fit the known energy levels of 
an infinite solid and then use these parameters to calculate the energy levels in a finite 
nanostructure carved out of that solid. 

Basis functions as a conceptual tool 



We have mentioned that all practical methods for solving the energy levels of molecules 
and solids usually involve some sort of expansion in basis functions. However, the 
concept of basis functions is more than a computational tool. It represents an important 
conceptual tool for visualizing the physics and developing an intuition for what to 
expect. Indeed the concept of a wavefunction as a superposition of basis functions is 
central to the entire structure of quantum mechanics as we will try to explain next. 
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Fig. 4.2.1 (a) An ordinary vector V in three-dimensional space can be expressed in terms of its 
components along x, y, and z. (b) The state vector <t>(r) can be expressed in terms of its components 
along the basis functions u m (r). 

Vector space vs. Hilbert space: It is useful to compare Eq. (4. 1 . 1 ) with the expression 
for an ordinary three-dimensional vector V in terms of the three unit vectors x, y, 
and z. 

V = V x x + V y y + V z z < — > 4> = 0i«i + </>2«2 + 03«3 H 

We can view the wavefunction as a state vector in an A^-dimensional space called the 
Hilbert space, Nbeing the total number of basis functions u m (r). The 0 m s inEq. (4.1.1) 
are like the components of the state vector <t>, while the u m (r)s are the associated unit 
vectors along the N coordinate axes. Choosing a different set of basis functions u m (r) 
is like choosing a different coordinate system: the components </>„, along the different 
axes all change, though the state vector remains the same. In principle, ./V is infinite, 
but in practice we can often get accurate results with a manageably finite value of N. 
We have tried to depict this analogy in Fig. 4.2.1 but it is difficult to do justice to an 
,/V-dimensional vector (N > 3) on two-dimensional paper. In the Dirac notation, which 
is very convenient and widely used, the state vector associated with wavefunction O(r) 
is denoted by a "ket" | <t>) and the unit vectors associated with the basis functions u m (r) 
are also written as kets \m). In this notation the expansion in terms of basis functions 
(see Eq. (4.1.1)) is written as 

*<T) = £0 m ^^^° n) |*> = \m) (4.2.1) 

m m 

Scalar product: A central concept in vector algebra is that of the scalar product: 
A ■ B = A x B x + A y B y + A z B- = J] A m B m 

m=x,y,z 

The corresponding concept in Hilbert space is that of the overlap of any two functions 
f(r) and g(r): 

t*r~\ (Dimc notation ), r I , 

drf*(r)g(r) > (f\g) 



4.2 Basis functions as a conceptual tool 



The similarity of the overlap integral to a scalar product can be seen by discretizing the 
integral: 

[ dr/*(r) g(r) = « 3 £ f*(r m ) g(r m ) 
j m 

In the discrete lattice representation (see Fig. 2.2.1) the "component" f m of f(r) along 
u m (r) is given by f(r m ) just as A m represents the component of the vector A along m: 

f drfXr)g(r) = a 3 Y,fm8>n cf. A ■ B = J] A m B m 

m m=x,y,z 

One difference here is that we take the complex conjugate of one of the functions (this 
is not important if we are dealing with real functions) which is represented by the "bra" 
(f\ as opposed to the "kef" \g). The scalar product is represented by juxtaposing a 
"bra" and a "ket" asin(/|g). 



Orthogonality: Coordinate systems are said to be orthogonal if n-m = S nm , where the 
indices m and n stand for x, y, or z and S nm is the Kronecker delta which is defined as 

<5„ m = 1 if n = m 

= 0 if n ^ m (4.2.2) 

This is usually true (for example, x-y = y- z = z- x=0) but it is possible to work 
with non-orthogonal coordinate systems too. Similarly the basis functions u m (r) are 
said to be orthogonal if the following relation is satisfied: 

/j-* */"*\ c (Dirac notation) 
dr u n (r) u m {r) = 8 nm ^ (n\m) = S nm (4.2.3a) 

Note that the basis functions we used for the hydrogen molecule (see Fig. 4.1.2) are 
NON-orthogonal since 

J dr u* L (?) u R (?) = s = e- R ° [1 + R Q + (tf 0 2 /3)] + 0 
In general 

/A* *f~\ f*\ c (Dirac notation) 
dr u n (r)u m (r) = 5 nm > (n\m) = S„ m (4.2.3b) 



Orthogonalization: Given a non-orthogonal set of basis functions {«„(?)}, we can 
define another set 

ui(r) = J][5- 1/2 ]„ lM „(?) (4.2.4) 

n 
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which will be orthogonal. This is shown as follows 
I A7u*(7)uj(j) = J][5" 1/2 ]/ n S nm [S" 1/2 ] m ; 

= [s- l ' 2 ss- l % 
= s< j 

where we have made use of Eq. (4.2.3b). This means that if we use the new set {£, (?)} 
as our basis, then the overlap matrix [S] = [/], where [7] is the identity matrix which 
is a diagonal matrix with ones on the diagonal. This is a property of orthogonal basis 
functions which makes them conceptually easier to deal with. 

Even if we start with a non-orthogonal basis, it is often convenient to orthogonalize 
it. What we might lose in the process is the local nature of the original basis which 
makes it convenient to visualize the physics. For example, the {u n (P)} we used for the 
hydrogen molecule were localized on the left and right hydrogen atoms respectively. 
But the orthogonalized basis {w,(r)} will be linear combinations of the two and thus 
less local than {u n (r)}. As a rule, it is difficult to find basis functions that are both local 
and orthogonal. From here on we will generally assume that the basis functions we use 
are orthogonal. 



Operators: An operator like H op acting on a state vector changes it into a different 
state vector - we could say that it "rotates" the vector. With ordinary vectors we can 
represent a rotation by a matrix: 



AL 



Rxx 
Ryx 



R X y 
Ryy 



Ay 



where for simplicity we have assumed a two-dimensional vector. How do we write down 
the matrix [R] corresponding to an operator R op l The general principle is the following: 
R nm = h • (R op m). For example, suppose we consider an operator that rotates a vector 
by an angle 9. We then obtain 

R xx = x • (R op x) = x • (x cos 9 + y sin 9) = cos 0 
R yx = 5> • (R op x) = y • (x cos 6 + y sin 0) = sin 9 
R xy = x ■ (R op y) = x. • (— x, sin 9 + y cos 9) = —sin 9 
R yy = y ■ (R op y) = y ■ (—x sin 9 + y COS 9) = COS 9 

The matrix representation for any operator A op in Hilbert space is written using a similar 
prescription: 



[A]„ 



dru*(r)(A op u m (r)) 



(Dirac notation) 



[A],,,,, = (n\A op m) 



(4.2.5) 



Constant operator: What is the matrix representing a constant operator, one that 
simply multiplies a state vector by a constant C? In general, the answer is 
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[C]„ m = C j dr <(r) « m (r) = C[S] nm (4.2.6) 
which reduces to C [7] for orthogonal bases. 

Matrix representation of the Schrodinger equation: The matrix representation of 
the Schrodinger equation obtained in the last section (see Eqs. (4.1.2), (4.1.3a, b)) 

£*(r) = H op <D(r) — ► E[S]{</>} = [H]{4>] (4.2.7) 

can now be understood in terms of the concepts described in this section. Like the 
rotation operator in vector space, any differential operator in Hilbert space has a matrix 
representation. Once we have chosen a set of basis functions, H ov becomes the matrix 
[H] while the constant E becomes the matrix E[S]: 

[S] nm = (n\m) = j dr u*(r) u m (r) (4.2.8a) 

[H]„ m = {n\H ov m) = J d7 u* n (r) (H op u m (r)) (4.2.8b) 

We could orthogonalize the basis set following Eq. (4.2.5), so that in terms of the 
orthogonal basis {m, (?)}, the Schrodinger equation has the form of a standard matrix 
eigenvalue equation: 

£{0} = [H]{4>} 

where the matrix elements of [H] are given by 
[H]ij = j dr%(r)(H op iij(r)) 

Transformation of bases: Suppose we have expanded our wavefunction in one basis 
and would like to change to a different basis: 

*(r) = <!>»> u >n(7) — ► *(r) = u 'i ( ? ) ( 4 - 2 - 9 ) 

m i 

Such a transformation can be described by a transformation matrix [C] obtained by 
writing the new basis in terms of the old basis: 

u' l {r) = Y J C mi u m {?) (4.2.10) 
/// 

From Eqs. (4.2.9) and (4.2.10) we can show that 

4>m = C «» — " W = [CWJ (4.2.11a) 
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Similarly we can show that any matrix [A'] in the new representation is related to the 
matrix [A] in the old representation by 

A'j, = E E C *nj A ™ C "" ~ * [A ' ] = [C]+ [A][C] (4.2.1 lb) 



Unitary transformation: There is a special class of transformations which conserves 
the "norm" of a state vector, that is 

E = E # — ► t0} + {0} = wi+wj (4.2.12) 

Substituting for {0} from Eq. (4.2.1 la) into Eq. (4.2.12) 

{</.'}+ [C]+[C] {</.'} = {</>'}+{</>'} — ► [C]+[C] = / (4.2.13) 

A matrix [C] that satisfies this condition (Eq. (4.2.13)) is said to be unitary and the 
corresponding transformation is called a unitary transformation. 

Note that for a unitary transformation, [C] + = [C] _1 , allowing us to write an inverse 
transformation from Eq. (4.2.11b) simply as [A] = [C][A'][C]+. 



Hermitian operators: The matrix [A] representing a Hermitian operator A op is 
Hermitian (in any representation) which means that it is equal to its conjugate transpose 
[A]+: 

[A] = [A]+, i.e. A m „ = A* im (4.2.14) 

If A op is a function like U (r) then it is easy to show that it will be Hermitian as long as 
it is real: 



J 



&u*(r)U<r)u n (r) 



= [U] n 



If A op is a differential operator like d /dx or d 2 / dx 2 then it takes a little more work to check 
if it is Hermitian or not. An easier approach is to use the discrete lattice representation 
that we discussed in Chapter 2. Equation (2.3.1) shows the matrix representing d 2 /dx 2 
and it is clearly Hermitian in this representation. Also, it can be shown that a matrix that 
is Hermitian in one representation will remain Hermitian in any other representation. 
The Hamiltonian operator is Hermitian since it is a sum of Hermitian operators like 
d 2 /dx 2 , d 2 /dy 2 , and U(r). An important requirement of quantum mechanics is that 
the eigenvalues corresponding to any operator A op representing any observable must 
be real. This is ensured by requiring all such operators A op to be Hermitian (not just 
the Hamiltonian operator H op which represents the energy) since the eigenvalues of a 
Hermitian matrix are real. 
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Another useful property of a Hermitian matrix is that if we form a matrix [V] out of 
all the normalized eigenvectors 

[V] = [{Vi}{V 2 }---] 

then this matrix will be unitary, that is, [V] + [V] = [/]. Such a unitary matrix can be 
used to transform all column vectors {0} and matrices [M] to a new basis that uses the 
eigenvectors as the basis: 



Mnew = {0} old Wold = [V] {0} new 

[M] new = [V]+ [M] old [V] <— ► [M] old = [V] [M] new [V]+ 



(4.2.15) 



If [V] is the eigenvector matrix corresponding to a Hermitian matrix like [H], then the 
new representation of [H] will be diagonal with the eigenvalues E m along the diagonal: 



[H'] = [VF[H][V] = 



0 
0 



0 0 

E 2 0 
0 £ 3 



0 
0 
0 



(4.2.16) 



For this reason the process of finding eigenfunctions and eigenvalues is often referred 
to as diagonalization. 



Equilibrium density matrix 

The density matrix is one of the central concepts in statistical mechanics, which properly 
belongs in Chapter 7. The reason I am bringing it up in this chapter is that it provides an 
instructive example of the concept of basis functions. Let me start by briefly explaining 
what it means. In Chapter 3 we calculated the electron density, n(r), in multi-electron 
atoms by summing up the probability densities of each occupied eigenstate a : 

n(j) = J]|O a (F)| 2 (seeEq.(3.1.3)) 

occ a 

This is true at low temperatures for closed systems having a fixed number of elec- 
trons that occupy the lowest available energy levels. In general, however, states can be 
partially occupied and in general the equilibrium electron density can be written as 

"(?) = I>o(£a-AOI$c*(r)| 2 (4.3.1) 

a 

where fo(E) = [1 + exp(E / k B T)]~ l is the Fermi function (Fig. 1.1.3) whose value 
indicates the extent to which a particular state is occupied: "0" indicates unoccupied 
states, "1" indicates occupied states, while a value between 0 and 1 indicates the average 
occupancy of a state that is sometimes occupied and sometimes unoccupied. 



Basis functions 



Could we write a "wavefunction" ^(r) for this multi-electron system such that its 
squared magnitude will give us the electron density n(r)l One possibility is to write it as 

V(r) = J2 c <*®«(r) (4.3.2) 

a 

where \C a \ 2 = fo(s a — /x). But this is not quite right. If we square the magnitude of 
this multi-electron "wavefunction" we obtain 

n(r) = |vj/(?)| 2 = J2J2 C c C P^(r) <fy(r) 

a p 

which is equivalent to Eq. (4.3.1) if and only if, 

\C a \ 2 = Me a - fi) = f a , C a C* p =0, ajtp (4.3.3) 

This is impossible if we view the coefficients C a as ordinary numbers - in that case 
C a Cp must equal f a fp and cannot be zero unless both C a and Cp are zero. If we 
wish to write the multi-electron wavefunction in the form shown in Eq. (4.3.2) we 
should view the coefficients C a as stochastic numbers whose correlation coefficients 
are given by Eq. (4.3.3). 

So instead of writing a wavefunction for multi-electron systems, it is common to 
write down a complete matrix p(a, P) indicating the correlation C a Cp between every 
pair of coefficients. This matrix p is called the density matrix and in the eigenstate 
representation we can write its elements as (see Eq. (4.3.3)) 

p(a, 0) = f a S aP (4.3.4) 
where 8 a p is the Kronecker delta defined as 



Sotfi 



I if a = 0 
0 if a ^ P 



We can rewrite Eq. (4.3.1) for the electron density n(f) in the form 

n(r) = P)**(r) *}(r) (4-3.5) 

a p 

which can be generalized to define 

p(r, r') = Y, & ^(r) %(?') (4.3.6) 

a p 

such that the electron density n(r) is given by its diagonal elements: 

n{r) = [p(r, ?')]?'=? (4.3.7) 

Now the point I want to make is that Eq. (4.3.6) represents a unitary transformation 
from an eigenstate basis to a real space basis. This is seen by noting that the trans- 
formation matrix [V] is obtained by writing each of the eigenstates (the old basis) as a 
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column vector using the position (the new basis) representation: 
[V]?, a = *«(?) 

and that this matrix is unitary: V -1 = V + 

so that Eq. (4.3.6) can be written in the form of a unitary transformation: 
p(r, r') = a M a < P) v+ W< r')^ P= VpV+ 

This leads to a very powerful concept: The density matrix p at equilibrium can be 
written as the Fermi function of the Hamiltonian matrix (I is the identity matrix of the 
same size as H): 

p = MH - nl) (4.3.8) 

This is a general matrix relation that is valid in any representation. For example, if we 
use the eigenstates a of H as a basis then [H] is a diagonal matrix: 



[H] = 



£\ 


0 


0 


0 


£2 


0 


0 


0 


£} 



0 0 

fo(s 2 - m) 0 
0 /0O3 - m) 

This is exactly what Eq. (4.3.4) tells us. But the point is that the relation given in 
Eq. (4.3.8) is valid, not just in the eigenstate representation, but in any representation. 
Given the matrix representation [H], it takes just three commands in Matlab to 
obtain the density matrix: 
[V, D] = eig (H) 

rho = l./(l + exp((diag(D) - mu)./kT)) 

rho = V * diag(rho) * V 
The first command calculates a diagonal matrix [D] whose diagonal elements are the 
eigenvalues of [H] and a matrix [V] whose columns are the corresponding eigenvectors. 
In other words, [D] is the Hamiltonian [H] transformed to the eigenstate basis =>■ D = 
V+HV. 



and so is p: 



/o(£i - fi) 
0 
0 
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(e) n(x) vs. x, k B T= 0.025 eV, 
periodic boundary conditions 
with and without impurity in 
middle 



(f) n(x) vs. x, k B T= 0.0025 eV, 
periodic boundary conditions 
with and without impurity in 
middle 
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Fig. 4.3.1 Equilibrium electron density for a ID box modeled with a discrete lattice of 100 points 
spaced by 2 A. 
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The second command gives us the density matrix in the eigenstate representation, 
which is easy since in this representation both [H] and [p] are diagonal. The third 
command then transforms [p] back to the original representation. 

Figure 4.3.1 shows the equilibrium electron density for a ID box modeled with a 
discrete lattice of 100 points spaced by 2 A, with fi = 0.25 eV. The Hamiltonian [H] is 
a (100 x 100) matrix which can be set up following the prescription in Sections 2.2 and 
2.3. The density matrix is then evaluated as described above and its diagonal elements 
give us the electron density n(x) (times the lattice constant, a). Note the standing wave 
patterns in Figs. 4.3.1c, d which are absent when we use periodic boundary conditions 
(Figs. 4.3. le, f). Figures 4.3. le and f also show the standing wave patterns in the electron 
density when a large repulsive potential 

UqS[x — (L/2)] where Uq = 2 eV nm 

is included at the center of the box. 

Note that the density matrix can look very different depending on what basis functions 
we use. In the eigenstate representation it is diagonal since the Hamiltonian is diagonal, 
but in the real-space lattice representation it has off-diagonal elements. In any basis m, 
the diagonal elements p(m, m) tell us the number of electrons occupying the state m. In 
a real-space representation, the diagonal elements p(r , r) give us the electron density 
n(r). The trace (sum of diagonal elements) of p, which is invariant in all representations, 
gives us the total number of electrons N: 



If we are only interested in the electron density, then the diagonal elements of the den- 
sity matrix are all we need. But we cannot "throw away" the off-diagonal elements; 
they are needed to ensure that the matrix will transform correctly to another represen- 
tation. Besides, depending on what we wish to calculate, we may need the off-diagonal 
elements too (see Section 4.4.1). 

Supplementary notes 
Density matrix 

It is common in quantum mechanics to associate every observable A with an operator 
A op for which we can find a matrix representation [A] in any basis. The expectation 
value (A) for this observable (that is, the average value we expect to get in a series of 
measurements) is given by 



N = Trace(p) 



(4.3.9) 




Basis functions 



Substituting for the wavefunction in terms of the basis functions from Eq. (4.3.2), we 
can show that 

(A) = £ Y. C " C *P f A7 **P (?) A °p (?) 
so that 

(A) = ^ 5^A»^ A /s« = Trace[pA] 

a p 

We could use this result to evaluate the expectation value of any quantity, even if the 
system is out of equilibrium, provided we know the density matrix. But what we have 
discussed here is the equilibrium density matrix. It is much harder to calculate the 
non-equilibrium density matrix, as we will discuss later in the book. 



Plane wave vs. sine-cosine representations: Consider now a conductor of length L 
having just two plane wave (pw) states 

¥+(*) = -= e +ikx and = — Q-' lkx 

The current operator in this basis is given by 



[/op] 



opJ± 



L 



ti j 91 a 

hk/m 0 
0 —hk/m 



and we could write the density matrix as 



[p]± = 



it 99 

7+ o 
o /- 



where f + and/_ are the occupation probabilities for the two states. We wish to transform 
both these matrices from the "±" basis to a "cs" basis using cosine and sine states: 



U7 c (x) = A / — cos^x and W s (x) 



sin hx 



It is straightforward to write down the transformation matrix [V] whose columns rep- 
resent the old basis (+, — ) in terms of the new basis (c, s): 



[V] 



1 

7^ 



i i 

+i -i 
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so that in the "cs" representation 



"c" 



's 



+ 



1 



/+ + /- 

- /-) 



- /-) 
/+ + /- 



[p] cs = [V] [p]± [V] 



2 



and 



c 



's 



[•/ 0 p]cs = [V][/op]±[V]+ = 



0 

+ihk/mL 



ihk/mL 



0 



It is easy to check that the current (J) = Trace [p 7 op ] is the same in either representation: 



This is expected since the trace is invariant under a unitary transformation and thus 
remains the same no matter which representation we use. But the point to note is that 
the current in the cosine-sine representation arises from the off-diagonal elements of 
the current operator and the density matrix, rather than the diagonal elements. The off- 
diagonal elements do not have an intuitive physical meaning like the diagonal elements. 
As long as the current is carried by the diagonal elements, we can use a semiclassical 
picture in terms of occupation probabilities. But if the "action" is in the off-diagonal 
elements then we need a more general quantum framework (I am indebted to A. W. 
Overhauser for suggesting this example). 

4.4.2 Perturbation theory 

Suppose we wish to find the energy levels of a hydrogen atom in the presence of an 
electric field F applied along the z-direction. Let us use the eigenstates Is, 2s, 2p v , 2p v 
and 2p- as our basis set and write down the Hamiltonian matrix. If the field were absent 
the matrix would be diagonal: 



Is 2s 2p JC 2p v 2p z 



[H 0 ] = 





0 


0 


0 


0 


0 


E 2 


0 


0 


0 


0 


0 


Ei 


0 


0 


0 


0 


0 


E 2 


0 


0 


0 


0 


0 


Ei 



where Eq = 13.6 eV, E\ = — Eq, and Ei = - Eq/4. The electric field leads to a matrix 
[Hp] which has to be added to [H], Its elements are given by 



(J) = (-q/L)(hk/m) [/+-/_] 




o 



o 



0 



Basis functions 



Using the wavefunctions 



u ls = Jl/7rale- r/a ° 



u 2s = Jl/32jraQ I 2 



<2p t = V l/167ra^ ( — | 



— r/2ao 



sin 0 cos ( 



m 2Pv = yj l/\6n al (^A Q- r/2 "° sin (9 sin</> 



<2 P; = ^l/16^rfl ( ; ( — I 



-r/2a 0 



cos 6 



we can evaluate the integrals straightforwardly to show that 

Is 2s 2p x 2p 2p_ 

0 0 0 0 A 

0 0 0 0 B 

[Hp] = 0 0 0 0 0 

0 0 0 0 0 

A B 0 0 0 

where A and 6 are linear functions of the field: 
A = (mV2/243)a 0 F, B = -3a 0 F 
Hence 



Is 


2s 


2 P, 


2p, 


2 P) 


Ei 


0 


A 


0 


0 


0 


£ 2 


B 


0 


0 


A 


B 


Ei 


0 


0 


0 


0 


A 


E 2 


0 


0 


0 


A 


0 


£2 



[// 0 ] + [//p] = 



Note that we have relabeled the rows and columns to accentuate the fact that 2p x and 
2p y levels are decoupled from the rest of the matrix and are unaffected by the field, 
while the Is and 2s and 2p ; levels will be affected by the field. 

Degenerate perturbation theory: If the field were absent we would have one eigen- 
value E\ and four degenerate eigenvalues Eo. How do these eigenvalues change as we 
turn up the field? As we have mentioned before, the eigenvalues are more or less equal 
to the diagonal values unless the off-diagonal term H mn becomes comparable to the 
difference between the corresponding diagonal terms (H mm — H nn ). This means that 
whenever we have two degenerate eigenvalues (that is, H mm — H, m = 0) even a small 
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Fig. 4.4.1 Energy of 2s - 2p. levels due to an applied electric field F. The solid lines show the 
results obtained by direct diagonalization while o and x show perturbation theory results 



off-diagonal element H mn has a significant effect. We thus expect the 2s and 2p- levels 
to be significantly affected by the field since they are degenerate to start with. We can 
get a very good approximation for these eigenvalues simply by looking at a subset of 
the [H] matrix containing just these levels: 



[H 0 ] + [H F ] = 



2s 

E 2 
B 



2 P, 
B 
E 2 



It is easy to show that the eigenvalues are E = E 2 ± B and the corresponding eigenvectors 
are 



|2s) - |2p.) and |2s) + |2p-> 

This approximate approach (known as degenerate perturbation theory) describes the 
exact eigenvalues quite well (see Fig. 4.4.1) as long as the off-diagonal elements (like 
A) coupling these levels to the other levels are much smaller than the energy difference 
between these levels (like E 2 — E\). 



Non-degenerate perturbation theory: How is the Is eigenvalue affected? Since there 
are no other degenerate levels the effect is much less and to first order one could simply 
ignore the rest of the matrix: 



Is 

W + [H F ] = [E l ] 



Basis functions 



-13.5916 
-13.5917 
-13.5917 
-13.5917 
-13.5917 
-13.5917 
-13.5918 
-13.5918 
-13.5918 
-13.5918 
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Fig. 4.4.2 Energy of Is level due to an applied electric field F. The solid curve shows the results 
obtained by direct diagonalization while the crosses denote the perturbation theory results 
E = E { + (A 1 /(E l - E 2 )). 



and argue that the eigenvalue remains E\. We could do better by "renormalizing" the 
matrix as follows. Suppose we partition the [H] matrix and write 



[//]{0} = £{0} 







H\2 












I 




l-l 






H 2 \ 


H22 




\<h\ 




\<h\ 



where [H u ] denotes the part of the matrix we wish to keep (the Is block in this case). 
It is easy to eliminate {02} to obtain 

[//'] {0!} = £{0i} 

where 

[//'] = [H n ] + [H n ][EI - H 2 2]- i H 2l 

I being an identity matrix of the same size as H22- We haven't gained much if we still 
have to invert the matrix EI — H22 including its off-diagonal elements. But to lowest 
order we can simply ignore the off-diagonal elements of H22 and write down the inverse 
by inspection. In the present case, this gives us 

To lowest order, the eigenvalue E is approximately equal to E\, so that 
[H'] w E x + (A 2 /(£i - £2)) 

which shows that the correction to the eigenvalue is quadratic for non-degenerate states, 
rather than linear as it is for degenerate states. This approximate approach (known as 



[//']«£i+(0 A) 



l/(£ - E 2 ) 
0 



0 

l/(E - E 2 ) 
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non-degenerate perturbation theory) describes the exact eigenvalues quite well (see 
Fig. 4.4.2). 

EXERCISES 

E.4.1. Plot the electron density n(x) in a hydrogen molecule along the axis joining the 
two hydrogen atoms assuming they are separated by the equilibrium bond distance of 
R = 0.074 nm and compare your result with Fig. 4. 1 .4. 

E.4.2. Calculate the equilibrium electron density n(x) in a one-dimensional box modeled 
with discrete lattice of 100 points spaced by 2 A and compare with each of the results 
shown in Fig. 4.3.1c-f. 

E.4.3. Consider a set of triangular basis functions on a one-dimensional discrete lattice 
with a lattice constant "a". 




(a) Calculate the matrix elements of the overlap matrix [S] from Eq. (4.1.3a). 

(b) Calculate the matrix elements of the Hamiltonian matrix [H] from Eq. (4.1.3b), 
assuming that H op = (h 2 /2m)d 2 /dx 2 . 

This is a special case of the finite element method often used in the literature. See for 
example, Ramdas Ram-Mohan (2002) and White et al, (1989). How does it compare 
with the finite difference method discussed in Section 2.2? 

E.4.4. Find the eigenvalues of the matrix 





0 


A 


0 


0 


0 


E 2 


B 


0 


0 


A 


B 


Ei 


0 


0 


0 


0 


0 


Ei 


0 


0 


0 


0 


0 


Ei 



where Ey = -E 0 , E 2 = -E 0 /4(E 0 = 13.6 eV) and A = (l2$V2/243)a 0 F, B = 
—3aoF and plot as a function of the electric field F. Compare with the perturbation 
theory results in Figs. 4.4.1 and 4.4.2. 



5 Bandstructure 



In the last chapter we saw how the atomic orbitals can be used as a basis to write down 
a matrix representation for the Hamiltonian operator, which can then be diagonalized 
to find the energy eigenvalues. In this chapter we will show how this approach can be 
used to calculate the energy eigenvalues for an infinite periodic solid. We will first use 
a few "toy" examples to show that the bandstructure can be calculated by solving a 
matrix eigenvalue equation of the form 

£(0o) = [h(k)M<h) 
where 

in 

The matrix [h(k)] is (b x b) in size, b being the number of basis orbitals per unit cell. 
The summation over m runs over all neighboring unit cells (including itself) with which 
cell n has any overlap (that is, for which H nm is non-zero). The sum can be evaluated 
choosing any unit cell n and the result will be the same because of the periodicity 
of the lattice. The bandstructure can be plotted out by finding the eigenvalues of the 
(b x b) matrix [h(k)] for each value of k and it will have b branches, one for each 
eigenvalue. This is the central result which we will first illustrate using toy examples 
(Section 5.1), then formulate generally for periodic solids (Section 5.2), and then use 
to discuss the bandstructure of 3D semiconductors (Section 5.3). We discuss spin-orbit 
coupling and its effect on the energy levels in semiconductors in Section 5.4. This is 
a relativistic effect whose proper treatment requires the Dirac equation as explained 
briefly in Section 5.5. 



5.1 Toy examples 



Let us start with a toy one -dimensional solid composed of TV atoms (see Fig. 5.1.1). If 
we use one orbital per atom we can write down a (N x N) Hamiltonian matrix using 
one orbital per atom (the off -diagonal element has been labeled with a subscript "ss," 
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• • • • 



1>|2> \N> 



(5.1.1) 



Fig. 5.1 .1 A one-dimensional solid. 

although the orbitals involved need not necessarily be s orbitals): 

H= |1> |2) ... 1> \N) 

|1> £"0 E ss 0 E ss 

|2) E ss E Q 0 0 

|iV— 1> 0 0 £ 0 E ss 

I AO E ss 0 E ss E 0 

We have used what is called the periodic boundary condition (PBC), namely, that the 
Mh atom wraps around and overlaps the first atom as in a ring. This leads to non-zero 
values for the matrix elements ^ and H Nt \ which would normally be zero if the solid 
were abruptly truncated. The PBC is usually not realistic, but if we are discussing the 
bulk properties of a large solid then the precise boundary condition at the surface does 
not matter and we are free to use whatever boundary conditions make the mathematics 
the simplest, which happens to be the PBC. 

So what are the eigenvalues of the matrix [H] given in Eq. (5.1.1)? This is essentially 
the same matrix that we discussed in Chapter 1 in connection with the finite difference 
method. If we find the eigenvalues numerically we will find that they can all be written 
in the form (a is an integer) 

E a = Eq + 2E SS cos(k a a) where k a a = aln/N (5.1.2) 

The values of k a a run from — it to +tt and are spaced by 2tt/N as shown in Fig. 5.1.2. If 
A is large the eigenvalues are closely spaced (Fig. 5.1.2a); if A' is small the eigenvalues 
are further apart (Fig. 5.1.2b). 

Why is it that we can write down the eigenvalues of this matrix so simply? The reason 
is that because of its periodic nature, the matrix equation E(xfr ) = [H](x//) consists of a 
set of A equations that are all identical in form and can all be written as (n — 1, 2, ... N) 

Ef„ = E 0 ir„ + £s S iAh-i + £ ss iA«+i (5.1.3) 
This set of equations can be solved analytically by the ansatz: 

fn = t^ kn " (5.1.4) 



Bandstructure 




Substituting Eq. (5.1.4) into (5.1.3) and canceling the common factor exp(ikna) we 
obtain 

Ef 0 = E 0 ^o + E ss e-' lka f 0 + E ss e ika f Q 
that is 

E = Eq + 2E SS cos(ka) 

This shows us that a solution of the form shown in Eq. (5.1.4) will satisfy our set of 
equations for any value of k. But what restricts the number of eigenvalues to a finite 
number (as it must be for a finite-sized matrix)? 

This is a result of two factors. Firstly, periodic boundary conditions require the 
wavefunction to be periodic with a period of Na and it is this finite lattice size that 
restricts the allowed values of k to the discrete set k a a = alir/N (see Eq. (5.1.2)). 
Secondly, values of ka differing by 2jt do not represent distinct states on a discrete 
lattice. The wavefunctions 

exp(i&„x) and exp(i[& a + (2n/a)]x) 

represent the same state because at any lattice point x n = na, 

exp(i/c„x„) = exp(i[&Q, + (2jt/a)]x„) 

They are NOT equal between two lattice points and thus represent distinct states in 
a continuous lattice. But once we adopt a discrete lattice, values of k a differing by 
lit I a represent identical states and only the values of k a a within a range of 2n yield 
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Fig. 5.1 .3 As Fig. 5 . 1 .2b with E 0 = 0 and (a) E ss = - 1 and (b) E ss = + 1 . 

independent solutions. In principle, any range of size lit is acceptable, but it is common 
to restrict the values of k a a to the range (sometimes called the first Brillouin zone) 

— it < ka < +7t for periodic boundary conditions (5.1.5) 

It is interesting to note that the finite range of the lattice (Na) leads to a discreteness 
(in units of lit/Na) in the allowed values of k while the discreteness of the lattice (a) 
leads to a finite range of allowed k (2jr/a). The number of allowed values of k 

(2n/a)/(2jT/Na) = N 

is exactly the same as the number of points in the real space lattice. This ensures that 
the number of eigenvalues (which is equal to the number of allowed k values) is equal 
to the size of the matrix [H] (determined by the number of lattice points). 

When do bands run downwards in A? In Fig. 5.1.2 we have assumed E ss to be 
negative which is what we would find if we used, say, Eq. (4.1.1 lc) to evaluate it (note 
that the potentials or [/r are negative) and the atomic orbitals were s orbitals. But if 
the atomic orbitals are p A orbitals as shown in Fig. 5.1.3b then the sign of the overlap 
integral (£ ss ) would be positive and the plot of E(k) would run downwards in k as shown. 
Roughly speaking this is what happens in the valence band of common semiconductors 
which are formed primarily out of atomic p orbitals. 

Lattice with a basis: Consider next a one -dimensional solid whose unit cell consists 
of two atoms as shown in Fig. 5.1.4. Actually one-dimensional structures like the one 
shown in Fig. 5.1.1 tend to distort spontaneously into the structure shown in Fig. 5. 1 .4- a 
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Fig. 5.1.4 (a) A one-dimensional solid whose unit cell consists of two atoms, (b) Basic lattice 
defining the periodicity of the solid. 



phenomenon that is generally referred to as Peierls' distortion. We will not go into the 
energetic considerations that cause this to happen. Our purpose is simply to illustrate 
how we can find the bandstructure for a solid whose unit cell contains more than one 
basis orbital. Using one orbital per atom we can write the matrix representation of [H] 
as 

im = 



(5.1.6) 
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Unlike the matrix in Eq. (5.1.1) there are two different overlap integrals £ ss and £' ss 
appearing alternately. As such the ansatz in Eq. (5.1 .4) cannot be used directly. But we 
could combine the elements of the matrix into (2 x 2) blocks and rewrite it in the form 



(5.1.7) 
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The matrix in Eq. (5.1 .7) is now periodic and we can write the matrix equation E(ijf) = 
[H](\/f ) in the form 

E(j> n = H nn (j) n + #„ ; „_i0„_i + H n ^ n+ \<p n+ \ (5.1.8) 
where </>„ represents a (2 x 1) column vector and the element H„ m is a (2 x 2) matrix. 
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Fig. 5.1 .5 Bandstructure for the "dimerized" one-dimensional solid shown in Fig. 5.1.4 plotted 
from Eq. (5.1.10) using E Q = 0, E ss =2,E' SS = 1. 



We can solve this set of equations using the ansatz: 



K = <£oe 



ikna 



(5.1.9) 



Substituting Eq. (5.1.9) into (5.1.8) and canceling the common factor exp[i&«a] we 
obtain 

£0o = #„„</>o + ie~ ik "4>o + //„. )1+ ie i<: >o 



that is 
E{<t>o\ 



ika 



Eo E ss + E' ss e 1 

E ss + E'e ika E 0 



{00} 



We can now find the eigenvalues by setting the determinant to zero: 



det 



ika 



E 0 -E E ss + E' ss e-' k 
E ss + E' e ika E 0 -E 



= 0 



that is 



E = E 0 ± (E; s + E% + 2E SS E' SS cos(ka)) 



1/2 



(5.1.10) 



Equation (5. 1.10) gives us an E(k) diagram with two branches as shown in Fig. 5. 1 .5. 



General result 

It is straightforward to generalize this procedure for calculating the bandstructure of 
any periodic solid with an arbitrary number of basis functions per unit cell. Consider 
any particular unit cell n (Fig. 5.2.1) connected to its neighboring unit cells m by a 
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Fig. 5.2.1 Schematic picture showing a unit cell n connected to its neighboring unit cells m by a 
matrix [H„,„] of size (b x b), b being the number of basis functions per unit cell. The configuration 
of neighbors will differ from one solid to another, but in a periodic solid the configuration is 
identical regardless of which n we choose. 



matrix [H nm ] of size (b x b), b being the number of basis functions per unit cell. We 
can write the overall matrix equation in the form 



(5.2.1) 



where {</>,„} is a (b x 1) column vector denoting the wavefunction in unit cell m. 

The important insight is the observation that this set of equations can be solved by 
the ansatz 



{<t>m\ = (0o}exp 



ik ■ d m 



(5.2.2) 



provided Eq. (5.2.1) looks the same in every unit cell n. We could call this a discrete 
version of "Bloch's theorem" discussed in standard texts like Ashcroft and Mermin 
(1976). It is a consequence of the periodicity of the lattice and it ensures that when we 
substitute our ansatz Eq. (5.2.2) into Eq. (5.2.1) we obtain 



£{0 O } = lKk)]{(M 



with 



[h(ky\ = Y^.Hnm\<P' 



(d m -d n ) 



(5.2.3) 



(5.2.4) 



independent of which unit cell n we use to evaluate the sum in Eq. (5.2.4). This is the 
central result underlying the bandstructure of periodic solids. The summation over m 
in Eq. (5.2.4) runs over all neighboring unit cells (including itself) with which cell n 
has any overlap (that is, for which H nm is non-zero). The size of the matrix [h(k)] is 
(b x b), b being the number of basis orbitals per unit cell. The bandstructure can be 
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Fig. 5.2.2 A finite 2D rectangular lattice with M unit cells stacked along the x-direction and N unit 
cells stacked along the ^-direction (Li = xMa, L2 — yNb). 

plotted by finding the eigenvalues of the (b x b) matrix [h(k)] for each value of k and 
it will have b branches, one for each eigenvalue. 

Allowed values of k: In connection with the ID example, we explained how k has 
only a finite number of allowed values equal to the number of unit cells in the solid. 
To reiterate the basic result, the finite range of the lattice (Na) leads to a discreteness 
(in units of 2ir/Na) in the allowed values of k while the discreteness of the lattice (a) 
leads to a finite range of allowed k(2n /a). How do we generalize this result beyond 
one dimension? 

This is fairly straightforward if the solid forms a rectangular (or a cubic) lattice as 
shown in Fig. 5.2.2. In 2D the allowed values of k can be written as 

[k] mn = x(m In/Ma) + y(n 2n/Nb) (5.2.5) 

where (m, n) are a pair of integers while M, iV represent the number of unit cells stacked 
along the x- and j-directions respectively. This seems like a reasonable extension of 
the ID result (cf. Eq. (5.1.2): k a = a(2jt/Na)). Formally we could derive Eq. (5.2.5) 
by writing (L\ = xMa, L2 = yNb) 

k ■ L\ = m 2tt — > k x = m 2n / Ma 
k • L2 = n 2n — > k y = n 2jt/Nb 

Brillouin zone: Formally, the general procedure for constructing the Brillouin zone 
starts by constructing the reciprocal lattice (Fig. 5 .2.3b) in /c-space, which can be viewed 
as the Fourier transform of the direct lattice. In ID we know that a set of impulses separ- 
ated by a (Fig. 5.2.4a) has a Fourier transform consisting of a set of impulses separated 
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Fig. 5.2.3 (a) Rectangular lattice in real space, (b) Corresponding reciprocal lattice, 
(a) Direct lattice 




(b) Reciprocal lattice 



X3 o o ci o o ► k 

M — 2n/a — ► 



—ji I a +71 1 'a 









u 


u 


u 


u 


u 


u 





Brillouin zone 

Fig. 5.2.4 

by 2n/a (Fig. 5.2.4b). We could then construct the first Brillouin zone centered around 
k = 0 by connecting it to the neighboring points on the reciprocal lattice and drawing 
their bisectors (Fig. 5.2.4c). Similarly for a 2D rectangular lattice we can construct 
a reciprocal lattice and then obtain the first Brillouin zone by drawing perpendicular 
bisectors of the lines joining k = (0, 0) to the neighboring points on the reciprocal 
lattice. 



5.2 General result 



The Brillouin zone obtained from this procedure defines the allowed range of values 
of k 

— it < k x a < +7T and —it < k y b < +jt (5.2.6) 
which agrees with what one might write down from a heuristic extension of Eq. (5. 1 .5). 



Reciprocal lattice: In general, if the direct lattice is not rectangular or cubic, it is not 
possible to construct the reciprocal lattice quite so simply by inspection. We then need 
to adopt a more formal procedure as follows. We first note that any point on a direct 
lattice in 3D can be described by a set of three integers (m, n, p) such that 

R = ma\ + na 2 + paj, (5.2.7a) 

where ai , a 2 , are called the basis vectors of the lattice. The points on the reciprocal 
lattice can be written as 

K = MA\ + NA 2 + PA 3 (5.2.7b) 

where (M, N, P) are integers and A\ , A 2 , A3 are determined such that 

Aj • ai = 2nSij (5.2.8) 

8jj being the Kronecker delta function (equal to one if i = j, and equal to zero if i ^ j). 
Equation (5.2.8) can be satisfied by writing: 

-* 2jr(a 2 x a 3 ) -* 2jv(a 3 x a{) 7 In^ x a 2 ) n , 

Ai = ^ 5 — A 2 = ^ ^ — A 3 = — (5.2.9) 

a\ • (a 2 x 03) a 2 • {aj, x a{) a?, • (ai x a 2 ) 

It is easy to see that this formal procedure for constructing the reciprocal lattice 
leads to the lattice shown in Fig. 5.2.3b if we assume the real-space basis vectors to be 
c?i = xa, a 2 = yb, 03 = zc. Equation (5.2.9) then yields 

Ai = x(2n/a) A 2 = y(2n/b) A 3 = zQ.it /c) 

Using Eq. (5.2.7) we can now set up the reciprocal lattice shown in Fig. 5.2.3b. Of 
course, in this case we do not really need the formal procedure. The real value of the 
formal approach lies in handling non-rectangular lattices, as we will now illustrate with 
a 2D example. 



A 2D example: The carbon atoms on the surface of a sheet of graphite (often called 
a graphene layer) are arranged in a hexagonal pattern as shown in Fig. 5.2.5a. It can 
be seen that the structure is not really periodic. Adjacent carbon atoms do not have 
identical environments. But if we lump two atoms together into a unit cell then the 
lattice of unit cells is periodic: every site has an identical environment (Fig. 5.2.5b). 
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Fig. 5.2.5 (a) Arrangement of carbon atoms on the surface of graphite, showing the unit 
cell of two atoms, (b) Direct lattice showing the periodic arrangement of unit cells with basis 
vectors ai and 02. (c) Reciprocal lattice with basis vectors A\ and A2 determined such that 
Ai • 2i = A2 • 02 = 2ji and Ai ■ 02 — A2 • a\ — 0. Also shown is the Brillouin zone (shaded) 
obtained by drawing the perpendicular bisectors of the lines joining the origin (0, 0) to the 
neighboring points on the reciprocal lattice. 

Every point on this periodic lattice formed by the unit cells can be described by a set 
of integers (m,n, p) where 

R = ma\ + na2 + pa?, (5.2.10) 
with 

a\ = xa + yb ai = xa — yb a? = zc 

where 

a = 3ao/2 and b = */3ao/2 
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Here c is the length of the unit cell along the z-axis, which will play no important role in 
this discussion since we will talk about the electronic states in the x—y plane assuming 
that different planes along the z-axis are isolated (which is not too far from the truth in 
real graphite). The points on the reciprocal lattice in the k x —k y plane are given by 



K = MA\ + NA 2 

where (M, AO are integers and A\, A 2 are determined from Eq. (5.2.9): 
-> 2n{a 2 x z) 



(5.2.11) 



A 7 = 



a\ • 02 x z) 
2n(z x a\) 
a 2 • (z x a\) 



Using these basis vectors we can construct the reciprocal lattice shown in Fig. 5.2.5c. 
The Brillouin zone for the allowed ^-vectors is then obtained by drawing the perpen- 
dicular bisectors of the lines joining the origin (0, 0) to the neighboring points on the 
reciprocal lattice. 

The Brillouin zone tells us the range of k values while the actual discrete values 
of k have to be obtained from the finite size of the direct lattice, as explained fol- 
lowing Eq. (5.2.5). But, for a given value of k how do we obtain the corresponding 
energy eigenvalues? Answer: from Eqs. (5.2.3) and (5.2.4). The size of the matrix 
[h(k)] depends on the number of basis functions per unit cell. If we use the four 
valence orbitals of carbon (2s, 2p x , 2p y , 2p z ) as our basis functions then we will have 
4x2 = 8 basis functions per unit cell (since it contains two carbon atoms) and hence 
eight eigenvalues for each value of k. 

It is found, however, for graphene that the levels involving 2s, 2p x , 2p v orbitals are 
largely decoupled from those involving 2p- orbitals; in other words, there are no matrix 
elements coupling these two subspaces. Moreover, the levels involving 2s,2p x ,2p 3 , 
orbitals are either far below or far above the Fermi energy, so that the conduction and 
valence band levels right around the Fermi energy (which are responsible for electrical 
conduction) are essentially formed out of the 2p- orbitals. 

This means that the conduction and valence band states can be described quite well 
by a theory that uses only one orbital (the 2P- orbital) per carbon atom resulting in 
a (2 x 2) matrix [h(k)] that can be written down by summing over any unit cell and 
all its four neighboring unit cells (the matrix element is assumed equal to — t between 
neighboring carbon atoms and zero otherwise): 
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Defining 

h 0 = -t(l + e 1 '" 1 + e iL " 2 ) = -t(l + 2e iA ''"° cosk y b 0 ) 
we can write 

0 h c 



h(k) = 

so that the eigenvalues are given by 



K o 



E = ±|/zo| = ±fy 1 + 4cosk y bocosk x ao + 4cos 2 £ v &o 

Note that we obtain two eigenvalues (one positive and one negative) for each value of 
k resulting in two branches in the E(k) plot (cf. Fig. 5.1.5) - this is what we expect 
since we have two basis functions per unit cell. We will discuss the physics of this 
E{k) relation (generally called the energy dispersion relation) in the next chapter when 
we discuss carbon nanotubes, which are basically graphite sheets rolled into cylinders. 
For the moment our main purpose is to illustrate the procedure for calculating the 
bandstructure using a 2D example that involves non-trivial features beyond the ID 
examples from the last section and yet does not pose serious problems with visualization 
as the 3D example in the next section. 



Common semiconductors 

In this section, I will follow closely the treatment by Vogl et al. ( 1983). All the common 
semiconductors (like gallium arsenide) belong to the diamond structure which has a 
unit cell consisting of two atoms, a cation (like gallium) and an anion (like arsenic). 
For elemental semiconductors like silicon, both cationic and anionic sites are occupied 
by the same atom. For each atom we need to include at least four valence orbitals like 
3s, 3p x , 3p v and 3p ; for silicon. It is common to include the next higher orbital (4s for 
silicon) as well, giving rise to what is called the sp 3 s* model. In this model we have five 
orbitals per atom leading to ten basis orbitals per unit cell. Consequently the matrices 
[h(k)] and [H„ m ] in Eq. (5.2.4) are each (10 x 10) in size. To perform the summation 
indicated in Eq. (5.2.4) we need to figure out how the nearest neighbors are located. 

The diamond structure consists of two interpenetrating face-centered cubic (FCC) 
lattices. For example, if we look at GaAs, we find that the gallium atoms occupy the sites 
on an FCC lattice. The arsenic atoms occupy the sites of a different FCC lattice offset 
from the previous one by a quarter of the distance along the body diagonal - that is, the 
coordinates of this lattice can be obtained by adding (x + y + z)a /4 to those of the first 
one. If a gallium atom is located at the origin (0 0 0)o/4 then there will be an arsenic 
atom located at (x + y + z)a/4, which will be one of its nearest neighbors. Actually 
it will also have three more arsenic atoms as nearest neighbors. To see this consider 
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Fig. 5.3.1 x—y face of a face-centered cubic (FCC) lattice, showing the location of atoms. 

where the nearest gallium atoms are located. There are four of them on the x—y face 
as shown in Fig. 5.3.1 whose coordinates can be written as (x + y)a/2, (—x + y)a/2, 
and (— x — y)a/2. 

The coordinates of the corresponding arsenic atoms are obtained by adding 

(x + y + z)a/4: 

(3Jc + 3y + z)a/4 {3x-y + z)a/A (-x + 3y + z)a/4 (-x - y + z)a/4 

Of these the first three are too far away, but the fourth one is a nearest neighbor of 
the gallium atom at the origin. Similarly if we consider the neighboring gallium atoms 
on the y—z face and the z—x face we will find two more nearest neighbors, so that the 
gallium atom at the origin (0 0 0) has four nearest neighbor arsenic atoms located at 

(Jt + y + z)a/4 (-x - y + z)a/4 (x - y - z)a/4 {-x + y - l)a/4 

Every atom in a diamond lattice has four nearest neighbors of the opposite type (cation 
or anion) arranged in a tetrahedron. 

To see how we perform the summation in Eq. (5.2.4) let us first consider just the 
s orbital for each atom. The matrices [h(k)] and [H nm \ in Eq. (5.2.4) are then each 
(2 x 2) in size. We can write [H nm ] as 

ka> \S C ) 

ka) £sa £ss (5.3.1a) 

kc) -^ss -^sc 

where £ sa and £ sc are the energies of the s orbitals for the anion and cation respectively, 
while E ss represents the overlap integral between an s orbital on the anion and an s 
orbital on the cation. The anion in unit cell n overlaps with the cation in unit cell n plus 
the cations in three other unit cells m for which 

d m — d„ = (— x — y)a/2 {—y — z)a/2 {—z — x)a/2 
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Each of these contributes a [H nm ] of the form 

\m,s A ) \m,s c ) 

\n,s a ) 0 E ss (5.3.1b) 

\n,s c ) 0 0 

Similarly the cation in unit cell n overlaps with the anion in unit cell n plus the anions 
in three other unit cells m for which 

d m - d„ = (x + y)a/2 (y + z)a/2 (z + x)a/2 

Each of these contributes a [H„,„] of the form 

\m,s a ) \m,s c ) 

\n,s a ) 0 0 (5.3.1c) 

\n,s c ) E ss 0 

Adding up all these contributions we obtain 

[*(*)] = ka> |*c) 

\s a ) £ sa 4£ ss g 0 (5.3.2) 
\s c ) AE ss g^ £" sc 

where 



4g 0 = 1 + Q-' lk - (h + &- ,k - ch + e~ iAw/3 
with 

d\={y+z)a/2 d2 = (z + x)a/2 di = (x + y)a/2 



To evaluate the full (10 x 10) matrix [h(k)] including sp 3 s* levels we 


proceed 


similarly. The final result is 
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(5.3.3) 

The factors gi,g2, and g3 look much like the factor go obtained above when discussing 
only the s orbitals: 



4g 0 = 1 + e~ iA ' • di + e- lk ■ ch + e _i * ' < h (5.3.4a) 
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Fig. 5.3.2 E(k) calculated by finding the eigenvalues of the matrix in Eq. (5.3.3) for each value of 
k along the T-X (that is, from k — 0 to k — k — x 2jt /a) and T-L (that is, from k — 0 to k — 
(x + y + z)Jt /a) directions. The former is plotted along the positive axis and the latter along the 
negative axis. Only eight (rather than ten) lines are visible because some are degenerate. 



However, the signs of some of the terms are negative: 



4gi = 




- e"* 


d 2 




(5.3.4b) 
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1 - e -*-& 


+ e^ 
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_ e -ik-d 3 


(5.3.4c) 


4g3 = 


1 - e- ik - dl 


-c- ik 


d 2 




(5.3.4d) 



The negative signs arise because the wavefunction for p orbitals changes sign along 
one axis and so the overlap integral has different signs for different neighbors. This 
also affects the signs of the overlap integrals appearing in the expression for [h(k)] 
in Eq. (5.2.4): the parameters E ss , E pdiSC , and .E^c are negative, while the remaining 
parameters £ S apc, E xx , E xy , and iVapc are positive. Note that the vectors 

cli =(y + z)a/2 d 2 = (z + x)a/2 d 3 = (x + y)a/2 (5.3.5) 

connect the cation in one unit cell to a cation in a neighboring cell (or an anion to 
an anion). Alternatively, we could define these vectors so as to connect the nearest 
neighbors - this has the effect of multiplying each of the factors go, gi, gi, and gj, by a 
phase factor exp[i/: • d] where d = (x + y + z)a/A. This is used by most authors like 
Vogl et al. (1983), but it makes no real difference to the result. 

Figure 5.3.2 shows the bandstructure E(k) calculated by finding the eigenvalues of 
the matrix in Eq. (5.3.3) for each value of k along the T-X and F-L directions. We have 
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used the parameters for GaAs given in Vogl et al. (1983): 
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Effect of spin-orbit coupling 

The bandstructure we have obtained is reasonably accurate but does not describe the 
top of the valence band very well. To obtain the correct bandstructure, it is necessary 
to include spin-orbit coupling. 



Spinors: Let us first briefly explain how spin can be included explicitly in the 
Schrodinger equation. Usually we calculate the energy levels from the Schrodinger 
equation and fill them up with two electrons per level. More correctly we should view 
each level as two levels with the same energy and fill them up with one electron per 
level as required by the exclusion principle. How could we modify the Schrodinger 
equation so that each level becomes two levels with identical energies? The answer is 
simple. Replace 



E(if) = [HM) with E 



where 



H, 



op 



0 



0 H, 



op 



(5.4.1) 



// op = p 2 /2m + U(r) (p = -iftV) 

We interpret iff as the up-spin component and x/r as the down-spin component of 
the electronic wavefunction. If we now choose a basis set to obtain a matrix repre- 
sentation, the matrix will be twice as big. For example if we were to use just the s 
orbital for each atom we would obtain a (4 x 4) matrix instead of the (2 x 2) matrix 
inEq. (5.3.2): 



(5.4.2) 
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Similarly, with all ten orbitals included, the (10x10) matrix becomes a (20x20) 
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matrix: 



h(k) 0 
0 h(k) 

where [h(k)] is given by Eq. (5.3.3). 



(5.4.3) 



Spin-orbit coupling: If we were to calculate the bandstructure using Eq. (5.4.3) instead 
of Eq. (5.3.3) we would get exactly the same result, except that each line would have a 
second one right on top of it, which we would probably not even notice if a computer 
were plotting it out. But the reason we are doing this is that we want to add something 
called spin-orbit coupling to Eq. (5.4.3). 

The Schrddinger equation is a non-relativistic equation. For electrons traveling at 
high velocities relativistic effects can become significant and we need to use the Dirac 
equation. Typically in solids the velocities are not high enough to require this, but the 
electric fields are very high near the nuclei of atoms leading to weak relativistic effects 
that can be accounted for by adding a spin-orbit correction H so to the Schrodinger 
equation: 



where 
H 0 = 
and 



p 2 /2m + U(r) 0 
0 p 2 /2m 4 



U(r) 



(5.4.4) 



(5.4.5) 



qh 



E x Py ~ E y p x 



(EyPz - E zPy) ~ KE z p x - E x p z ) 

Am 2 c 2 \_{E y p z - E z p y ) - i(E z p x - E x p z ) ~{E x p y - E y p x ) 

(5.4.6) 

c being the velocity of light in vacuum. The spin-orbit Hamiltonian H so is often 
written as 
qh 



Am 2 



-a-(E x p) 



where the Pauli spin matrices a are defined as 



0 1 

1 0 



Oy 



0 -i 

1 0 



O- 



1 0 
0 -1 



(5.4.7) 



(5.4.8) 



It is straightforward to show that the two expressions for the spin-orbit Hamiltonian 
H so in Eqs. (5.4.7) and (5.4.6) are identical. I will not try to justify the origin of the 
spin-orbit term for this would take us too far afield into the Dirac equation, but the 
interested reader may find the brief discussion in Section 5.5 instructive. 
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Bandstructure with spin-orbit coupling: We already have the matrix representa- 
tion for the non-spin-orbit part of the Hamiltonian, H$ (Eq. (5.4.5)). It is given by 
Eq. (5.3.3). We now need to find a matrix representation for H so and add it to Hq. Let us 
first see what we would do if we were to just use the s orbitals for each atom. Usually 
the spin-orbit matrix elements are significant only if both orbitals are centered on the 
same atom, so that we expect a matrix of the form 







\So) 


l*a> 


l*c> 




flu 


0 




0 


S c ) 


0 


C\] 


0 


t 12 


*a) 


<221 


0 


an 


0 




0 


C21 


0 


C 2 2 



We would fill up the 1 1 elements of this matrix by taking the matrix elements of the 
11 component of H s0 (see Eq. (5.4.6)): 

All = (S a \E x Py - EyP X \S & ) Cll = (S C \E x Py ~ EyP x \S C ) 

To fill up the 12 elements of this matrix we take the matrix elements of the 12 component 
of# so (see Eq. (5.4.6)): 

«12 = {s a \(E y p z - E.py) - i(E.p x - E x p z )\s a ) 
cn = (s c \(E y p z - E z p y ) - i(E z p x - E x p z )\s c ) 

Similarly we can go on with the 21 and the 22 components. As it turns out, all these 
matrix elements can be shown to be zero from symmetry arguments if we assume 
the potential U(r) to be spherically symmetric as is reasonable for atomic poten- 
tials. The same is true for the s* orbitals as well. However, some of the matrix 
elements are non-zero when we consider the X, Y, and Z orbitals. These non-zero 
matrix elements can all be expressed in terms of a single number <5 a for the anionic 
orbitals: 
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0 0 -i<5 a 

-8 a i<5 a 0 

0 i<5 a 0 

-i8 a 0 0 

0 0 0 



(5.4.9a) 
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Fig. 5.4.1 Bandstructure of GaAs calculated (a) taking spin-orbit interaction into account (the 
V—X direction is plotted along the positive axis while the T—L direction is plotted along the negative 
axis) and (b) from Eq. (5.3.3) without adding the spin-orbit component. 



and in terms of a single number S c for the cationic orbitals: 
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If we were to find the eigenvalues of either of these matrices we would obtain four 
eigenvalues equal to +i5 c (or +<5 a ) and two eigenvalues equal to —2S C (or — 2<5 a ). The 
splitting between these two sets of levels is 3<5 C (or 3<5 a ) and is referred to as the spin-orbit 
splitting A c (or A a ): 

A c (or AO = 3<5 C (or 3S a ) (5.4. 10) 

The spin-orbit splitting is well-known from both theory and experiment for all the 
atoms. For example, gallium has a spin-orbit splitting of 0.013 eV while that for arsenic 
is 0.38 eV. It is now straightforward to write down the full matrix representation for 
H so making use of Eqs. (5.4.8) and (5.4.9), adding it to Eq. (5.3.3) and then calculating 
the bandstructure. For GaAs we obtain the result shown in Fig. 5.4. la. For comparison, 
in Fig. 5.4.1b we show the results obtained directly from Eq. (5.3.3) without adding 
the spin-orbit part. This is basically the same plot obtained in the last section (see 
Fig. 5.3.2) except that the energy scale has been expanded to highlight the top of the 
valence band. 
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Heavy hole, light hole, and split-off bands: The nature of the valence band wave- 
function near the gamma point (k x = k y = k. = 0) plays a very important role in 
determining the optical properties of semiconductor nanostructures. At the gamma 
point, the Hamiltonian matrix has a relatively simple form because only go is non- 
zero, while gi, g2, and g3 are each equal to zero (see Eq. (5.3.3)). Including spin-orbit 
coupling the Hamiltonian decouples into four separate blocks at the gamma point: 
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Block III: 
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Block IV: 
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We can partially diagonalize Blocks III and IV by transforming to the heavy hole (HH), 
light hole (LH), and split-off (SO) basis using the transformation matrix 
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and the usual rule for transformation, namely, [// new ] = [V + ][//] 0 id[V]- The trans- 
formed Hamiltonian for Block III looks like 





|HH a ) 


|LH a ) 


|SO a > 


|HH e > 


|LH C ) 


|SO c > 


IHHa) 


^pa ~T~ <^a 


0 


0 


4E XX 


0 


0 


|LHa> 


0 


-£pa H~ ^a 


0 


0 




0 


|SO a > 


0 


0 


F — 28 

^pa ^-"a 


0 


0 


4E XX 


|HH C ) 


4£„ 


0 


0 




0 


0 


|LH C ) 


0 


4E XX 


0 


0 




0 


|SO c ) 


0 


0 


4£„ 


0 


0 


F —28 



Note how the three bands are neatly decoupled so that at the gamma point we can label 
the energy levels as HH, LH, and SO. As we move away from the gamma point, the 
bands are no longer decoupled and the eigenstates are represented by superpositions of 
HH, LH, and SO. 

Similarly Block IV can be transformed using the transformation matrix 
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to obtain 
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It is important to note that the eigenstates (which can be identified by looking at the 
columns of [V] or [V]) are not pure up-spin or pure down-spin states. However, we 
could view the lower block [V] as the spin-reversed counterpart of the upper block 
[V] since it is straightforward to show that they are orthogonal, as we expect "up" and 
"down" spin states to be. 
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Supplementary notes: the Dirac equation 



Relativistic electrons are described by the Dirac equation 

t 
W 

which can be written compactly as 



mc +U 0 cp z 

0 mc 2 + U c(p x + ip y ) 

c Pz c (Px - iPy) -mc 2 + U 

c(Px + iPy) -Cp z 0 



C(Px - IPy) 
-CPz 

0 

-mc 2 + U 



t 

\<t>) 




,2 

c5 ■ p 



(mc + f/)/ cct • p 

(-mc 2 + [/)/ 



(5.5.1) 



and <$> = \ — \ 

Assuming U = 0 and substituting a plane wave solution of the form 



we can show that the dispersion relation is given by 
E(k) = ±x/m V + c 2 h 2 k 2 

which has two branches as shown in Fig. 5.5.1. 

The negative branch is viewed as being completely filled even in vacuum. The separa- 
tion between the two branches is 2mc 2 which is approximately 1 MeV, well outside the 
range of energies encountered in solid-state experiments. In high-energy experiments 
electrons are excited out of the negative branch into the positive branch resulting in 
the creation of electron-positron pairs. But in common solid-state experiments energy 
exchanges are less than 10 eV and the negative branch provides an inert background. 
At energies around E = mc 2 , we can do a binomial expansion of Eq. (5.5.1) to obtain 
the non-relativistic parabolic relation (apart from an additive constant equal to the 
relativistic rest energy mc 2 ): 

E(k) % mc 2 + (h 2 k 2 /2m) 

Relativistic corrections like the spin-orbit term are obtained by starting from the Dirac 
equation and eliminating the component <$> using approximate procedures valid at 
energies sufficiently small compared to mc 2 . 



5.5 Supplementary notes: the Dirac equation 
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Fig. 5.5.1 



Non-relativistic approximation to the Dirac equation: Starting from Eq. (5.5.1) we 
can show that 



£{*} = (mc 2 + £/){*} + [c5 • p] 



1 



E + mc 2 - U 



-l 



Setting E mc 2 on the right-hand side, we obtain the lowest order non-relativistic 
approximation 



-n2 



£{*} = (mc 2 + £/){*} + 



2m 



(5.5.2) 



which can be simplified to yield Eq. (5.4.1): 



(E - mc 2 ))*} = 
noting that 



U + p 2 /2m 0 
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2 0 



P 

0 p 



Effect of magnetic field: One question we will not discuss much in this book is the 
effect of a magnetic field on electron energy levels. The effect is incorporated into the 
Dirac equation by replacing p with p + q A: 



(mc 2 + U)I co ■ (p + qA) 
co-(p + qA) (-mc 2 + U)I 



As before (cf. Eq. (5.5.2)) we can obtain the lowest order non-relativistic approximation 

E W = (mc 2 + u)m+ [5 - Cp + qA)]2 m 

2m 
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which can be simplified to yield the Pauli equation: 
(E - mc 2 )m = [U + (p + qAf/2m][l]m + /x b ct • 

where /xb = qfi/2m (known as the Bohr magneton), fi = VxA and the second term 
on the right-hand side (/xb? • B) is called the Zeeman term. Note that the spin-orbit 
term in Eq. (5.4.7) can be viewed as the Zeeman term due to an effective magnetic field 
given by 

B so = (E x p)/2mc 2 

Indeed, one way to rationalize the spin-orbit term is to say that an electron in an electric 
field "sees" this effective magnetic field due to "relativistic effects." To obtain the spin- 
orbit term directly from the Dirac equation it is necessary to go to the next higher order 
(see, for example, Sakurai, 1967). 

EXERCISES 

E.5.1. Set up the (2 x 2) matrix given inEq. (5.1.10) for the one -dimensional dimerized 
toy solid and plot the E(k) relation, cf. Fig. 5.1.5. 

E.5.2. Set up the (10 x 10) matrix given in Eq. (5.3.3) using the parameters for GaAs 
given at the end of Section 5.3 and plot the dispersion relation E(k x , k y , k z ) along T—X 
and T—L as shown in Fig. 5.3.2. 

E.5.3. Set up the (20 x 20) matrix including the spin-orbit coupling as described in 
Section 5.4 for GaAs and plot E vs. k along F-X and T—L for GaAs (A c = 0.013 eV 
and A a = 0.38 eV) and compare with Fig. 5.4.1a. 

E.5.4. Write down the eigenvalues of the matrix (a, b and c are constants) 
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using the principles of bandstructure discussed in this chapter. 
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In Chapter 5 we saw that the energy levels Et(k) in a periodic solid can labeled in terms 
of k, with the number of branches b equal to the number of basis functions per unit 
cell. Strictly speaking, this requires us to assume periodic boundary conditions in all 
directions so that the periodicity is preserved everywhere even at the "ends." Real solids 
usually have "ends" where periodicity is lost, but this is commonly ignored as a surface 
effect that has no influence on bulk properties. The finite size of actual solids normally 
leads to no observable effects, but as we scale down the size of device structures, the 
discreteness of energy levels becomes comparable to the thermal energy k^ T leading 
to experimentally observable effects. Our objective in this chapter is to describe the 
concept of subbands which is very useful in describing such "size quantization" effects. 
In Section 6.1 we will describe the effect of size quantization on the E(k) relation 
using specific examples. We will then look at its effect on experimentally observable 
quantities, like the density of states (DOS), D(E) in Section 6.2 and the number of 
subbands or modes, M(E). In Section 6.3 we will see that the maximum conductance 
of a wire is proportional to the number of modes around the Fermi energy (E = n), 
the maximum conductance per mode being equal to the fundamental constant Go = 
q 2 / h (Eq. (1.1)) as discussed in the introductory chapter. Finally in Section 6.4, 1 will 
discuss the matter of the appropriate velocity for an electron in a periodic solid. For 
free electrons, the wavefunction has the form of plane waves ~ exp(± ikx) and the 
corresponding velocity is hk/m. Electrons in a periodic solid also have wavefunctions 
that can be labeled with a k, but they are not plane waves. So what is the quantity (if 
there is one!) that replaces hk/m and how do we obtain it from our knowledge of the 
bandstructure Ey(k)l 



Quantum wells, wires, dots, and "nanotubes" 



We saw in Chapter 5 that a good way to catalog the energy levels of a homogeneous 
periodic solid is in terms of the wave vector k. How do we catalog the energy levels 
of a nanostructured device? As an example, consider the transistor structure discussed 
in Chapter 1, modified for convenience to include two gate electrodes symmetrically 
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Fig. 6.1.1 Sketch of a dual-gate nanoscale field effect transistor (FET). The top gate is held at the 
same potential, V G , as the bottom gate. 



on either side of the channel (Fig. 6.1.1). The x-dimension (L) is getting quite short 
but since electrons can flow in and out at the contacts, one needs to enforce "open 
boundary conditions" which we will discuss in Chapter 8. But it is not too wrong to 
treat it as a closed system assuming periodic boundary conditions, at least in the absence 
of bias (Vd = 0). In the z-direction we have tight confinement leading to observable 
effects beyond what one might expect on the basis of periodic boundary conditions. The 
^-dimension (perpendicular to the plane of the paper) is typically a few microns and 
could be considered large enough to ignore surface effects, but as devices get smaller 
this may not be possible. So how do we label the energy levels of a structure like 
this? 

In a homogeneous solid, electrons are free to move in all three directions and the 
energy levels can be classified as E b (k x , k y , k z ), where the subscript b refers to different 
bands. By contrast, the transistor structure shown in Fig. 6.1.1 represents a quantum 
well where the electrons are free to move only in the x—y plane. We could estimate the 
energy levels in this structure from our knowledge of the energy levels Eb(k x , k y , k z ) 
of the homogeneous solid, by modeling the z-confinement as a ring of circumference 
L z , so that the resulting periodic boundary conditions restrict the allowed values of k z 
to a coarse lattice given by k z = p2n / L z : 

E b ,p(k x ,k y ) « E b (k x , k y , k. = pln/L z ) 

where the additional subscript p can be called a subband index. This works quite 
well for ring-shaped structures like carbon nanotubes, but most low-dimensional struc- 
tures involve more complicated confinement geometries and in general it takes con- 
siderably more work to compute the subband energy levels of a low-dimensional 
solid from the bulk bandstructure. For the transistor structure shown in Fig. 6.1.1 
the insulator layers act like infinite potential walls (see Fig. 2.1.3b) and we can obtain 
fairly accurate estimates by assuming that the resulting box restricts the allowed val- 
ues of k z to a coarse lattice given by k z = p7t/L z . The energy levels can then be 
classified as 



Eb,p(k x ,k y ) « E b (k x , k y , k z = pn/L z ) 



6.1 Quantum wells, wires, dots, and "nanotubes" 
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Fig. 6.1 .2 Solid curves show the full bandstructure obtained from the sp 3 s* model described in 
Chapter 5. The dashed curve shows the dispersion obtained from a one-band effective mass model 
(Eq. (6. 1 . 1)) with parameters adjusted for best fit: E c — 1.55 eV and m c — 0.12m (m is the free 
electron mass). Actually the accepted value for the effective mass for GaAs is 0.07m, but the sp 3 s* 
model parameters that we use are optimized to give the best fit over the entire band, and are not 
necessarily very accurate near the band edge. 



As we have explained, this is only approximate, but the main point I am trying to 
make is that quantum wells have ID subbands, each having a 2D dispersion relation, 
E(k x , ky). 

How small does the dimension L- have to be in order for the structure to qual- 
ify as a quantum well? Answer: when it leads to experimentally observable effects. 
This requires that the discrete energy levels corresponding to the quantized values of 
k- = pjt/L z be less than or comparable to the thermal energy k^T, since all observ- 
able effects tend to be smoothed out on this energy scale by the Fermi function. To 
obtain a "back-of-an-envelope" estimate, let us assume that the dispersion relation 
Eb(k) in the energy range of interest is described by a parabolic relation with an effect- 
ive mass, m c : 

tf- (k 2 + k 2 + k 2 ) 

E(k) E c H — y - — Bulk solid (6.1.1) 

2m c 

where E c and m c are constants that can be determined to obtain the best fit (see 
Fig. 6.1.2). These parameters are referred to as the conduction band edge and the 
conduction band effective mass respectively and are well-known for all common semi- 
conductors. 
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The z-confinement then gives rise to subbands (labeled p) such that 
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(6.1.2) 



A layer 10 nm thick would give rise to subband energies ~4 meV if the effective mass 
m c were equal to the free electron mass m. Materials with a smaller effective mass (like 
GaAs with m c = 0.07m) lead to a larger energy separation and hence more observable 
effects of size quantization. 

We could take this a step further and consider structures where electrons are free 
to move only in the x-direction and are confined in both y- and z-directions, as shown 
below. 




' ► X 

This would be the case if, for example, the width of the FET in Fig. 6. 1 . 1 in the direction 
perpendicular to the plane of the paper were made really small, say less than 100 nm. 
Such quantum wires have 2D subbands, each having a ID dispersion relation that can 
be estimated by quantizing both the y- and z-components of the wavevector lc: 

h 2 k 2 



E„ tP (k x ) «a E c + n l s y + p z s z + 



2m r 



Quantum wire 



where s y is related to the y-dimension L y by a relation similar to Eq. (6.1.2). Finally, 
one could consider structures that confine electrons in all three dimensions (as shown 
below) leading to discrete levels like atoms that can be estimated from 
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Such quantum dot structures are often referred to as artificial atoms. 



Carbon nanotubes: Carbon nanotubes provide a very good example for illustrating 
the concept of subbands (Fig. 6.1.3). We saw in Section 5.2 that the energy levels of a 
sheet of graphite can be found by diagonalizing the (2 x 2) matrix 



h(k) = 



0 h 0 

K o 



(6.1.3) 



6.1 Quantum wells, wires, dots, and "nanotubes" 
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Fig. 6.1 .3 (a) Arrangement of carbon atoms on the surface of graphite, (b) Reciprocal lattice 
showing Brillouin zone (shaded). 



where 

h 0 = -t(l + e^" 2 ' + e i? '" 2 ) = -t(l + 2e lk < a cosk y b) 
The eigenvalues are given by 

E = ±\Iiq\ = ±tj 1 + 4 cos k x b cos k x a + 4 cos 2 k y b 



(6.1.4) 

Since each unit cell has two basis functions, the total number of states is equal to 
2N, N being the number of unit cells. Each carbon atom contributes one electron to 
the 7T-band, giving a total of 2N electrons that fill up exactly half the states. Since the 
energy levels are symmetrically disposed about E = 0, this means that all states with 
E < 0 are occupied while all states with E > 0 are empty, or equivalently one could 
say that the Fermi energy is located at E = 0. 

Where in the k x —k y plane are these regions with E = 0 located? Answer: wherever 
ho(k) = 0. It is easy to see that this occurs at the six corners of the Brillouin zone: 



e k ' a cosk y b = -1/2 



k x a = 0, kyb = ±27r/3 
k x a = 7t, k y b = ±tt/3 



These six points are special as they provide the states right around the Fermi energy 
and thus determine the electronic properties. They can be put into two groups of three: 



(k x a,k y b) = (0, -2tt/3), {-7t, +tt/3), (+tt, +tt/3) 
(k x a, kyb) = (0, +2tt/3), (-tt, -tt/3), (+jt, -tt/3) 



(6.1.5a) 
(6.1.5b) 



All three within a group are equivalent points since they differ by a reciprocal lat- 
tice vector. Each of the six points has one-third of a valley around it within the first 
Brillouin zone (shaded area in Fig. 6.1.3b). But we can translate these by appropriate 
reciprocal lattice vectors to form two full valleys around two of these points, one from 
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Fig. 6.1.4 Reciprocal lattice of graphite showing straight lines k c \ c\ — 2jzv representing the 
constraint imposed by the nanotube periodic boundary conditions. 

each group: 

(k x a, k y b) = (0, ±2tt/3) 

Once a sheet of graphite is rolled up into a nanotube, the allowed values of k are 
constrained by the imposition of periodic boundary conditions along the circumfer- 
ential direction. Note that this periodic boundary condition is a real one imposed by 
the physical structure, rather than a conceptual one used to facilitate the counting of 
states in a large structure whose exact boundary conditions are unimportant. Defining 
a circumferential vector 

c = may + na2 = x(m + n)a + y(m — n)b (6.1.6) 

that joins two equivalent points on the x-y plane that connect to each other on being 
rolled up, we can express the requirement of periodic boundary condition as 

k ■ c = k c \c\ = k x a(m + n) + k y b(m — n) = 2jtv (6.1.7) 

which defines a series of parallel lines, each corresponding to a different integer value 
for v (Fig. 6. 1 .4). We can draw a one-dimensional dispersion relation along any of these 
lines, giving us a set of dispersion relations E v (k), one for each subband v. 

Whether the resulting subband dispersion relations will show an energy gap or not 
depends on whether one of the lines defined by Eq. (6. 1 .7) passes through the center of 
one of the valleys 



(k x a, k y b) = (0, ±2tt/3) 



6.1 Quantum wells, wires, dots, and "nanotubes" 



— y — i 
Fig. 6.1 .5 

where the energy levels lie at E = 0. It is easy to see from Eq. (6.1.7) that in order for 
a line to pass through k x a = 0, k y b = 2n/3 we must have 

(m — n)/3 = v 

Since v is an integer this can only happen if (m — n) is a multiple of three: nanotubes 
satisfying this condition are metallic. 

Zigzag and armchair nanotubes: Consider a specific example: a nanotube with a 
circumferential vector along the y-direction, c = ylbm, which is called a zigzag nano- 
tube because the edge (after rolling) looks zigzag (Fig. 6.1.5). The periodic boundary 
condition then requires the allowed values of k to lie parallel to the /^-axis described 
by (the circumference is 2bm) 

2tt 3v 

k y 2bm = 2itv — >■ k y = (6.1.8) 

3b 2m 

as shown in Fig. 6.1.6a. 

Figure 6.1.7 shows the two "lowest" subbands corresponding to values of the subband 
index v that give rise to the smallest gaps around E = 0. If m = 66 (i.e. a multiple of three), 
one of the subbands will pass through (k x a, k y b) = (0, ±2jt/3) and the dispersion 
relation for the lowest subbands look as shown in Fig. 6.1.7a, with no gap in the 
energy spectrum. But if m = 65 (not a multiple of three), then no subband will pass 
through^ a, k y b) = (0, ±2n/3) giving rise to a gap in the energy spectrum as shown in 
Fig. 6.1.7b. 

A nanotube with a circumferential vector along the x-direction, c — x2am, is called 
an armchair nanotube because the edge (after rolling) looks like an armchair as shown 
in Fig. 6.1.8 (this requires some imagination!). The periodic boundary condition then 
requires the allowed values of k to lie parallel to the & } ,-axis described by (the circum- 
ference is again 2bm) 

2jtv 

k x 2am = 2nv k x = (6.1.9) 

2ma 

as shown in Fig. 6.1.6b. The subband with v = 0 will always pass through the special 
point (k x a, k y b) = (0, ±2tt/3) giving rise to dispersion relations that look metallic 
(Fig. 6.1.7a) regardless of the value of m. 



A useful approximation: Electrical conduction is determined by the states around 
the Fermi energy and so it is useful to develop an approximate relation that 
describes the regions of the E—k plot around E = 0. This can be done by replacing 
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(a) c=y2bm (b) ~c = x2am 




Fig. 6.1.6 (a) A zigzag nanotube obtained by rolling a sheet of graphite along the y-axis with 
c — y2bm has its allowed k- values constrained to lie along a set of lines parallel to the fc^-axis as 
shown. One of the lines will pass through (0, 2jt/3b) only if m is a multiple of three, (b) An 
armchair nanotube obtained by rolling a graphite sheet along the x-axis with c = x2am has its 
fc-values constrained to lie along lines parallel to the £ v -axis as shown. One of the lines will always 
pass through (0, 2jr/3b) regardless of the value of m. 
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kaln (as fraction of maximum value) -0.05 0 0.05 

kflln (as fraction of maximum value) 

Fig. 6.1.7 Dispersion relation for the two "lowest" subbands of a zigzag nanotube 
with (a) D — 5.09 nm, m — 66 showing metallic character (no gap in energy spectrum) 
and (b) D — 5.02 nm, m — 65 showing semiconducting character (gap in energy 
spectrum). 



the expression for ho(k) = — f(l + 2e lk * a cos k } ,b) with a Taylor expansion around 
(k x a, k y b) = (0, ±27r/3) where the energy gap is zero (note that ho = 0 at these 
points): 



ho % k x 



dh 0 



k x a=Q,k y b=±2n/?, 





~dho~ 






_dky_ 



k t a=0,k v b=±2it/3 



6.1 Quantum wells, wires, dots, and "nanotubes" 




It is straightforward to evaluate the partial derivatives: 

^ = [-2iate lk < a cos k,b] ka=0 M=±2jr/3 = iat = i3a 0 t/2 

^ = [2bt j** a sin k y b] kxa=0 Kb=±2n/3 = ±btV3 = ±3a 0 t/2 

so that we can write 

3ao? 

h 0 (k) R» i— (k x TiPy) 
where 

P y = k y =F (2n/3b) (6.1.10) 
The corresponding energy dispersion relation (cf. Eq. (6.1.4)) can be written as 

E{%) = ±\ho\ = ±^y*£ + P] (6.1.11) 

This simplified approximate relation (obtained from a Taylor expansion of Eq. (6.1.4) 
around one of the two valleys) agrees with the exact relation fairly well over a 
wide range of energies, as is evident from Fig. 6.1.9. Within this approximation the 
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constant-energy contours are circles isotropically disposed around the center of each 
valley, (0, +2n/3b) or (0, -2rt/3b). 

How large is the energy gap of a semiconducting nanotube? The answer is indepen- 
dent of the specific type of nanotube, as long as (m — n) is not a multiple of three so 
that the gap is non-zero. But it is easiest to derive an expression for the energy gap if 
we consider a zigzag nanotube. From Eqs. (6.1.8), (6.1.10), and (6.1.1 1) we can write 



E(k x ) = ± + 



2n / 3v 
3b \~2m~ 



(6. 1.12) 



so that the energy gap for subband v can be written as the difference in the energies 
between the + and — branches at k x = 0: 

2n ( 2m 
Eg ' v = 3ta °2m~b V T 

This has a minimum value of zero corresponding to v = 2m /3. But if m is not a multiple 
of three then the minimum value of (v — 2m/3) is equal to 1/3. This means that the 
minimum energy gap is then given by 

2tt 2ta 0 0.8 eV 
E g = ta 0 — = —^^ (6.1.13) 
2mb a a 

where d is the diameter of the nanotube in nanometers, so that nd is equal to the 
circumference 2mb. 



Density of states 

In the last section we discussed how size quantization effects modify the E{k) relation- 
ship leading to the formation of subbands. However, it should be noted that such effects 
do not appear suddenly as the dimensions of a solid are reduced. It is not as if a bulk 
solid abruptly changes into a quantum well. The effect of reduced dimensions shows 
up gradually in experimental measurements and this can be appreciated by looking at 
the density of states (DOS), D(E), which is reflected in conductance measurements. 

The DOS tells us the number of energy eigenstates per unit energy range and it 
clearly depends on the E{k) relationship. To be specific, let us assume for the moment 
that we are near one of the valleys in the conduction band where the energy levels can 
be described by a parabolic relation with some effective mass m c : 

h 2 k 2 

E(k)=E c + — (6.2.1) 
2m c 

What is the corresponding DOS if the vector k is constrained to one dimension (a 
quantum wire), two dimensions (a quantum well), or three dimensions (bulk solid)? 
The standard procedure for counting states is to assume a rectangular box of size 
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L x L y L z with periodic boundary conditions (see Fig. 2.1.4) in all three dimensions (cf. 
Eq. (2.1.17)): 

2it 2jt 2jt 

k x = — v x k y = — v v k 7 = — v z (6.2.2) 

L x } L y - 1 L z 

where v x , v y , and v z are integers. We then assume that the box is so large that the 
allowed k- values are effectively continuous and we can replace any summations over 
these indices with integrals: 



+00 +00 +00 

* - f dk x * - f dk y v ^ f dk- 

\* ~* J 2jv/L x J 2tt/L, V J 



2n/L z 



(6.2.3) 



In other words, the allowed states in £-space are distributed with a density of (L/2jt) 
per unit k in each ^-dimension. Hence the total number of allowed states Af(&), up to a 
certain maximum value k, is given by 

L kh 

— 2k = — ID with L = L X 
2jt it 

-^—±7Tk 2 = 2D with S = L X L Y 

An 2 An 

3 f 



L x L y L z Aitk" _ t'Q 
8tt 3 3~ ~ 6^2 



3D with Q = L x L y L z 



Using the dispersion relation Eq. (6.2. 1) we can convert N(k) into N(E), which tells us 
the total number of states having an energy less than E. The derivative of this function 
gives us the density of states (DOS): 

D(E) = ^N(E) (6.2.4) 
dE 

The results for one, two, and three dimensions are summarized in Table 6.2.1. It can 
be seen that a parabolic E(k) relation (Eq. (6.2.1)) gives rise to a DOS that varies as 
E~ x l 2 in ID, E° (i.e. constant) in 2D, and E 1 ? 2 in 3D. Note, however, that the ID or 
2D results do not give us the total DOS for a quantum wire or a quantum well. They 
give us the DOS only for one subband of a quantum wire or a quantum well. We have 
to sum over all subbands to obtain the full DOS. For example, if a quantum well has 
subbands p given by (see Eq. (6.1.1)) 

E p (k x , k y ) « E c + p 2 s z + — ^ ^ 

2m c 

then the DOS would look like a superposition of many 2D DOS: 

D(E) = ^ V HE -E c - p 2 s z ) (6.2.5) 
2jtn ~~ 
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Table 6.2.1 Summary of DOS calculation in ID, 2D, and 3D for parabolic isotropic dispersion 
relation (Eq. (6.2.1)). Plots assume m c = m (free electron mass) and results are for one spin 
only 
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Fig. 6.2.1 Density of states D(E) for a 2D box calculated from Eq. (6.2.5) (2D with quantized 
subbands) and compared with that obtained from the 3D relation in Eq. (6.2.6). As the width L z of 
the box is increased from 5 to 20 nm, the DOS approaches the 3D result (the conduction band 
effective mass m c is assumed equal to the free electron mass m). 

Figure 6.2.1 shows the density of states calculated from Eq. (6.2.5) with e, = 
as given in Eq. (6.1.2). It is apparent that as the width L z is increased 
from 5 to 20 nm, the DOS approaches the result obtained from the 3D DOS with the 
volume £l set equal to SL Z : 

Sm c 



£>3d(£) = 



27T 2 tl : 



[2m c (E- E c )] l/2 L 



(6.2.6) 
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Table 6.2.2 Summary of DOS per spin per valley 



Graphite Eq. (6.2.7) Zigzag nanotube Eq. (6.2.8) 
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From graphite to a nanotube : The evolution of the DOS from a sheet of graphite 
to a nanotube also provides an instructive example of how size quantization effects 
arise as the dimensions are reduced. For a sheet of graphite we can approximate the 
E(k) relation for each of the two valleys centered at (k x a, k y b) = (0, ±2n/3) as (see 
Eq. (6.1.11), a = 3ao/2) 

3tao 



E(k) = ±-^y*2 + PI = ±ta\k\ (6.2.7) 

As we have seen, the energy subbands for a zigzag nanotube are given by (see 
Eq. (6.1.12)) 



E(k x ) = ±tOy/k* + k 2 x = ±^El + (tak x ) 2 (6.2.8) 

where 

2tx ( 3v 



1 I and E v = tak v 
3b \2m ) 

In calculating D(E) the steps are similar to those shown in Table 6.2.1, though the 
details are somewhat different because the dispersion relation is different (Eqs. (6.2.7), 
(6.2.8)), as summarized in Table 6.2.2. Figure 6.2.2 compares the density of states for 
a zigzag nanotube of length L and diameter d (note: circumference = nd = 2mb): 

/>-n E 2at ( 2m\ 

DZNT(£) = ?^7^| with E V ^ -(,--) (6.2.9) 

with the density of states for a graphite sheet of area itLd: 

D G (E)=^L\E\ (6.2.10) 

for a nanotube with m = 200 (corresponding to d = 15.4 nm) and a nanotube with 
m = 800 (d = 61.7 nm). 

It is apparent that the smaller nanotube has a DOS that is distinctly different from 
graphite. But the larger nanotube is less distinguishable, especially if we recall that 
experimental observations are typically convolved with the thermal broadening function 



Subbands 



m = 200, 
d= 15.4 nm 



m = 800, 
cf = 61.7nm 



0.25 




10 20 30 

D(E) (per eV per nm) 



40 



50 



Fig. 6.2.2 Density of states D(E) for a zigzag nanotube calculated from Eq. (6.2.9) (solid curves) 
compared with that obtained from the result for graphite (Eq. (6.2.10), crosses). 

which has a width of ~/V B T ~0.026 eV at room temperature (to be discussed later; see 
Fig. 7.3.4). 

It is easy to see analytically that the DOS for zigzag nanotubes with the summation 
index v replaced by an integral (cf. Eq. (6.2.9)) 



Dzm(E) 



f 2L 
/ 2dv 

J nat 



\E\ 2at 
— with dE v = dv 



J Tta 2 f- 



\E\ Ld 



becomes identical to the DOS for graphite (cf. Eq. (6.2.10)). 



Anisotropic dispersion relation: We have used a few examples to illustrate the pro- 
cedure for converting an E(k) relation to a density of states D(E). This procedure (see 
Tables 6.2. 1 and 6.2.2) works well when the dispersion relation E(k) is isotropic. How- 
ever, the details become more complicated if the relation is anisotropic. For example, 
silicon has six separate conduction band valleys, each of which is ellipsoidal: 



2 7,2 



h 2 k 2 x h L k 

E = E C + + 



1m xx 2m 
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yy 



h 2 k 2 z 

2m,, 



(6.2.11) 



For a given energy E, the constant energy contour (Fig. 6.2.3) looks like an 
ellipsoid whose major axes are given by s/2m xx (E — E c )/h, ^2m yy (E — E c )/h, 
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Fig. 6.2.3 



and ■ s /2m zz (E — E c )/ti. The volume of this ellipsoid is 

An s/2m xx {E - E c ) j2m yy (E - E c ) J2m zz (E - E c ) 
~3 fi h h 

so that 

_ s/2m xx {E - E c ) ygmgg - E c ) j2m zz (E - E c ) 

_ 8tt 3 3 h h h 

and 

D(E) = ^=N(E) = j2m xx m, y m zz (E - E c ) (6.2.12) 

dE 2n 2 h i 

which reduces to the earlier result (see Table 6.2.1) if the mass is isotropic. 

Formal expression for DOS: In general if we have a system with eigenstates labeled 
by an index a, then we can write the total number of states, Nj(E) with energy less 
than E as 

N T (E) = HE - s a ) (6.2.13) 

where &(E) denotes the unit step function which is equal to zero for E < 0, and equal 
to one for E > 0. The derivative of the unit step function is a delta function, so that 

D(E) = ^N T (E) = S(E - s a ) (6.2.14) 

a 

This expression represents a sequence of spikes rather than a continuous function. 
Formally we can obtain a continuous DOS from Eq. (6.2.14) by letting the size of the 
system get very large and replacing the summation by an integral as we have been 
doing. For example, if 
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then D(E) = ^S(E - e~ k ) 



where 



2n 2jt 2jt 

k x = — v x k y = — v y k z = — v z 

Lt £ Li y l—i ? 

and v x , v y , and v z are integers. We then let the volume get very large and replace the 
summations over these indices with integrals: 
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as we obtained earlier (cf. 3D DOS in Table 6.2.1). This procedure is mathematically 
a little more involved than the previous procedure and requires integrals over delta 
functions. 

The real value of the formal expression in Eq. (6.2.14) is that it is generally valid 
regardless of the E(k) relation or whether such a relation even exists. Of course, in 
general it may not be easy to replace the summation by an integral, since the separation 
between energy levels may not follow a simple analytical prescription like Eq. (6.2.2). 
But we can still calculate a continuous DOS from Eq. (6.2.14) by broadening each 
spike into a Lorentzian (see Eq. (1.3.2)): 

y I2tx 

S(E - s a ) -> ^ r (6.2.15) 

(E - s a f + (y/2f 

The DOS will look continuous if the individual energies s a are spaced closely compared 
to the broadening y, which is usually true for large systems. 
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Separable problems: An interesting result that can be proved using Eq. (6.2. 14) is that 
if the eigenvalue problem is separable, then the overall DOS is given by the convolution 
of the individual densities. For example, suppose we have a 2D problem that separates 
into*- and y-components (as shown in Eq. (2.3.6) for 3D problems) such that the overall 
energies are given by the sum of the x-energy and the y-energy: 

e(n, m) = s x (n) + e y (m) (6.2.16) 

We could define an x-DOS and a y-DOS: 

D X (E)= S[E -6,(11)] (6.2.17a) 

n 

D y (E) = J2 S[E - s y (m)] (6.2.17b) 

m 

and it is straightforward to show that the total DOS 

D(E) = ^ S[£ - s x (n) - e,(m)] (6.2.17c) 

n m 

can be written as a convolution product of the x-DOS and the y-DOS: 

+00 

D{E) = j dE'D x (E') D,,{E - E') (6.2.18) 



Minimum resistance of a wire 

Now that we have discussed the concept of subbands, we are ready to answer a very 
interesting fundamental question. Consider a wire of cross-section L y L z with a voltage 
V applied across it (Fig. 6.3.1). What is the conductance of this wire if the contacts 
were perfect, and we reduce its length to very small dimensions? Based on Ohm's law, 
we might be tempted to say that the conductance will increase indefinitely as the length 
of the wire is reduced, since the resistance (inverse of conductance) is proportional 
to the length. However, as I pointed out in Section 1.3 the maximum conductance 
G = 1/ V for a one-level conductor is a fundamental constant given by 

Go = q 2 /h = 38.7 fiS = (25.8 kQy 1 (6.3.1) 

We are now ready to generalize this concept to a wire with a finite cross-section. It has 
been established experimentally that once the length of a wire has been reduced suffi- 
ciently that an electron can cross the wire without an appreciable chance of scattering 
(ballistic transport) the conductance will approach a constant value given by (assuming 
"perfect" contacts) 



G = [Af (£)] e=Ef Go 



(6.3.2) 
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Fig. 6.3.1 A wire of cross-section L y L z with a voltage V applied across large contact. 

where M(E) is the number of "modes" or subbands at an energy E. The actual number 
of modes M(E) at a given energy depends on the details of the wire, but the maxi- 
mum conductance per mode is Go independent of these details. This can be shown as 
follows. 

Maximum current in a single-moded wire: Consider a mode or subband v with a 
dispersion relation E v (k x ). The current carried by the states having a positive group 
velocity can be written as 



We have seen earlier that for free electrons with E = h 2 k 2 /2m, the velocity is given 
by hk/m, which is equal to the momentum hk divided by the mass m. But what is the 
appropriate velocity for electrons in a periodic solid having some dispersion relation 
E v (k)l The answer requires careful discussion which we will postpone for the moment 
(see Section 6.4) and simply state that the correct velocity is the group velocity generally 
defined as the gradient of the dispersion relation 

hv(k) = V k E v (k) 

so that in our ID example we can write v x (k x ) = dE v (k x )/dk x and the current is given 



showing that each mode of a wire carries a current of (q/h) per unit energy. At equilib- 
rium there is no net current because states with positive and negative velocities are all 
equally occupied. An applied voltage V changes the occupation of the levels over an 
energy range E F ± (qV/2) creating a non-equilibrium situation whose details depend 
on the nature of the coupling to the contacts. But regardless of all these details, it is 
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(6.3.3) 
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apparent that the maximum net current will be established if the positive velocity states 
are occupied up to /^i = £ F + (qV/2) while the negative velocity states are occupied 
up to 1x2 = E F — (q V/2), so that in the energy range 

E F -(qV/2) < E < E F + (qV/2) 

only the positive velocity states are occupied (Fig. 6.3.2). From Eq. (6.3.3) we can write 
the current carried by these states belonging to mode v as 

_ 2 

/ = — (/xi - /x 2 ) H> —V 
h h 

so that the maximum conductance of mode v is equal to q 2 / h as stated earlier (see 
Eq. (6.3.1)). Note that this result is independent of the dispersion relation E v (k x ) for 
the mode v. 



Number of modes: How many modes M(E) we actually have at a given energy, how- 
ever, is very dependent on the details of the problem at hand. For example, if the 
relevant energy range involves the bottom of the conduction band then we may be able 
to approximate the band diagram with a parabolic relation (see Fig. 6.1.2, Eq. (6.1.1)). 
The subbands can then be catalogued with two indices (n, p) as shown in Fig. 6.3.3 

h 2 k 2 

E n , P (k x ) « E c + n 2 s y + p 2 e z + — ^ (6.3.4) 

2m c 

where s y = n 2 h 2 /2m c L 2 and s- = 7V 2 h 2 /2m c L 2 , assuming that the electrons are 
confined in the wire by infinite potential wells of width L y and L z in the y- and 
z-directions respectively. The mode density M(E) then looks as shown in Fig. 6.3.2, 
increasing with energy in increments of one every time a new subband becomes 
available. 

The details of the subbands in the valence band are much more complicated, because 
of the multiple bands that are coupled together giving rise to complicated dispersion 
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relations. For simple back-of-an-envelope estimates we could approximate with a 
simple inverted parabola 

h 2 k 2 

h(k) = E V - — (6.3.5) 

2m v 

We then get inverted dispersion relations for the different subbands 

h 2 k 2 

E n , p (k x ) « E v - n 2 s y - p 2 s z - (6.3.6) 

2m v 

with a mode density M(E) that increases with decreasing energy as shown inFig. 6.3.4. 

Minimum resistance of a wide conductor: We have see that there is a minimum 
resistance (h/q 2 ) that a wire can have per mode. An interesting consequence of this 
is that there is a minimum resistance that a given conductor could have. For example, 
we could model a field effect transistor (FET) as a two-dimensional conductor with 
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a width W and a length L as shown in the figure below. As the length L is reduced, 
it would approach a ballistic conductor whose resistance is dominated by the contact 
resistance. This is a well-known fact and device engineers work very hard to come up 
with contacting procedures that minimize the contact resistance. What is not as well- 
recognized is that there is a fundamental limit to how small the contact resistance can 
possibly be - even with the best conceivable contacts. 




To estimate this minimum contact resistance, let us assume an n-type semiconduc- 
tor where conduction takes place through the conduction band states described by a 
parabolic dispersion relation of the form given in Eq. (6.3.4). Assuming that it has only 
one subband along the z-direction we can write the electron density per unit area at 
r=0Kas (see Table 6.2.1) 



Jth 



:(E F - E c ) 



(6.3.7) 



The maximum conductance is given by 




where we have made use of Eq. (6.3.7) and used the symbol Int(x) to denote the largest 
integer smaller than x. The minimum resistance is given by the inverse of G max : 



h 
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16.28 k^ 



(6.3.8) 



With a carrier density of « s = 10 /cm , this predicts R m i n W ~ 160 £1 \xm. Note that 
we have assumed only one subband arising from the ^-confinement. For silicon, the 
six conduction valleys give rise to six sets of subbands, of which the lowest two 
are degenerate. This means that if the /.--dimension is small enough, there will be 
two degenerate subbands arising from the z-confinement and the corresponding mini- 
mum contact resistance will be half our estimate which was based on one z-subband: 
RminW « 80 C2|am. 
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Velocity of a (sub)band electron 

Electrons in periodic structures have energy levels that form (sub)bands and the corre- 
sponding wavefunctions have the form 



Wn = Wo ex P(± ikx n) 



(6.4.1) 



where x n = na denotes points on a discrete lattice and {\[r } n is a column vector of size 
(B x 1), B being the number of basis functions describing the unit cell (Fig. 6.4.1). 

These wavefunctions thus have a unit cell component that is atomic-like in character 
in addition to a free-electron or plane- wave-like ~ exp(±ifaf) character. They are often 
referred to as Bloch waves. When we we first discussed the Schrodinger equation, I 
mentioned that an electron in a plane wave state exp(±ikx) could be associated with 
a velocity of hk/m since the probability current was equal to this quantity times the 
probability density (see Eq. (2.1.20)). What is the velocity of an electron in a Bloch 
wave state? 

A plausible conjecture is that the velocity must be hk/m*, m* being the effective 
mass. This is indeed true under certain conditions, but a more general discussion is 
called for since not all bands/subbands can be described in terms of an effective mass, 
especially in low-dimensional structures like quantum wires. Besides, it is not clear that 
we should be looking for a single number. In general we could have a velocity matrix 
of size (B x B). 

Velocity matrix: To identify this velocity matrix, we start by noting that the Hamilto- 
nian for a quantum wire can be written in a block tridiagonal form 
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which can be visualized as a ID array of unit cells each of which has a very large 
number of basis functions B equal to the number of atoms in a cross-section times the 
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Fig. 6.4.2 

number of basis functions per atom. The time-dependent Schrodinger equation for the 
quantum wire can be written in the form 



d\ff„ , 
in—- = af„ + fif„ +l + P^fn- 
dt 



(6.4.3) 



where i/r are (B x 1) column vectors, while a and ft are (B x 5) matrices. 

To discover the appropriate expression for the current, we need to look at the time 
rate of change in the total probability density in a particular unit cell, say the nth one. 
This can be written as (iff^if,,) which is a (1 x 1) matrix or a scalar number equal to 
the sum of the squared magnitudes of all B components of i/r (note that i//-„ \[r + is not 
suitable for this purpose since it is (B x B) matrix). From Eq. (6.4.3) we can write the 
time derivative of (i/^iAk) as 

til-ftfn = + t + P + tn-X ~ ftl R f« ~ + ^ (6.4.4) 

Let us see if we can write the right-hand side as the difference between the current to 
the left of the unit and the current to the right of the unit (see Fig. 6.4.2) 



+ i/r — 



Jn-(l/2) — Jn+(l/2) 



(6.4.5) 



dt '• a 
motivated by the fact that in a continuum representation, the continuity equation requires 
that dn/df = — dJ/dx. It is straightforward to check that if we define the currents as 



■4+U/2) 



(6.4.6) 



then Eq. (6.4.5) is equivalent to (6.4.4). We can make use of Eq. (6.4. 1) for a (sub)band 
electron to express i/f„ + i in Eq. (6.4.4) in terms of \[r„ to obtain 
a 



Jn+d/2) = tnTT IP + exp(-i£a) - ^ exp(+i^fl)]^ n 
in 

suggesting that we define 



(6.4.7) 



[u(A;)] = exp(-ika) - fiexp(+ika)] 
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(6.4.8) 
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as the velocity matrix for an electron (sub)band state with a given k. Now that we are 
finished with the mathematical argument, let us see if it makes physical sense. 

Firstly we note that the energy eigenvalues are obtained by diagonalizing the matrix 
(this follows from the basic result, Eq. (5.2.4), underlying the calculation of bandstruc- 
ture) 

[h(k)] = a + p exp(+ika) + p + exp(-ika) (6.4.9) 

It is straightforward to check that this Hamiltonian matrix is related to the velocity 
matrix we just obtained (Eq. (6.4.8)) by the relation 

[v(k)] = - -fW)] (6-4.10) 
n ak 

This means that if the two matrices ([h] and [v]) were simultaneously diagonalized, 
then the eigenvalues would indeed obey the relation 

hv(k) = V k E v (k) 

that we used to derive the maximum current carried by a subband (see Eq. (6.3.3)). 

Can we diagonalize [h] and [v] simultaneously? It is easy to see from the definitions 
of these matrices (Eqs. (6.4.8) and (6.4.9)) that the answer is yes if the matrices [a] and 
[P] can be simultaneously diagonalized. We can visualize the tridiagonal Hamiltonian 
matrix in Eq. (6.4.2) as a ID array where the matrices [a] and are each of size 
(B x B), B being the number of basis functions needed to represent the cross-section 
of the wire (see Fig. 6.4.3). Now if we can diagonalize both [a] and [p] then in this 
representation we can visualize the quantum wire in terms of independent modes or 
subbands that conduct in parallel as shown in Fig. 6.4.4. 

The same representation will also diagonalize the velocity matrix and its diagonal 
elements will give us the velocity for each mode. One good example of a structure 
where this is possible is the simple square lattice shown in Fig. 6.4.5a, which we can 
represent as a ID array of the form shown in Fig. 6.4.5b. 

The matrices [/?], [/3 + ] represent the coupling between one column of atoms with 
the corresponding ones on the next column and can be written as an identity matrix [/]. 
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Fig. 6.4.5 

This means that once we find a suitable representation to diagonalize [a], the matrix 
[/3] will also be diagonal, since the identity matrix is unchanged by a basis transforma- 
tion. Hence, we can always diagonalize [a], [/}], [h], [v] simultaneously and use this 
representation to visualize a quantum wire as a collection of independent single -moded 
wires in parallel. 

Mode density: We saw in the last section that the mode density M(E) plays an important 
role in the physics of quantum wires, comparable to the role played by the density of 
states D(E) for bulk semiconductors. If a wire of length L has eigenstates catalogued 
by two indices (a, k) then we could define the mode density M(E) formally as 

M(E) = S(E ~ Sa > k) 7^f (6A11) 

a k 

This expression can be evaluated simply if the eigenvalues are separable in the two 
indices: = + 6%. But this is possible only if the subbands can be decoupled as 
discussed above. 
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EXERCISES 

E.6.1. Starting from Eq. (6.2.4) and making use of the relation h v = dE/dk show that 
for any ID conductor Dm(E) = L/ithv. This is a general result independent of the 
dispersion relation E(k). 

E.6.2. Plot the dispersion relation for the two lowest subbands of a zigzag nanotube 
with m = 66 and m = 65 and compare with Fig. 6.1.7. 

E.6.3. Compare the dispersion relations for a 2D graphite sheet from Eqs. (6.1.4) and 
(6.1.11) as shown in Fig. 6.1.9. 

E.6.4. Compare the 3D density of states with the density of states for a 2D box of 
thickness (a) 5 nm and (b) 20 nm as shown in Fig. 6.2.1. 

E.6.5. Compare the density of states of graphite with the density of states for a zigzag 
nanotube of diameter (a) 15.4 nm and (b) 61.7 nm as shown in Fig. 6.2.2. 

E.6.6. Plot the energy dispersion relation for the four lowest conduction band subbands 
(see Eq. (6.3.4)) in a rectangular wire with L y = L z = 10 nm, m c = 0.25m and compare 
with Fig. 6.3.3. 

E.6.7. Plot the energy dispersion relation showing the four lowest valence band sub- 
bands (see Eqs. (6.3.5) and (6.3.6)) in a rectangular wire with L y = L z = 10 nm, 
m v = 0.25m and compare with Fig. 6.3.4. 



7 Capacitance 



In Chapter 1 I stated that the full quantum transport model required us to generalize 
each of the parameters from the one-level model into its corresponding matrix version. 
Foremost among these parameters is the Hamiltonian matrix [H] representing the energy 
levels and we are almost done with this aspect. This chapter could be viewed as a 
transitional one where we discuss an equilibrium problem that can be handled using 
[H] alone, without knowledge of other parameters like broadening that we will discuss 
here. 

The problem we will discuss is the following. How does the electron density inside 
the device change as a function of the gate voltage Vg, assuming that the source and the 
drain are held at the same potential (drain voltage Vd = 0, see Fig. 7.1)? Strictly speaking 
this too is a non-equilibrium problem since the gate contact is not in equilibrium with 
the source and drain contacts (which are in equilibrium with each other). However, the 
insulator isolates the channel from the gate and lets it remain essentially in equilibrium 
with the source and drain contacts, which have the same electrochemical potential /xi = 
jU-2 = M- The density matrix (whose diagonal elements in a real-space representation 
give us the electron density n(r)) is given by 



and can be evaluated simply from [H] without detailed knowledge of the coupling to 
the source and drain. I am assuming that the channel is large enough that its energy 
levels are nearly continuous so that the broadening due to the source and drain coupling 
makes no significant difference. 

The matrix [H] includes two parts (see Section 1 .4) 



where Ho represents just the isolated materials deduced from a knowledge of their 
bandstructure, while U represents the potential due to the applied gate voltage and any 
change in the density matrix from the reference condition described by Hq. Neglecting 
any corrections for correlation effects (see Section 3.2), we can calculate U from the 



[p] = ham - 



(7.1) 



H = H 0 + U([S p]) 



(7.2) 
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Fig. 7.1 A metal-insulator-semiconductor (MIS) capacitor. The problem is to find the charge 
induced in the channel in response to an applied gate voltage Vq. 

Poisson equation describing Coulomb interactions (e r is the relative permittivity which 
could vary spatially): 



V.(£ r Vt/)=-M"(r)-« 0 ] 

subject to the boundary conditions: [U] s 

[C/]gate = -q Vg 



(7.3) 



= [f/] drain = 0 



In this chapter I will use this problem to illustrate how we choose the Hamiltonian 
[Hq] to describe an inhomogeneous structure like a transistor (Section 7.1), how we 
evaluate the density matrix [p] (Section 7.2), and finally (Section 7.3) how the capaci- 
tance C obtained from a self-consistent solution of Eqs. (7.1)-(7.3) can be viewed as a 
series combination of an electrostatic capacitance Cg, which depends on the dielectric 
constant, and a quantum capacitance Cq, which depends on the density of eigenstates 
in the channel. From this chapter onwards we will use the Hamiltonian matrix [H] 
derived from a single -band effective mass equation, although the conceptual frame- 
work we describe is quite general and can be used in conjunction with other models. 
The supplementary Section 7.4 provides some details about another commonly used 
model, namely multi-band effective mass equations, though we have not used it further 
in this book. 



Model Hamiltonian 

Atomistic Hamiltonian: Let us start with the question of how we write [Hq] to rep- 
resent the inhomogeneous collection of isolated materials that comprise the device, 
from a knowledge of their individual bandstructures. For example, we could model 
the channel material with a [Hq] that can be represented schematically as a network 
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Fig. 7.1 .1 Any part of the device (e.g. the channel) can be represented by an atomistic 
Hamiltonian matrix that can be depicted schematically as a 3D network of unit cells described by 
matrices [H„ n ] and bonds described by matrices [H nm \, n ^ m. We have arranged the unit cells in 
an FCC-like network since that is the arrangement for most common semiconductors. Note that the 
matrices [H„,„] for different neighbors m are in general different though we have represented them 
all with the same symbol. 



of unit cells [//„„] interconnected by 'bonds' [H nm ] of the same size (b x b). Each 
of these matrices is of size b x b, b being the number of basis functions per unit cell 
(Fig. 7.1.1). 

We saw in Chapter 5 that, knowing all the [H nm ], the full bandstructure can be 
calculated from the eigenvalues of the (b x b) matrix 

[h(k)i = J2 lH "^ eil0a ~ l) (7 - L1) 

m 

(which is independent of n) for each value of k. Conversely, we can write down the 
matrices [H„ m ] from a knowledge of the bandstructure and thereby write down the 
matrix [Hq] representing a periodic solid which is of size (Nb x Nb), A^ being the total 
number of unit cells. 

The insulator material would obviously be described by a different set of matrices that 
can be deduced from its bandstructure. The difficult part to model is the interface. This 
is partly due to our ignorance of the actual atomistic structure of the actual interface. 
But assuming that we know the microstructure exactly, it is still not straightforward to 
figure out the appropriate bond matrix [H„ m ] between two unit cells n and m belonging 
to different materials A and B . Clearly this information is not contained in the individual 
bandstructures of either A or B and it requires a more careful treatment. We will not 
get into this question but will simply represent an A-B bond using the average of the 
individual [H„,„] matrices for A-A bonds and B-B bonds. 



Effective mass Hamiltonian: We have seen before (see Fig. 5.1.2) that the energy 
levels around the conduction band minimum can often be described by a simple relation 
like 

h 2 k 2 

h(k) = E c + — (7.1.2) 

2m c 
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where E c and m c are constants that can be determined to obtain the best fit. We could 
easily write down a differential equation that will yield energy eigenvalues that match 
Eq. (7.1.2). We simply have to replace k with — iV in the expression for h(k): 



h 2 ' 

E c V 2 

2m r 



f(r)=Ef(r) (7.1.3) 



It is easy to check that the plane wave solutions, f(P) = exp(i£ • r) with any k are 
eigenfunctions of this differential equation with eigenvalues E(k) = E c + (h 2 k 2 /2m c ). 
We could use the finite difference method (Section 2.2) to convert Eq. (7.1.3) into 
a Hamiltonian matrix that is much simpler than the original atomistic Hamiltonian. 
For example, in one dimension we could write a tridiagonal matrix with E Q + 2?o on 
the diagonal and — to on the upper and lower diagonals (see Eq. (2.3.1)) that can be 
represented in the form shown in Fig. 7.1.2. 

We can use the basic bandstructure equation in Eq. (7.1.1) to write down the corre- 
sponding dispersion relation: 

h(k x ) = (E c + 2<b) - to e**" - t Q e _i ** a = E c + 2/6(1 - cos k x a) 

For a general 3D structure the effective mass Hamiltonian has the form shown in 
Fig. 7.1.3, leading to the dispersion relation 

h(k) = E c + 2?o(l — cos k x a) + 2/q(1 — cos k y a) + 2?o(l — cos k z d) (7.1.4a) 




Fig. 7.1.2 The effective mass Hamiltonian matrix in ID can be visualized as a ID array of unit 
cells each with energy E c + 2t 0 bonded to its nearest neighbors by — 1 0 . 




Fig. 7.1.3 The effective mass Hamiltonian matrix can be depicted schematically as a 3D network 
of unit cells (unrelated to the actual crystal structure) each with energy E c + 6?o bonded to its 
nearest neighbors by — to. 
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which reduces to the parabolic relation in Eq. (7.1.2) if k x a is small enough 
that (1 — cos k x a) can be approximated with (k x a) 2 /2 (and the same with k y a 
and k z a): 



This Hamiltonian only describes the eigenstates around the bottom of the conduc- 
tion band where Eq. (7.1.2) provides an adequate approximation, unlike an atomistic 
Hamiltonian that describes the full bandstructure (see Eq. (7. 1.1)). What we gain, how- 
ever, is simplicity. The resulting Hamiltonian matrix [Ho] is much smaller than the 
atomistic counterpart for two reasons. Firstly, the matrices [H nm ] representing a unit 
cell or a bond are scalar numbers rather than (b x b) matrices. Secondly the unit cells 
in Fig. 7. 1 .3 do not have to correspond to atomic unit cells as in atomistic Hamiltonians 
(see Fig. 7.1.1). The lattice can be simple cubic rather than face-centered cubic and the 
lattice constant a can be fairly large depending on the energy range over which we want 
the results to be accurate. A simple rule of thumb is that a should be small enough that 
the corresponding to is larger than the energy range (above E c ) we are interested in. 
Since to = h 2 /2m c a 2 , this means that for a given energy range, we can use a larger a if 
the effective mass m c is small. But it is important to remember that the wavefunction 
does not provide information on an atomic scale. It only provides information on a 
coarse spatial scale and is sometimes referred to as an "envelope function." 

Spatially varying effective mass: Effective mass equations are often used to model 
"heterostructures" consisting of different materials such that the conduction band edge 
E c and/or the effective mass m c appearing in Eq. (7.1.3): 



vary spatially. The variation of E c leads to no special problems, but the variation of m c 
cannot be incorporated simply by writing 



h(k) = E C + 



1L 
2m c 



(k 2 x + k) + k\) 



(7.1.4b) 
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-V 2 f(r) = Ef(r) 



The correct version is 



E c (r) 




( 



m c (r) 



1 



V f(r)=Ef(r) 



(7.1.5) 



and it can be shown that if we apply the finite difference method to this version at an 
interface where the effective mass changes from m \ to m-i then we obtain a Hamiltonian 
matrix that can be represented as shown in Fig. 7.1.4. 
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Fig. 7.1.4 



The point to note is that the resulting Hamiltonian matrix 



-fi 
0 



h+t 2 

-ll 



2t 2 



is hermitian as needed to ensure that the energy eigenvalues are real and current is 
conserved. By contrast if we start from one of the other possibilities like 



fi 1 



2m c (r) 



V z 



/(r) = Ef(r) 



and use the finite difference method we will end up with a Hamiltonian matrix of the 
form (to = (h + h)/2) 



•2fi 



0 



-h 
E c + 2t 0 
-h 



0 

-to 
E c + 2/ 2 



which is clearly non-hermitian. 

As we have mentioned before, writing down the appropriate Hamiltonian for the 
interface region requires knowledge of the interfacial microstructure and simple approx- 
imations are often used. But the important point to note is that whatever approxima- 
tion we use, a fundamental zero-order requirement is that the Hamiltonian matrix 
should be hermitian. Otherwise we can run into serious inconsistencies due to the 
non-conservation of probability density and the resulting lack of continuity in electron 
flow. 



An example: One-band effective mass models are widely used to model heterostruc- 
tures of materials that are not too different. Consider, for example, a GaAs quantum 
well sandwiched between Alo.3Gao.7As barriers. For GaAs we use E c = OeV, m c = 
0.07m, while for AlAs, E c = 1.25 eV, m c = 0.15m and interpolate linearly to obtain 
E c and m c for the AlAs-GaAs alloy. Figure 7.1.5 shows the energies of the two lowest 
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Fig. 7.1 .5 Energy of the two lowest energy levels of a GaAs quantum well sandwiched between 
Alo.3Gao.7As barriers (shown in inset) as a function of the well width W calculated from a one-band 
effective mass model. 
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Fig. 7.1 .6 Solid curves show the dispersion relation E(k) as a function of the magnitude of the 
in-plane wavevector k — {k x k y ] for the two lowest subbands of a quantum well of width 
W — 6.9 nm, calculated from the one-band effective mass model. The x 's and o's show the 
dispersion expected for an effective mass equal to that in the well and in the barrier respectively. 



levels in the GaAs quantum well as a function of the well width, while Fig. 7.1.6 
shows the dispersion relation E(k) as a function of the magnitude of the in-plane 
wavevector k = {k x k y ] for the two lowest subbands of a quantum well of width 
W = 6.9 nm. 

Problems like this are essentially one-dimensional and easy to solve numerically. 
The basic idea is that our usual prescription for obtaining the effective mass equation 
is to replace k with — iV which consists of three simultaneous replacements: 

k x -> — id/dx k y -> — i3/3_y k- -> — id/dz 
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To obtain a ID effective mass equation while retaining the periodic boundary condition 
in the x—y plane, we replace k z with — id/dz in h(k), while leaving k x , k y intact: 

[h(k x , k y ;k z => -id/dz) + U(z)Mz) = E<t>(z) (7.1.6) 

For example, if we start from the one-band effective mass relation (Eq. (7.1.2)), 

h 2 k 2 

h(k) = E C + 



2m e 
we obtain 

2 3 / 1 



2 dz \m c (z) dz 



4>ai.Z) = £ a 0a(z) (7.1.7) 



which is a ID equation that can be numerically solved for any given value of k x , k y . 

The one-band effective mass model works very well when we have an isotropic 
parabolic band that is well separated from the other bands. This is usually true of 
the conduction band in wide-bandgap semiconductors. But the valence band involves 
multiple closely spaced bands (which are strongly anisotropic and non-parabolic) and 
a multi-band effective mass model is needed for a proper treatment of the valence band 
(p-type devices) or even the conduction band in narrow-gap semiconductors. General 
device models based on multi-band models (see supplementary notes in Section 7.4) and 
atomistic models are topics of current research and I will not discuss them in any depth 
in this book. I will largely use the one -band model to illustrate the essential concepts 
underlying the treatment of equilibrium and non-equilibrium problems. However, I 
will try to describe the approach in a general form that readers can adapt to more 
sophisticated Hamiltonians in the future as the need arises. 



Electron density/density matrix 

Once we have identified the basic Hamiltonian matrix Hq representing the isolated 
materials comprising a device, the next step is to evaluate the density matrix (especially 
the diagonal elements in a real-space representation, which give us the electron density) 

n{r) = 2p(r, r) = 2£ |0„(?)| 2 f 0 (e a - n) (7.2.1) 

a 

where (p a (r) are the eigenfunctions of [H] with eigenvalues s a , with [H] given by 

H = H Q + U([S p]) (7.2.2) 

where U represents the potential due to the applied gate voltage and due to any change in 
the density matrix from the reference condition described by Hq. In general the matrix 
representation [U] of the function U (?) requires a knowledge of the basis functions, but 
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n(r) 



[H 0 +U](l> a = £ o 



2lj^ a (r)\ 2 fo(e a -H) 



V( £l Vu)= -|^(»(r)-» 0 ) 



"Schrbdinger" 



Poisson 



Fig. 7.2.1 Modeling a device in equilibrium generally requires a self-consistent solution of a 
"Schrodinger" equation with the Poisson equation. 



if the potential varies slowly from one unit cell to the next, then we can simply assume 
the potential to have a constant value U(r = d n ) throughout a unit cell n so that 

[U nn ] = U(r = d n )[I] and [U nm \ = [0] for m^n (7.2.3) 

where [/] and [0] are the identity matrix and the null matrix of appropriate size. 

How do we calculate U(r)l Neglecting any corrections for correlation effects (see 
Section 3.2), we can use the Poisson equation describing Coulomb interactions (e r is 
the relative permittivity, which could vary spatially): 

q 2 . 

V • (e r V U) = - —{n{r) - n 0 ) (7.2.4) 

£o 

subject to the boundary conditions: [t/] S ource = [^]drain = 0 

[C/]gate = ~qV G 

What we need is a "Schrodinger-Poisson solver" that solves the two aspects of the 
problem self-consistently as shown schematically in Fig. 7.2. 1 . In general, 3D solutions 
are needed but this is numerically difficult and we will use an essentially ID example 
to illustrate the "physics." 



ID Schrodinger-Poisson solver: There are many problems that can be modeled with 
a ID Schrodinger-Poisson solver: the metal-insulator-semiconductor (MIS) capacitor 
(Fig. 7.2.2) we mentioned at the beginning of this chapter represents such an exam- 
ple if we neglect any boundary effects in the x-y plane. What does the ID version 
of the equations in Fig. 7.2.1 look like? Let us assume we are using the one -band 
effective mass Hamiltonian. We might guess that we should first solve a ID version 
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Fig. 7.2.2 The MIS capacitor can be modeled with a ID Schrodinger equation if we neglect any 
boundary effects in the x-y plane. 



ofEq. (7.1.7) 

h 2 3 2 



+ U(z) 



<Pm(z) = £ m 0m(z) 



2m c dz 2 

then evaluate the electron density from the ID version of Eq. (7.2.1) 
n(z) = 2J2 \<t> m {z)\ 2 Ms m - fi) (WRONG!) 



(7.2.5) 



(7.2.6) 



and do all this self-consistently with a ID version of Eq. (7.2.4) with the reference 
electron density no set equal to zero. 



d / dU 
dz V r dz 



-n(z) 



(7.2.7) 



All the ID versions listed above are correct except for Eq. (7.2.6). The Fermi function /o 
appearing in this equation should be replaced by a new function /2D defined as 



f 2D (E) = N 0 m+exp(-E/k B T)] with N 0 



2jvh 2 



(7.2.8) 



(cf.fo(E) = 1/[1 + exp(E / k B T)]). The correct ID version of the Schrodinger-Poisson 
solver is shown in Fig. 7.2.3. 

Where does this new function / 2 d come from? As long as the structure can be 
assumed to be uniformly periodic in the x-y plane and we can neglect all boundary 
effects, the eigenf unctions can still be written in the form of plane waves in the x- and 
y-directions, normalized to lengths L x and L y , respectively: 
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Fig. 7.2.3 The ID Schrodinger-Poisson solver. 



and the electron density is obtained from Eq. (7.2. 1) after summing over all three indices 

{m, k x , k y } = a: 

= 2 E E l*»fe)l 2 /o(e« - M) (7-2.10) 

Equation (7.2.6) is wrong because it simply ignores the summations over k x , k y . The 
correct version is obtained by noting that 

h 2 

e a = s m + — (kl + kl) (7.2.11) 

which follows from Eq. (7.1.7) with a constant (z-independent) effective mass. Note 
that things could get more complicated if the mass itself varies with z since the extra 
term 

would no longer be a constant that can just be added on to obtain the total energy. Under 
some conditions, this may still be effectively true since the wavefunction is largely 
confined to a region with a constant effective mass (see, for example, Exercise 7.1c), 
but it is not generally true. Also, the simple parabolic relation in Eq. (7.2.1 1) usually 
does not hold for the multi-band effective mass equation (see Fig. 7.4.2). 

Using Eq. (7.2.11), the summation over£ x , k y can now be performed analytically to 
show that 

X /o( £ « - A*) = /o ( £ '» " /* + ^ ( k l + 

k X , ky k X , ky 

= / 2 d(£„, - H) (7.2.12) 
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Fig. 7.2.4 One-dimensional one-band effective mass Hamiltonian used to model a channel 
sandwiched between two insulators. 



This is shown as follows: 
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where A = exp(£ / k B T) 
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{ln[A + e^]} 



j ln[l+exp(-£//:Br)]^/ 2D (£) 

Equation (7.2.12) allows us to simplify Eq. (7.2.10) to obtain the equation listed in 
Fig. 7.2.3: 



n(z) = 2 22 \4>m(z)\ 2 flDiSm ~ M) 



(7.2.13) 



A numerical example: We can model the MOS capacitor shown in Fig. 7.2.2 by setting 
up a ID Schrodinger-Poisson solver assuming the cross-section to be uniform in the x-y 
plane with periodic boundary conditions. We set up a lattice along the z-direction with 
a ID Hamiltonian H z that looks like Fig. 7.2.4, where we have assumed that both the 
conduction band edge E c and the effective mass m c could be different for the insulator 
and the channel. However, we will use Eq. (7.2.13) with TVo (see Eq. (7.2.8)) given 
by the channel effective mass, since the wavefunctions are strongly excluded from the 
insulator region. 
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Once we have set up this Hamiltonian H z it is straightforward to evaluate the electron 
density n(z) which can be viewed as the diagonal elements of the ID density matrix 
given by 



P(Z, z') = ^2^>m(z)fzD(Sm ~ ^)<P* n (z') 



(7.2.14a) 



As we have discussed before (see discussion following Eq. (4.3.8)) we could view 
Eq. (7.2.14a) as the real-space representation of a more general matrix relation 



P = f2D(H z ~ fll) 



(7.2.14b) 



As before, the function of a matrix [H z ] is evaluated by firstly diagonalizing [//-], 
secondly calculating the density matrix in the eigenrepresentation, and thirdly trans- 
forming it back to the real-space lattice. This can be achieved in Matlab using the set 
of commands 

(1) [V, D] = eig(Hz); D = diag (D) 

(2) rho = log(l + (exp((mu-D)./kT))) 

(3) rho = V* diag(rho)* V; N = diag(rho) 

The electron density n(z) is obtained from N by multiplying by 2No (see Eq. (7.2.8), 
with an extra factor of two for spin) and dividing by the size of a unit cell a: 
n(z) = Nx 2N r 0 /a. 

We can use the same lattice to solve the Poisson equation 

d / dU\ _ q 2 
dz \ 1 dz J so 

which looks just like the Schrodinger equation and can be solved by the method of 
finite differences in exactly the same way: 



[D2]{U] = ^(2N Q a z ){N] + {U bdy } 
£q a 



(7.2.15) 

where [D2] is the matrix operator representing the second derivative. For a constant e r , 
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(7.2.16) 



Spatial variations in e r can be handled in the same way that we handled spatially varying 
effective masses. The boundary term comes from the non-zero values of U at the two 
boundaries: 



{C/bd y } T = eA-qVo 0 



0 -qV G } 



(7.2.17) 
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Knowing N, we can calculate the potential U from Eq. (7.2.15): 



[U] = —{2N 0 a 2 )[D2r l {N} + [D2r 1 {U bdy } 



£o a 



(7.2.18) 



Figures 7.2.5a, b show the equilibrium band diagram and electron density for a 
3 nm wide channel and a 9 nm wide channel respectively. We have assumed that the 
conduction band edge E c is zero in the channel and at 3 eV in the insulator. We use a 
relative dielectric constant e r = 4 and an effective mass m c = 0.25m everywhere. Also, 
we have assumed that the electrochemical potential fi is equal to E c . In real structures 
the proper location of [i is set by the work function of the metal. The thickness of the 
oxide is assumed to be 2. 1 nm and the calculation was done using a discrete lattice with 
a = 0.3 nm. The gate voltage Vb is assumed to be 0.25 V. 

For the 3 nm channel, the charge density is peaked near the middle of the channel 
as we might expect for the wavefunction corresponding to the lowest energy level of a 
"particle in a box" problem. By contrast, the semi-classical charge density piles up near 
the edges of the channel as we might expect from purely electrostatic considerations. 
This is an example of what is referred to as size quantization. It disappears as we make 
the channel wider, since the "particle in a box" levels get closer together and many of 
them are occupied at low temperatures. Consequently the electron distribution looks 
more classical for the 9 nm channel. Also shown (in dashed lines) is the electron density 
if the gate voltage is applied asymmetrically, i.e. 0 V on one gate and 0.25 V on the other 
gate. Note that for the 9 nm channel there is a significant skewing of the distribution 
when the bias is applied asymmetrically, as we would expect intuitively. But for the 
3 nm channel the electron distribution is only slightly changed from the symmetric to 
the asymmetric bias. The wavefunction remains relatively unaffected by the applied 
bias, because the eigenstates are further separated in energy. 

Semi-classical method: Figure 7.2.5 also shows a comparison of the electron density 
with that obtained from a semi-classical approach which works like this. In a homo- 
geneous structure the eigenfunctions are given by 



so that the electron density obtained from Eq. (7.2.1) after summing over all three 
indices [k x , k y , k z ] = a is uniform in space (Q = L x L y L z ): 



<l>a(r) = 



exp[ik x x] exp[ik y y] exp[ik z z] 



(7.2.19) 







k x ,k y ,k, 



with 



= E C + 
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(7.2.20) 
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Fig. 7.2.5 An MOS capacitor (see Fig. 7.2.2) with a channel thickness of (a) 3 nm and (b) 9 nm. 
We assume /x = 0, E c — 0 in the silicon and E c — 3 eV in the oxide. The top figures show the 
equilibrium band diagram: the solid curves include both the conduction band profile (dashed) and 
the self-consistent potential. The lower figures show the electron density. The thickness of the 
oxide is assumed to be 2.1 nm and the calculation was done using a discrete lattice with a — 0.3 nm. 
The gate voltage Vg is assumed to be 0.25 V. The dashed lines show the electron density when the 
voltage is applied asymmetrically: 0.25 V on one gate, 0 V on the other. 



This summation can be performed following the same procedure as described in 
connection with the 2D version in Eq. (7.2.12): 
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so that we can write 

n = 2f m (E c - ,1) (7.2.21) 



where 



, m c k B T \ 3/2 ( E 



and 



CO 

31/2(x) "^/l 



(7.2.22) 



y/n J 1 + exp(£ — x) 
o 



This expression for the (uniform) electron density n is only correct for a homogeneous 
medium with no external potential. The semi-classical method consists of calculating 
the spatially varying electron density n(z) in the presence of a potential U (z) from a 
simple extension of Eq. (7.2.21): 

n = 2f 3D (E c + U(z) - /x) (7.2.23) 

as if each point z behaves like a homogeneous medium with a conduction band edge 
located at E c + U (z). Replacing the upper block in Fig. 7.2.3 (labeled "Schrodinger") 
with this equation we obtain the semi-classical Schrodinger-Poisson solver widely used 
in device simulation programs. 



Quantum vs. electrostatic capacitance 

The electron density in the channel per unit area n s is obtained by integrating 

n(z) in Eq. (7.2.13) and noting that the wavefunctions are normalized, that is 

/dz|0 m (z)| 2 = l: 

n s = dz n(z) = 2 ^ fiuis,,, - m) (7.3.1) 

" m 

Figure 7.3.1 shows the electron density n s as a function of the gate voltage Vq applied 
symmetrically to both gates. 

The basic physics is illustrated in Fig. 7.3.2. A positive gate voltage lowers the 
overall density of states (DOS) and increases the electron density ns- As long as the 
electrochemical potential /x is located below the lowest energy level, the device is in 
the OFF state. Once fi moves into the energy range with a non-zero DOS the device 
is in the ON state. Figure 7.3.1 shows that it takes a higher threshold voltage to turn 
on the device with the 3 nm channel relative to the one with the 9 nm channel. This is 
because of the increase in the lowest energy level due to size quantization. 
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Fig. 7.3.1 Electron density per unit area, n$ in a 3 nm (solid curve) and a 9 nm (dashed curve) 
channel as a function of the gate voltage Vq applied symmetrically to both gates calculated 
numerically using the model described in Section 7.2. 




D( E) (arb. units) 



Fig. 7.3.2 A positive voltage Vq applied to the gate moves the density of states D(E) downwards. 
Since the electrochemical potential pu remains fixed, this increases the number of occupied states 
and hence the number of electrons N. 

Equivalent circuit: An interesting question to ask is the following: how does the 
potential Vc in the channel change as the gate voltage Vq is changed? It is easy to 
answer this question in two extreme situations. If the channel is in the OFF state, 
then it behaves basically like an insulator, and the channel potential Vc is equal to 
Vg- But if the channel is in the ON state then it behaves like the negative plate of a 
parallel plate capacitor, so that the channel potential Vc is equal to the source (or drain) 
potential which we have assumed to be the ground. What is not obvious is the answer 
in intermediate situations when the channel is neither an insulator nor a conductor. The 
approximate equivalent circuit shown in Fig. 7.3.3 can be used to answer this question. 
Let me explain where it comes from. 
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Fig. 7.3.3 Approximate equivalent circuit representation of the MOS capacitor. 

The channel is connected to the two gate electrodes by the familiar parallel plate 
capacitors; the capacitance (per unit area) is proportional to the effective dielectric 
constant e and inversely proportional to the distance d between the center of the channel 
and the gate electrode: 

C ins = e/d (7.3.2) 

Of course this is just an approximate expression since the electrons in the channel are 
not all located at the center as we have idealized. Also, one could raise questions about 
the exact dielectric constant e to use, since it should represent an appropriate average 
over the channel and the insulator. One could take such "details" into account and try 
to come up with a more accurate expression, but that would obscure the purpose of 
this discussion which is to gain "insight." To get the quantitative details right, we can 
always use the numerical model described at the end of the last section. The point is 
that the capacitors labeled O ms are essentially the same capacitors that we learnt about 
in freshman physics. 

But where does the quantum capacitance Cq come from? We saw in the last section 
that we have to perform a simultaneous solution of two relations connecting the electron 
density to the potential (see Fig. 7.2.3): an electrostatic relation (Poisson) and a quantum 
relation (Schrodinger). The electrostatic relation can be written as 

U = U L + [q\N - N 0 )/C E ] (7.3.3) 

where Ul is the channel potential obtained from a solution to the Laplace equation 
assuming zero charge, while (N — Nq) tells us the extra electron density relative to the 
number No required to keep it neutral. The quantum relation can be written as 

N = j dE D(E - U)f 0 (E - fi) (7.3.4) 



where D(E — U) is the density of states (per unit area) shifted by the potential U. 
This is a non-linear relation and we could get some insight by linearizing it around 
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an appropriate point. For example, we could define a "neutral potential" U = U^, for 
which N = No and keeps the channel exactly neutral: 

N Q = J dE D(E - C/ N )/ 0 (£ - n) 

— oo 

Any increase in U will raise the energy levels and reduce N, while a decrease in U will 
lower the levels and increase N. So, for small deviations from the neutral condition, we 
could write 

N-N 0 ^ C Q [U N - U]/q 2 (7.3.5) 
where 

C Q = -q 2 [dN/dU] u=U} , (7.3.6) 

is called the quantum capacitance and depends on the density of states. We can substitute 
this linearized relation into Eq. (7.3.3) to obtain 

U = U L + %U N - U) 

c E u L + c 0 u N 

-> U = g (7.3.7) 

Ce + Cq 

Equation (7.3.7) is easily visualized in terms of the capacitive network shown in 
Fig. 7.3.3. The actual channel potential U is intermediate between the Laplace potential 
Ul and the neutral potential U^. How close it is to one or the other depends on the rel- 
ative magnitudes of the electrostatic capacitance Ce and the quantum capacitance Cq. 

From Eqs. (7.3.4) and (7.3.6) it is straightforward to show that the quantum capaci- 
tance Cq is proportional to the DOS averaged over a few k#T around fi: 

C Q ee q 2 D 0 (7.3.8) 



A,-/ 



dE D(E - U N )Fj(E - fi) (7.3.9) 



where F T (£) is the thermal broadening function defined as 

dfo 1 , / E \ 

F T (E) ee — = sec/! 2 ) (7.3.10) 

dE 4k B T \2k B T J 

Figure 7.3.4 shows a sketch of the thermal broadening function; its maximum value 
is (l/4k B T) while its width is proportional to k B T; it is straightforward to show that 
the area obtained by integrating this function is equal to one, independent of k B T: 
f dEFj{E) = 1. This means that at low temperatures F T (E) becomes very large but 
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very narrow while maintaining a constant area of one. Such a function can be idealized 
as a delta function: Fj(E) —> 8(E), which allows us to simplify the expression for the 
quantum capacitance at low temperatures 

C Q % q 2 D(E = 11 + U N ) (7.3.11) 

showing that it is proportional to the density of states around the electrochemical 
potential fi after shifting by the neutral potential U^. 

It is easy to see from the equivalent circuit in Fig. 7.3.3 that 

Vc = V G — ^— where C E = 2C ins (7.3.12) 

Devices in the OFF state have zero Cq, so that Vq = Vq. But in the ON state, Cq is 
non-zero and Vc is thus smaller than Vq. The measured capacitance C is the series 
combination of the electrostatic and quantum capacitances 

C = — — ^- (7.3.13) 

Ce + Cq 

and is dominated by the smaller of the two. 

We can get an approximate feeling for the magnitude of the quantum capacitance 
Cq in the ON state by noting that a 2D conductor described by a parabolic dispersion 
relation has a constant DOS (Table 6.2.1): D(E) = Sm c /nh 2 , so that we can write the 
quantum capacitance approximately as 

q 2 m c S sS 

C 0 = - — %- = (7.3.14) 

where is given by an expression similar to that for the Bohr radius that we defined in 
Chapter 2 (see Eq. (2. 1.5)). But it is larger than the Bohr radius (= 0.053 nm) because 
the conduction band effective mass (m c ) is smaller than the free electron mass (m) and 
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the dielectric constant (e) is larger than that for free space (sq): 

An eh 2 m e 

= (0.053 nm) (7.3.15) 



m c q 2 m c sq 

The quantum capacitance is thus equal to that of a parallel plate capacitor whose 
plates are separated by /4. Since this is usually a very small number, the quantum 
capacitance in the ON state is typically well in excess of the electrostatic capaci- 
tance Ce and the measured capacitance is dominated by the latter (see Eq. (7.3.13)). 
But in materials with a small effective mass, the quantum capacitance can be small 
enough to have a significant effect, especially if the insulator is very thin making 
C E large. 

OFF regime: In the OFF regime, the density of states close to E = /x is negligible, and 
so is the quantum capacitance Cq. Consequently the channel potential Vc is essentially 
equal to the gate voltage V G , so that we can write 

N= J dE ME - n - qVa)D(E) 

— OO 

+oo 

"/ dEex "(- E "r,^ y ° ) D(£) 

— oo 

since E — fi — q Vq 3> &b T in the energy range where D(E) is non-zero. In this regime, 
the number of electrons changes exponentially with gate voltage: 

so that 

This is basically the well-known result that in the OFF regime, the number of elec- 
trons increases by a decade (i.e. a factor of ten) for every 23k%T (~ 60meV at room 
temperature) increase in the gate voltage. This relation can be verified by replotting 
Fig. 7.3.1 on a logarithmic scale and looking at the slope in the OFF regime. 

ON regime: In the ON regime, the electrochemical potential /x lies well inside the 
band of states where D(E) (and hence the quantum capacitance Cq) is significant. The 
actual capacitance is a series combination of the quantum and electrostatic capacitances 
as explained above. From the slope of the n s vs. Vq curve in the ON region (see 
Fig. 7.3.1), we deduce a capacitance of approximately 1.8 x 10~ 6 F/cm 2 for the 3 nm 
channel. If we equate this to 2e/d, we obtain d = 3.9 nm, which compares well with 
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the number obtained by adding half the channel width (1.5 nm) to the oxide thickness 
(2.1 nm), showing that the effective capacitance is largely electrostatic (rather than 
quantum) in origin. 



Supplementary notes: multi-band effective mass Hamiltonian 

The one-band effective mass model works very well when we have an isotropic parabolic 
band that is well separated from the other bands. This is usually true of the conduc- 
tion band in wide-bandgap semiconductors. But the valence band involves multiple 
closely spaced bands that are strongly anisotropic and non-parabolic. Close to the T 
point the energy dispersion can usually be expressed in the form (A, B, and C are 
constants) 



E(k) = E V - Ak 2 ± JB 2 k 4 + C 2 (k 2 k 2 + k 2 k\ + k 2 k 2 ) 



(7.4.1) 



This dispersion relation can be described by a 4 x 4 matrix of the form (/ is a 4 x 4 
identity matrix) 
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P = E v + %*(kl + k 2 y +kt) 
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The Luttinger parameters y { , y 2 , and y 3 are available in the literature for all com- 
mon semiconductors (see, for example, Lawaetz (1971)). One can argue that Eqs. 
(7.4.1) and (7.4.2) are equivalent since it can be shown using straightforward algebra 
that 



[T] 2 = (Q 2 + R 2 + S 2 )I = [B 2 k 4 + C 2 (k 2 k 2 + k 2 k 2 + k 2 kf)]l 



7.4 Supplementary notes: multi-band effective mass Hamiltonian 




ka (fraction of maximum value) 



Fig. 7.4.1 Solid curves show the full bandstructure obtained from the sp 3 s* model described in 
Chapter 5. Dashed curves show the dispersion obtained from a two-band effective mass model 
(Eq. (7.4.2)) with parameters adjusted for best fit. 

It can be seen from Fig. 7.4.1 that the eigenvalues of [h(k)] describe well the two 
highest valence bands (light hole and heavy hole) very close to the V point. To get 
better agreement over a wider range of values and to include the split-off band (see 
Fig. 7.4.2), one often uses a three -band [h(k)] of the form 
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(7.4.3) 



We can use either the two-band [h(k)] in Eq. (7.4.2) or the three-band [h(k)] in 
Eq. (7.4.3) to construct an effective mass equation for the valence band using the same 
principle that we used for the conduction band (cf. Eqs. (7.1.2), (7.1.3)). We simply 
replace k with — iV in the expression for h(k) to obtain a coupled differential equation 
of the form 



[h(k^ -iV)]{/(r)} = E{f(r)} 



(7.4.4) 
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Fig. 7.4.2 Solid curves show the full bandstructure obtained from the sp 3 s* model described in 
Chapter 5. Dashed lines show the dispersion obtained from a three-band effective mass model 
(Eq. (7.4.3)) with parameters adjusted for best fit. 



where the "wavefunction" {/(?)} now has four (or six) components. It is easy to check 
that plane wave solutions of the form \f(r)} = {fo} exp(i& • r) with any k will satisfy 
Eq. (7.4.4) provided {/o} is an eigenfunction of [h(k)] 

[h(k)Wo} = E{f 0 ] (7.4.5) 

This means that the effective mass equation in Eq. (7.4.4) will generate a bandstructure 
identical to that obtained from the original [h(k)]. 

We could use the finite difference method to convert Eq. (7.4.4) into a Hamiltonian 
matrix, the same way we went from Eq. (7.1.3) to the matrix depicted in Fig. 7.4.2. 
In Fig. 7.4.3, the unit cell matrices [H, m ] and the bond matrices [//„„,, n ^ m] will 
all be (4 x 4) or (6 x 6) matrices depending on whether we start from the two-band 
(Eq. (7.4.2)) or the three-band (Eq. (7.4.3)) model. For example, the two-band model 
leads to matrices [H nm ] of the form 
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where the individual terms P nm , Q nm , etc. are obtained from the corresponding functions 
P(k), Q(k) using the same procedure that we used to obtain a one -band effective mass 
Hamiltonian (see Fig. 7.1.3) from the one -band h(k) (see Eq. (7.1.2)). 
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Fig. 7.4.3 The multi-band effective mass Hamiltonian matrix can be depicted schematically as a 
3D network of unit cells (unrelated to the actual crystal structure) described by [H„„] bonded to its 
nearest neighbors by [H nm ], These matrices will be (4 x 4) or (6 x 6) depending on whether we 
start from the two-band (Eq. (7.4.2)) or the three-band (Eq. (7.4.3)) model. 
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Fig. 7.4.4 Energy of the four highest energy levels of a GaAs quantum well sandwiched between 
Alo.3Gao.7As barriers (shown in inset) as a function of the well width W calculated from a two-band 
effective mass model. 



The same approach is used to write down the [H„,„] matrices for the three -band 
model (Eq. (7.4.3)). For narrow-gap semiconductors, it is common to use a four-band 
model where the matrices [H nm ] are (8 x 8) in size. Multi-band effective mass models 
may not appear to represent much of a simplification relative to an atomistic model like 
the sp 3 s* model. However, the simplification (numerical and even conceptual) can be 
considerable for two reasons: 

(1) the matrices [H nm ] are somewhat smaller (cf. (20 x 20) for the sp 3 s* model) 

(2) the lattice can be much coarser and can have a simpler structure (simple cubic rather 
than FCC) than the real atomic lattice, resulting in a smaller overall Hamiltonian 
that is also easier to visualize. 
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Fig. 7.4.5 The dispersion relation as a function of k y with & v = 0 for the two highest 
subbands of a quantum well with W — 5.1 nm, calculated from the two-band effective mass model. 



A short example to illustrate the basic approach is given below, but as I have said earlier, 
I will not discuss multi-band models (or any model other than the one -band effective 
mass model) any further in this book. 



An example: Figure 7.4.4 shows the energies of the four highest valence band levels 
of a GaAs quantum well sandwiched between Alo.3Gao.7As barriers calculated as a 
function of the well width using the two-band model assuming 

for GaAs: £ v = OeV, Yl = 6.85, y 2 = 2.1, y 3 = 2.9 
for AlAs: £ v = 0.75 eV, y, =3.45, y 2 = 0.68, y 3 = 1.29 

and interpolating linearly for the AlAs— GaAs alloy. Figure 7.4.5 shows the dispersion 
relation E(k) as a function of k y with k x = 0 for the four highest valence subbands of a 
quantum well of width W = 5.1 nm. 



EXERCISES 
E.7.1. 

(a) Plot E(k) along T-X and F-L from 



h(k) =E C + 




and compare with the plot from the sp 3 s* model (see Exercise E.5.2) over the 
appropriate energy and wavevector range (cf. Fig. 6.1.2). What values of E c and m c 
give the best fit? 

(b) Use a one-band effective mass model to calculate the energies of the two lowest 
levels of a GaAs quantum well sandwiched between Alo.3Gao.7As barriers as a 
function of the well width. Assume that for GaAs, E c = 0 eV, m c = 0.07m; and for 
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AlAs, E c = 1.25 eV, m c = 0.15m and interpolate linearly to obtain £ c and m c for 
the AlAs-GaAs alloy (cf. Fig. 7.1.5). 
(c) Use a one-band model to calculate the dispersion relation E(k) as a function of the 
magnitude of the in-plane wavevector k = {k x k y ] for the two lowest subbands 
of a quantum well with W = 6.9 nm, using the same parameters as in part (b) above 
(cf. Fig. 7.1.6). 

E.7.2. 

(a) Consider the MOS capacitor shown in Fig. 7.2.2 and calculate the self- 
consistent conduction band profile and the electron density using a discrete lattice 
with a = 0.3 nm. Assume that: (1) the thickness of the oxide is 2.1 nm and the 
channel thickness is 3nm; (2) /x = 0, E c = 0 in the silicon and E c = 3eV in 
the oxide; (3) dielectric constant e = 4eo and m c = 0.25m everywhere; and (4) the 
gate voltage Vb = 0.25 V. Repeat with a channel thickness of 9 nm and also with 
the gate voltage applied asymmetrically with 0 V on one gate and 0.25 V on the 
other gate. Compare with Fig. 7.2.5. 

(b) Calculate the electron density per unit area as a function of the gate voltage (applied 
symmetrically to both gates) for the structure with a 3 nm channel and with a 9 nm 
channel. Compare with Fig. 7.3.1. Calculate the effective capacitance from the 
slope of the curve in the ON state and deduce an effective plate separation d by 
equating the capacitance to 2s Id. 

E.7.3. 

(a) Plot E(k) along F-X and T-L from the two-band model (see Eq. (7.4.2)) and 
compare with the plot from the sp 3 s* model (see Exercise E.5 .3) over the appropriate 
energy and wavevector range (cf. Fig. 7.4.1). Use y\ = 6.85, yi = 2.1, 73 = 2.9. 

(b) Use the two-band model to calculate the energies of the four highest valence band 
levels of a GaAs quantum well sandwiched between Alo.3Gao.7As barriers as a 
function of the well width. Assume that for GaAs: E v = OeV, y\ = 6.85, 72 = 
2.1, 73 = 2.9 and for AlAs: £ v = -0.75 eV, 71 = 3.45, y 2 = 0.68, y 3 = 1-29 and 
interpolate linearly for the AlAs-GaAs alloy. Compare with Fig. 7.4.4. 

(c) Use the two-band model to calculate the dispersion relation E(k) as a function 
of ky with k x = 0 for the four highest valence subbands of a quantum well with 
W = 5.1 nm, using the same parameters as in part (b). Compare with Fig. 7.4.5. 

E.7.4. A small device described by a (2 x 2) Hamiltonian matrix 

H=\° * 

to 0 

is in equilibrium with a reservoir having an electrochemical potential fi with temperature 
T = 0. Write down the density matrix if (i) /x = 0, (ii) /x = 2 assuming (a) r 0 = +1 
and (b) to = — 1 . 
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E.7.5. A metallic nanotube of radius a has only one subband in the energy range of 
interest, whose dispersion relation is given by e(k) = hvk, i> being a constant and & being 
the wavenumber along the length of the nanotube. Assume that (i) the electrochemical 
potential fi = 0 and (ii) a coaxial gate of radius b is wrapped around the nanotube such 
that the electrostatic capacitance Ce = 2tts, -£o/ln(Z?/a). 

(a) How is the change (from the equilibrium value) in the electron density per unit 
length related to the gate voltage Vq? 

(b) Would this make a good transistor? 

E.7.6. Write down the appropriate effective mass equation if the dispersion relation 
(in ID) is given by 
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In Chapter 1 , we saw that current flow typically involves a channel connected to two 
contacts that are out of equilibrium with each other, having two distinct electrochemical 
potentials. One contact keeps filling up the channel while the other keeps emptying it 
causing a net current to flow from one contact to the other. In the next chapter we will 
take up a quantum treatment of this problem. My purpose in this chapter is to set the 
stage by introducing a few key concepts using a simpler example: a channel connected 
to just one contact as shown in Fig. 8.1. 

Since there is only one contact, the channel simply comes to equilibrium with it 
and there is no current flow under steady-state conditions. As such this problem does 
not involve the additional complexities associated with multiple contacts and non- 
equilibrium conditions. This allows us to concentrate on a different physics that arises 
simply from connecting the channel to a large contact: the set of discrete levels broadens 
into a continuous density of states as shown on the right-hand side of Fig. 8.1. 

In Chapter 1 I introduced this broadening without any formal justification, pointing 
out the need to include it in order to get the correct value for the conductance. My 
objective in this chapter is to provide a quantum mechanical treatment whereby the 
broadening will arise naturally along with the "uncertainty" relation y = fi/x connect- 
ing it to the escape rate 1/r for an electron from the channel into the contact. Moreover, 
we will see that in general the broadening is not just a number y as we assumed, but 
a matrix [T] of the same size as the Hamiltonian matrix [H], which can be energy 
dependent (unlike [//]). 

I will start in Section 8.1 from a Schrodinger equation describing the entire system, 
channel + contact (see Fig. 8.2): 




H x 



(8.1) 



and show that the contact (or reservoir, of size R) can be eliminated to obtain an equation 
for only the channel that has the form 



E{f} = [H + E]{iA) + {5} (8.2) 
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Fig. 8.1 A channel connected to one contact. The set of discrete levels broaden into a continuous 
density of states as shown. 
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Fig. 8.2 A channel described by [H] is connected through [r] to a contact described by [Hr\. We 
can write an equation for the channel alone that has the form shown in Eq. (8.2). 



This is the central result that we will use as a starting point in Section 8.1 when we 
discuss current flow between two contacts. Here {S} is a "source" term representing 
the excitation of the channel by electron waves from the contact, while the self-energy 
matrix [ £ ] could be viewed as a modification of the Hamiltonian [H] so as to incorporate 
the "boundary conditions," in somewhat the same way that we added a couple of terms 
to [H] to account for the periodic boundary conditions (see Eq. (1.3.3)). 

However, there are two factors that make [£] much more than a minor modification 
to [H]. Firstly, [£] is energy dependent, which requires a change in our viewpoint from 
previous chapters where we viewed the system as having resonant energies given by 
the eigenvalues of [//]. Since [£] is energy dependent, we would need to find each of 
the eigenvalues e„ iteratively, so that it is an eigenvalue of [H + Y,(E = £„)]. It is more 
convenient to think of the energy E as an independent variable and look for the response 
of the device to incident electrons with different energies and that is the viewpoint we 
will adopt from hereon. 

Note that this represents a significant departure from the viewpoint we have held so 
far, regardless of whether the [£] is energy -dependent or not. In the past, we have been 
asking for the eigenenergies of an isolated channel, which is analogous to finding the 
resonant frequencies of a guitar string (see Fig. 2.1.3). But now we wish to know how 
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the "string" responds when it is excited by a tuning fork with any given frequency, that 
is, how our channel responds when excited by an electron of any given energy from the 
contact. 

The second distinguishing feature of the self -energy E is that, unlike [H], it is NOT 
hermitian and so the eigenvalues of H + S are complex. Indeed the anti-hermitian part 



can be viewed as the matrix version of the broadening y introduced earlier for a one- 
level device and in Section 8.2 we will relate it to the broadened density of states in 
the channel. In Section 8.3, we will relate the broadening to the finite lifetime of the 
electronic states, reflecting the fact that an electron introduced into a state does not stay 
there forever, but leaks away into the contact. 

You might wonder how we managed to obtain a non-hermitian matrix [H + S] out 
of the hermitian matrix in Eq. (8.1). Actually we do not really start from a hermitian 
matrix: we add an infinitesimal quantity i0 + to the reservoir Hamiltonian H R making 
it a "tiny bit" non-hermitian. This little infinitesimal for the reservoir gives rise to a 
finite broadening T for the channel whose magnitude is independent of the precise 
value of 0 + . But this seemingly innocuous step merits a more careful discussion, for 
it essentially converts a reversible system into an irreversible one. As we will explain 
in Section 8.4, it also raises deeper questions about how large a system needs to be in 
order to function as a reservoir that leads to irreversible behavior. 

In this chapter we are using the concept of self-energy to account for the contacts 
(like the source and drain) to the channel. However, the concept of self-energy is far 
more general and can be used to describe all kinds of interactions (reversible and 
irreversible) with the surroundings and not just the contacts. Indeed this is one of the 
seminal concepts of many-body physics that is commonly used to describe complicated 
interactions, compared to which our problem of contacts is a relatively trivial one that 
could be treated with more elementary methods, though not quite so "elegantly." My 
objective, however, is not so much to provide an elegant treatment of a simple problem, 
as to introduce a deep and profound concept in a simple context. In Chapter 10 we will 
extend this concept to describe less trivial "contacts," like the interaction with photons 
and phonons. 
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Our objective in this section is to obtain an equation of the form (see Eq. (8.2)) 



of £ 



r = i[E 



£+ 



(8.3) 



E{f} = [H + E]{^} + {5} 



(8.1.1) 
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Fig. 8.1.1 Toy example: a semi-infinite wire described by a one-band effective mass Hamiltonian. 
The first point "0" is treated as the channel and the rest as the contact. 

describing an open system, unlike the equation E{ijr} = [H]{\[r] that we have been using 
for closed systems so far. The basic idea is easy to see using a simple toy example. 

Toy example: Consider a semi-infinite ID wire described by a one -band effective 
mass Hamiltonian of the form shown in Fig. 8.1.1. Let us treat the first point of the wire 
labeled "0" as our channel and the rest of the wire labeled n, n < 0, as the contact. 

If the "channel" were decoupled from the "contact" it would be described by the 
equation: 

Ef = (E c + 2t 0 )f 

Once we couple it to the "contact" this equation is modified to 

Ef = (E c + 2t 0 )f -to^-i (8.1.2) 

where the contact wavefunctions 4>„ satisfy an infinite series of equations (n < 0) 

E<t>„ = -fo^-i + (E c + 2f 0 )<D„ - t 0 <i> n+l (8.1.3) 

Now, since the equations in this infinite set all have the same structure we can use the 
basic principle of bandstructure calculation (see Eq. (5.2.4)) to write the solutions in 
the form of plane waves, labeled by k. Assuming the solution to consist of an incident 
wave from the contact and a reflected wave back from the channel, we can write 



O n = B exp (+ikna) + C exp (— ikna) 
where 

E = E c + 2to (1 — cos ka) 
Using Eq. (8.1.4) we can write 



(8.1.4) 



(8.1.5) 



f = <5 0 = B + C 
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and 

4>_i = 5exp(— ika) + Cexp(+i&a) 
so that 

<!>_i = ifr exp(+i£a) + fi[exp(— ika) — exp(+i£a)] 
Substituting back into Eq. (8.1.2) we obtain 

Exjr = (E c + 2to)x// — to exp(+i&a)i/f + fo5[exp(+i&a) — exp(— ika)] (8.1.6) 
which has exactly the form we are looking for with 

Y, = — 1 0 exp(+ika) (8.1.7a) 
and 

S = it 0 2B sin ka (8.1.7b) 

Note that the self-energy £ is non-hermitian and is independent of the amplitudes B, 
C of the contact wavefunction. It represents the fact that the channel wavefunction can 
leak out into the contact. The source term S, on the other hand, represents the excitation 
of the channel by the contact and is proportional to B. Let us now go on to a general 
treatment with an arbitrary channel connected to an arbitrary contact. 



General formulation: Consider first a channel with no electrons which is discon- 
nected from the contacts as shown in Fig. 8.1.2a. The electrons in the contact have 
wavefunctions {Qr} that obey the Schrodinger equation for the isolated contact 

[ei r - HrU^r} = {0} 

where [H R ] is the Hamiltonian for the contact and [I R ] is an identity matrix of the same 
size as [H R ]. Let me modify this equation to write 

[EI R -H r + i77]{0«} = {S R } (8.1.8a) 

where [rj\ = 0 + [/^] is a small positive infinitesimal times the identity matrix, whose 
significance we will discuss further in Section 8.4. At this point, let me simply note that 
the term i[)?]{0«} on the left of Eq. (8.1.8a) represents the extraction of electrons from 
the contact while the term {Sr} on the right of Eq. (8.1.8a) represents the reinjection of 
electrons from external sources: such extraction and reinjection are essential to maintain 
the contact at a constant electrochemical potential. 

The results we will derive next are independent of the term { 5^ } that I have introduced 
in Eq. (8.1.8a). Indeed, it might appear that we could set it equal to the term iM}^}, 
thereby reducing Eq. (8.1.8a) to the Schrodinger equation [EI R — H R ]{<t> R } = {0}. 
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Fig. 8.1.2 (a) Channel contains no electrons and is disconnected from the contact where the 
electrons occupy the states described by (<J> R ). (b) On connecting to the contact, the contact 
wavefunctions {Qr} "spill over" into the device giving rise to a wavefunction {ifr} in the channel 
which in turn generates a scattered wave {x} in the contact. 



However, as I mentioned in the introduction, the transition from the Schrddinger equa- 
tion to Eq. (8.1.8a) represents a fundamental change in viewpoint: E is no longer an 
eigenenergy, but an independent variable representing the energy of excitation from 
external sources. With the Schrodinger equation, the are essentially the eigen- 
functions of [Hr] that are non-zero only when the energy E matches one of the eigen- 
energies of [Hr]. On the other hand, the [Qr] in Eq. (8.1.8a) are non-zero for all 
energies E with peaks around the eigenenergies of [Hr], whose sharpness depends on 
the infinitesimal 0 + . 

When we couple the channel to the contact as shown in Fig. 8.1.2b, the contact 
wavefunctions will "spill over" giving rise to a wavefunction {i/r} inside the device 
which in turn will excite scattered waves {x}. The overall wavefunction will satisfy 
the composite Schrodinger equation for the composite contact-device system, which 
we can write in two blocks: 



contact device 
contact (eIr-Hr+it) -t+ \ J <D R + x | ( S R 
device \ -x El — H] \ \lr I I 0 



(8.1.8b) 



where [H] is the device Hamiltonian. The different quantities appearing in Eq. (8.1 .8b) 
are not numbers (except for the energy E). They are matrices of different sizes: 
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Contact Hamiltonian [H R ], identity matrix [I R ], damping [r]]: (R x R) 
Channel Hamiltonian [H], identity matrix [/]: (d x d) 
Coupling Hamiltonian [t]: (d x R), [t + ]: (R x d) 
or column vectors: 

Contact wavefunction {<!>«}, {x}> source {Sr}: (R x 1) 
Device wavefunction {x//}: (d x 1) 

Note that in going from Eq. (8.1.8a) to Eq. (8.1.8b), the term {Sr} on the right-hand 
side, representing the reinjection of electrons from external sources, is assumed to 
remain unchanged. This allows us to make use of Eq. (8.1.8a) to eliminate {Sr} from 
Eq. (8.1.8b) to write: 

[EI R - H R +ii 1 ]{ X }-[r + ]W = {0} 
[EI- HM}-[t]{ X } = [t]{$r} 

We can use straightforward matrix algebra to express { / } in terms of {xfr } from the first 
equation 

[ x } = G R x + [f} 

where 

G R = [EI R -H R +i n r X (8.1.9) 
and 

M = o+[/ fi ] 

and substitute into the second equation to obtain 

[EI - H - E] {f} = {S} (8.1.10) 
where 

T, = rG R r + S=t^r (8.1.11) 

Equation (8.1.10) has exactly the form of the result (see Eq. (8.1 .1)) that we are trying 
to prove, while Eq. (8.1.11) gives us a formal expression that we can use to evaluate 
£ and S. It is apparent from Eq. (8.1.9) that the quantity G R represents a property of 
the isolated contact since it only involves the contact Hamiltonian H R . It is called the 
Green 's function for the isolated contact, the physical significance of which we will 
discuss in Section 8.2. 

Evaluation of £ and S: Looking at Eq. (8.1.1 1), it is not clear how we could evaluate 
it for specific examples, since the matrix Gr is of size (R x R), which is typically 
huge since the size of the reservoir R is often infinite. However, we note that although 
the matrix [r] is formally of size {d x R), in "real space" it only couples the r surface 
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elements of the reservoir next to the channel. So we could truncate it to a (d x r) matrix 
and write 



S = r g R r+ 

(dxd) (dxr) (rxr) (rxd) 

and 

(Jxl) (dxr) (rxl) 



(8.1.12a) 



(8.1.12b) 



where the surface Green's function g R represents an (r x r) subset of the full Green's 
function G R involving just the r points at the surface, and {cp R } represents an (r x 1) 
subset of the contact wavefunction <t> R . For the toy example that we discussed at the 
beginning of this section, we can show that 



T = -t 0 

and 



4>R 



-i2B sin ka 



gR = ~ (l/*o) exp(ifca) 



(8.1.13a) 



(8.1.13b) 



which, when substituted into Eqs. (8.1.12a, b), yields the same results that we obtained 
earlier (cf. Eqs. (8.1.7a, b)). The expression for (p R is obtained by noting that it is 
equal to the wavefunction <t>_i that we would have in the contact (at the point that is 
connected to the channel) if it were decoupled from the channel. This decoupling would 
impose the boundary condition that <$>q = 0, making C = —B, and the corresponding 
4>_i is equal to (— i2B sin ka) as stated above. The expression for g R takes a little 
more algebra to work out and we will delegate this to exercise E.8.1 at the end of the 
chapter. 

Another way to evaluate S and S is to work in the eigenstate representation of the 
contact, so that the contact Hamiltonian H R is diagonal and the Green's function Gr 
is easily written down in terms of the eigenvalues e„ of H R : 

1 



[G R (E)] 



si + i0+ 
0 



0 

1 



E-s 2 + i0+ 



(8.1.14) 



In this representation, the coupling matrix [t] cannot be truncated to a smaller size and 
we have to evaluate an infinite summation over the eigenstates of the reservoir: 



^E-e„ + i0+ 

Si(E) EE Win {®R}n 



(8.1.15a) 
(8.1.15b) 
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However, this summation can often be carried out analytically after converting to a 
summation. As an example, Exercise E.8.2 shows how we can obtain our old results 
(Eqs. (8.1.7a)) for the toy problem starting from Eq. (8.1.15a). 

Before moving on let me briefly summarize what we have accomplished. A channel 
described by a Hamiltonian [H] of size (d x d) is coupled to a contact described by a 
(R x R) matrix [Hg], where the reservoir size R is typically much larger than d {R ^> d). 
We have shown that the effect of the reservoir on the device can be described through 
a self -energy matrix E(£) of size {d x d) and a source term S(E) of size (d x 1). 



Local density of states 

We have just seen that a channel coupled to a contact can be described by a modified 
Schrddinger equation of the form E{\j/} = [H + S]}^} + {S} where {S} represents 
the excitation from the contact and the self -energy S represents the modification of 
the channel by the coupling. Unlike [H], [H + E] has complex eigenvalues and the 
imaginary part of the eigenvalues both broadens the density of states and gives the 
eigenstates a finite lifetime. In this section we will talk about the first effect and explain 
how we can calculate the density of states in an open system. In the next section we 
will talk about the second effect. 

Consider the composite system consisting of the channel and the contact. Earlier, in 
Eq. (6.2. 14), we agreed that a system with a set of eigenvalues s a has a density of states 
given by 

D(E) = J2 S ( E ~ £ a) (8-2.1) 

How can different energy levels have different weights as implied in the broadened 
lineshape on the right-hand side of Fig. 8.1? Doesn't Eq. (8.2.1) tell us that each 
energy level gives rise to a delta function whose weight is one? The problem is that 
the density of states in Eq. (8.2.1) does not take into account the spatial distribution 
of the states. If we want to know the local density of states in the channel we need to 
weight each state by the fraction of its squared wavefunction that resides in the channel 
denoted by d: 

D(d; E) = J2\<t> a (d)\ 2 S(E - e a ) 

a 

For example, suppose the device with one energy level e were decoupled from the 
reservoir with a dense set of energy levels {sr}. The total density of states would then 
be given by 

D(E) = J2 8 ( E ~ e «) =S(E-s) + J2 S(E - £„) 

a n 
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Fig. 8.2.1 A channel with a single energy level e coupled to a reservoir with a dense set of energy 
levels {e,,}. The local density of states on the channel shows a single sharp level before being 
coupled to the reservoir. But on being coupled, it shows a series of levels of varying heights 
reflecting the fraction of their squared wavefunction that reside in the channel. 



while the local density of states on the channel would simply be given by 
D(d; E) = J2 \$ a (d)\ 2 8(E - s a ) = S(E - s) 

a 

since the reservoir states have wavefunctions that have no amplitude in the channel at 
all. Once we couple the channel to the reservoir, things will not be so clear cut any 
more. There will be one level with its wavefunction largely on the channel, but there 
will be many other neighboring states with their wavefunctions residing partially on 
the channel. If we look at the local density of states in the channel we see a series of 
energy levels with varying heights, reflecting the fraction of the squared wavefunction 
residing in the channel (Fig. 8.2.1). 

In general we can define a local density of states (LDOS) D(r; E) that weights each 
level by the square of its wavefunction at the location r : 

D(r-E) = Y J \<$> a (f)\ 2 KE-e a ) (8.2.2) 

which can be viewed as the diagonal element (divided by 2it) of a more general concept 
called the spectral function [A(£)] : 

A(r, ?'; E) = 2jtJ2 <l> a (r)S(E - s a )4>*(?') (8.2.3) 
just as the electron density 

n(r) = \<P a (r)\ 2 Ms a - fi) (8.2.4) 

a 

can be viewed as the diagonal element of the density matrix: 

p(r, ?') = £ 4> a (?)Me a - vWffi (8.2.5) 

a 
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We argued in Section 4.3 that Eq. (8.2.5) is just the real-space representation of the 
matrix relation: 



[p] = mm - fiii]) 

Using the same argument we could write the spectral function as 
[A(E)]=2jt8(E[I]-[H]) 



(8.2.6) 



(8.2.7) 



and view Eq. (8.2.3) as its real-space representation. If we use the eigenstates of H as 
our basis then [H] is diagonal: 



[H] = 



Si 


0 


0 


0 




0 


0 


0 


£3 



and so is [A(£)]: 



[A(E)] = 2jt 



S(E- £l ) 
0 
0 



0 

S(E - e 2 ) 
0 



0 
0 

S(E - e 3 ) 



(8.2.8) 



Equation (8.2.3) transforms this matrix into a real-space representation. In principle 
we could write the spectral function in any representation and its diagonal elements 
will tell us the LDOS (times lit) at energy E in that representation, just as the diagonal 
elements of the density matrix tell us the local electron density in that representation. 
The total number of electrons N is given by the sum of all the diagonal elements of [p] 
or the trace of [p], which is independent of representation: 

N = Trace [p] = ^ / 0 (e a - /x) 

a 

Similarly, the total density of states given by the trace of the spectral function [A] 
divided by 2tt is independent of representation and is readily written down from the 
eigenstate representation: 

D(E) = — Trace[A(£)] = Ti(£- s a ) (8.2.9) 
2n ' 



Sum rule: An important point to note is that if we look at the total number of states at 
any point integrated over all energy, the answer is one. If we start with a device having 
one level and couple it to a reservoir, it will broaden into a series of levels (Fig. 8.2.1) of 
varying strengths representing the fact that the wavefunction for each level contributes 
to different extents to the device. But if we add up the strengths of all the levels the 
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answer is the same as that of the original level. What the device loses from its one level 
due to hybridization, it gains back from the other levels so that the broadened level in 
the device can accommodate exactly the same number of electrons that the one discrete 
level could accommodate before it got coupled to the reservoir. This sum rule could be 
stated as follows: 



J 



dED(r; E) = 1 



+00 



and can be^proved by noting that f dED(r; E) is basically the diagonal element of 

the matrix f dE[A(E)]/2jt evaluated in the real-space representation. It is easy to see 

—00 

from Eq. (8.2.8) that in the eigenstate representation 



+00 

/ 



dE. 

2tt 



[A(E)1 = 



1 


0 


0 


0 


1 


0 


0 


0 


1 



+00 

since / dE8(E 



-00 



e) = 1 



The point is that this quantity will look the same in any representation since the identity 
matrix remains unchanged by a change in basis. 

Green's function: In evaluating the spectral function it is convenient to make use of 
the identity 



2nS(E — s a ) = 



2n 



(E - ej 2 + n 2 
1 



= 1 



E - s a + i0+ E -s a - i0+ 



to write 



2jt8(EI -H) = i{ [(£ + i0+)7 - H] 1 - [(£ - i0+)7 - H] 



1— 1 1 



(8.2.10a) 



(8.2.10b) 



where 0 + denotes a positive infinitesimal (whose physical significance we will discuss 
at length in Section 8.4). Equation (8.2.10b) would be a simple extension of (8.2.10a) 
if the argument (EI — H) were an ordinary number. But since (EI — H) is a matrix, 
Eq. (8.2.10b) may seem like a big jump from Eq. (8.2.10a). However, we can justify it 
by going to a representation that diagonalizes [H], so that both sides of Eq. (8.2.10b) are 
diagonal matrices and the equality of each diagonal element is ensured by Eq. (8.2. 10a). 
We can thus establish the matrix equality, Eq. (8.2. 10b) in the eigenstate representation, 
which should ensure its validity in any other representation. 
Using Eqs. (8.2.7) and (8.2.10b) we can write 



A(E) = i[G(E) - G+(E)] 



(8.2.11) 
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where the retarded Green's function is defined as 



G(E) = [(£ + iO 



)/-//] 



-l 



(8.2.12a) 



and the advanced Green's function is defined as 



G + (E) = [(£ - iO 



)/ -H] 



(8.2.12b) 



In the next section we will see how the Green 's function (and hence the spectral function) 
can be evaluated for open systems. 

Density matrix: Starting from [p] = fo([H] — (Eq. ( 8.2.6)) we can write 



which makes good sense if we note that [A(E)]/2tt is the matrix version of the density 
of states D(E), in the same way that the density matrix [p] is the matrix version of the 
total number of electrons N. We could view Eq. (8.2.10) as the matrix version of the 
common sense relation 



which simply states that the number of electrons is obtained by multiplying the number 
of states D(E) dE by the probability fo(E) that they are occupied and adding up the 
contributions from all energies. 

Why should we want to use Eq. (8.2.13) rather than Eq. (8.2.6)? In previous chapters 
we have evaluated the density matrix using Eq. (8.2.6) and it may not be clear why 
we might want to use Eq. (8.2.13) since it involves an extra integration over energy. 
Indeed if we are dealing with the entire system described by a matrix [H] then there is 
no reason to do so. But if we are dealing with an open system described by a matrix of 
the form (see Fig. 8.2) 



+ 0O 




— oo 



+ 0O 




(8.2.13) 




H = 



H x 

T+ H, 



R 



then Eq. (8.2.6) requires us to deal with the entire matrix which could be huge compared 
with [H] since the reservoir matrix [Hr] is typically huge - that is why we call it a 
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reservoir! The spectral function appearing in Eq. (8.2.13) and the Green's function are 
technically just as large 

G G(i R 

Gr c I Grr 

but we only care about the top (d x d) subsection of this matrix and the great advantage 
of the Green's function approach is that this subsection of [G(£)], and hence [A(£)], can 
be calculated without the need to deal with the full matrix. This is what we will show 
next, where we will encounter the same self -energy matrix £ that we encountered in 
the last section. 

Self -energy matrix - all over again: The overall Green's function can be written from 
Eq. (8.2.12a) as 

Q = ^ ^ dR 
GRd Grr 

The power of the Green's function method comes from the fact that we can evaluate 
the (d x d) subsection [G] that we care about exactly from the relation 

G = [(7±+i0+)7 - 77 - £(£)]-' (8.2.15) 

where £(£) is the self -energy matrix given in Eq. (8.1.11). 

Equation (8.2.15) follows from Eq. (8.2.14) using straightforward matrix algebra. 
The basic result we make use of is the following. If 

(8.2.16a) 



then 



A 


B 




a b 




I 


0 


C 


D 




c d 




0 


/ 



so that Aa + Be = I and Ca + Dc = 0 — > c = —D 1 Ca. Hence 

a = (A — BD- l Cy l (8.2.16b) 

Comparing Eq. (8.2.16a) with Eq. (8.2.14) and making the obvious replacements we 
obtain from Eq. (8.2.16b): 

G = [(E+ i0+)7 - H - xGrX + Y 1 where G R = [(£ + i0+)/ - Hr]' 1 
which yields the result stated above in Eq. (8.2.15). 



A = 



A A dR 

ARd Arr 



G = 



i0+)7 

_T + 



H 



— j 



(E + i0+)7 - H R 



(8.2.14) 



a b 




A 


B 


c d 




C 


D 
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Equation (8.2.16b) is a well-known result that is often used to find the inverse of 
large matrices by partitioning them into smaller ones. Typically in such cases we 
are interested in finding all the component matrices a, b, c, and d and they are all 
approximately equal in size. In our problem, however, the matrices a, A are much 
smaller than the matrices d, D and we only want to find a. Equation (8.2.15) allows 
us to evaluate [G] by inverting a matrix of size (d x d) rather than the full (d + R) x 
{d + R) matrix in Eq. (8.2.14). This can be a major practical advantage since R is 
typically much larger than d. But the idea of describing the effect of the surroundings 
on a device through a self -energy function [£] is not just a convenient numerical tool. 
It represents a major conceptual step and we will try to convey some of the implications 
in the next section. For the moment, let us look at a couple of examples, one analytical 
and one numerical. 



Analytical example: Consider a uniform infinite ID wire modeled with a one -band 
effective mass Hamiltonian of the form shown in Fig. 8.2.2. Since this is a uniform 
wire the eigenstates can be catalogued in terms of k obeying a dispersion relation and 
we can use our previous results to write the DOS per unit cell as 

D(E) = a/nhv(E) where v = (l/h)dE/dk 

Now let us obtain this same result using the Green's function method developed in this 
section. We replace the infinite ID wire with a single unit cell and add self -energy terms 
to account for the two semi-infinite wires on either side (Fig. 8.2.3). 
The Green's function for this single cell is a (1 x 1) matrix or a number 

1 

G(E) = 

E — (E c + 2to — to exp[ika] — to exp[i£a]) 





Fig. 8.2.3 
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which is simplified making use of the dispersion relation E = E c + 2fo(l — cos ka) to 
obtain 

1 1 

G(E) = = 

t o exp[i£a] — to exp[— ika] 2i/o sin ka 

from which the DOS is obtained: 

D(E) = i[G - G + ]/2n 

= 1 /2jtto sin ka = a /nhv 

which is the same as the previous result since hv = AE/Ak = 2at$ sinka 

Numerical example: To get a feeling for the self -energy method, it is instructive 
to redo the problem of finding the equilibrium electron density in a ID box that we 
discussed in Chapter 4 (see Fig. 4.3.1). We consider a similar problem, namely, a ID 
box with a potential U(x) that changes linearly from —0.1 eV at one end to +0.1 eV at 
the other. We model it using a one-band Hamiltonian with a lattice of 50 points spaced 
by a = 2 A and with the effective mass m c equal to 0.25 times the free electron mass m 
(see Fig. 8.2.4). 

We wish to evaluate the electron density n(z) in the box assuming that it is in equi- 
librium with an electrochemical potential fi = E c + 0.25 eV and k^T = 0.025 eV. The 
electron density is given by the diagonal elements of the density marix p, which we 
can evaluate in one of two ways. 

(1) We could assume periodic boundary conditions: H(l, 100) = //(100, 1) = — to and 
then evaluate p from Eq. (8.2.6). 

(2) We could add self -energy terms (Eq. (8.1.7a)) which have non-zero values 
of — t 0 exp[ika] only on the end points (1, 1) or (100, 100), evaluate the Green's 
function from Eq. (8.2.15) 

G = [(E + i0+)/ - H - Ei - -L 2 r l 

obtain the spectral function from Eq. (8.2.11), and then calculate the equilibrium 

density matrix from Eq. (8.2.13). 
Figure 8.2.5 shows that the two results agree well. Indeed some discrepancy is likely 
due to errors introduced by the discreteness of the energy grid used for the integration 
in the last step of the method. We have used a grid having 250 points in the energy range 
iic — 0. 1 eV < E < E c + 0.4 eV. However, the oscillations in the first method arise 





0.4 0.6 0.8 

x(m) 



(a) LDOS at left end of device 



0.4 
0.35 

0.3 
0.25 

> 07 
•.0.15 

3 0.1 

0.05 

0 

-0.05 
-0.1 



0.4 0.6 
*(m) 



3 1 
x 10-' 



(b) Potential U(x) 
across device 




0.2 0.4 0.6 O.J 

x(m) 



(c) LDOS at right end of device 



Fig. 8.2.6 Local density of states (LDOS) at two ends of a ID wire with a linear potential U(x) 
impressed across it. The corresponding electron density is shown in Fig. 8.2.5. fj, — E c + 0.25 eV 
and k B T = 0.025 eV. 



from the standing waves in a closed ring (resulting from the use of periodic boundary 
conditions) which are absent in the open system modeled by the self-energy method. 
The oscillations in method 1 will be less pronounced for longer devices (or for a larger 
effective mass) because the energy levels will become closer together. 

As we know, the effect of the self-energy is to broaden the energy level, but its inte- 
grated strength is unchanged because of the sum rule mentioned earlier. Consequently 
the distinction between the two methods is somewhat obscured when we look at the 
electron density since it involves an integration over energy. The self -energy method 
allows us to investigate in detail the local density of states in different parts of the device 
(see Fig. 8.2.6). 
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Lifetime 

In Section 8.2 we introduced the concept of the Green's function G(E) as a convenient 
way to evaluate the spectral function A(E) based on the mathematical identity: 



2ttS(EI -H) = i{[(E + i0+)7 
A(E) = i[G(E) - G+(E)] 



[(£ - i0+)7 - H] 



-l i 



However, as we will explain in this section, the Green's function has a physical sig- 
nificance of its own as the impulse response of the Schrodinger equation and this will 
help us understand the "uncertainty" relation between the broadening of a level and the 
finite lifetime, both of which result from the coupling to the reservoir. To understand 
the meaning of the Green's function let us use the eigenstates of H as our basis so that 
the Green's function is diagonal: 



[G(E)] = 



1 



E - ei + i0+ 



0 
0 



0 

1 



E - s 2 + i0+ 
0 



0 

1 



E - s 3 + i0+ 



(8.3.1) 



Consider the Fourier transform of G(E) defined by 



+oo 

/d£ 
— c+ iE ^'[G(E)] 



which is also diagonal and looks like this: 



[G R (0] = -^(r)e-° + ' 
n 



exp(-isit/h) 0 0 

0 exp(-ie 2 t/h) 0 

0 0 exp(-i£ 3 ?/fc) 



(8.3.2) 



It takes a little work (involving contour integration on a complex plane) to get from 
Eq. (8.3.1) to Eq. (8.3.2). But it is quite straightforward to go the other way from 
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d(t) 



Fig. 8.3.1 

Eq. (8.3.2) to Eq. (8.3.1) using the inverse transform relation: 



[G(E)]= jdte +iEt/n [G R (t)] 

— OO 

+0 

-if 

— oo 

?/' 



+oo 

&te iE,| H{t)c-' 1B, l Tl e- Q+, 



— OO 

H-oo 

i(E- e ) f /fc -0+* 



ft J £-e + iO+ 

— oo 

I should mention that here I am not using the superscript "R" to denote reservoir. I 
am using it to denote "retarded" which refers to the fact that the function G R (t) is zero 
at all times t < 0. It is easy to see that the diagonal elements of this function satisfy the 
differential equation 



(m^-sA G R a (t) = s(t) 

so that we can write 



<.j t - [H]j [G R (f)] = [/]«(») (8.3.3) 

suggesting the interpretation of G R (f) as the impulse response of the Schrodinger 
equation 

ift^ - IH]\ mt)} = 0 (8.3.4) 

The (n, m) element of this matrix G R m (t) tells us the nth component of the wavefunction 
if the system is given an impulse excitation at its mth component (see Fig. 8.3.1). 

From this point of view it seems natural to expect that the Green's function should 
be "retarded," since we cannot have a response before the impulse is applied (which 
is at t = 0). Mathematically, however, this is not the only solution to Eq. (8.3.3). It is 
straightforward to show that the "advanced" Green's function 

[G A (0] = [G R (-0F (8.3.5) 
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Fig. 8.3.2 Sketch of the magnitude of any diagonal element (in the eigenstate representation) of 
the retarded and advanced Green's functions and the spectral function in the time domain. 



satisfies the same equation 



ifi--[H])[G A (t)] = [I]8(t) 



(8.3.6) 



but it is zero at all times after t = 0. In the eigenstate representation we can write from 
Eqs. (8.3.2) and (8.3.5): 



[G A (0] = r#(-0e 
n 



+0+r 



exp(-isitfh) 0 0 

0 exp(-ie 2 f /%) 0 

0 0 exp(-i£ 3 f/fc) 



(8.3.7) 



This is actually the Fourier transform of G + (E) (once again it is easier to do the inverse 
transform). The difference between the retarded and advanced Green's function in the 
energy domain: 



G(E) 



Retarded 
[(£ + i0+)/ 



m 



G+(E) 



Advanced 
[(E - i0+)7 



looks very minor: the two only differ in the sign of an infinitesimally small quantity 
0 + ; one is tempted to conclude wrongly that they differ only in some insignificant 
sense. In the time domain, however, their difference is hard to miss. One is zero for 
t < 0 (causal) and the other is zero for t > 0 (non-causal). One is interpreted as the 
response to an impulse excitation at t = 0; the other has no physical interpretation but is 
a mathematically valid solution of the same equation with a different unphysical initial 
condition. Figure 8.3.2 shows the magnitude of one of the diagonal elements of G^ a (t) 
and G^ a (t). Note that the spectral function is proportional to the difference between 
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the retarded and advanced Green's functions (see Eq. (8.2.1 1)): 
Al(0 = i[Gl(0-Gi(*)] 

Since both Green's functions satisfy the same differential equation, the spectral function 
[A(t)] satisfies the homogeneous differential equation without the impulse excitation: 

(m^-m) [1(0] = [0] 

and hence has no discontinuity at t = 0 unlike G R (/) and G A (?) as shown in Fig. 8.3.2. 



Physical meaning of the self -energy: We saw in Section 8.2 that we can calculate the 
device subsection of the full Green's function (Eq. (8.2.14)): 

-l 



G 

GRd 



GdR 

Grr 



(E + i0+)7 

-T + 



H -x 
(£ + i0+)7 



Hr 



exactly from the relation (Eq. (8.2.15)). 



G = [(E + i0+)/ - H - E(£')]~ 1 
where the self-energy 
E(£) = rg R {E)x + 

can be calculated from a knowledge of the surface property of the reservoir (g R ) and 
the device-reservoir coupling (t). 

Now that we have interpreted the time domain Green's function as the impulse 
response of the Schrodinger equation (see Eq. (8.3.4)), we could write a similar equation 
for the device subset of the Green's function by Fourier transforming Eq. (8.2.15). This 
would be straightforward if the self -energy E were independent of the energy E: 

3 



\h- 



dt 



[H] - [E] ) [G R (0] = [/] S(t) 



(8.3.8a) 



[H] ) [G R (f)] 



[E(;-f')][G K (f')] = [/]<5(0 



(8.3.8b) 



If we take the energy dependence into account then the Fourier transform looks more 
complicated. The product of £(£) and G{E) when transformed becomes a convolution 
in the time domain: 

3 

3? 

To get some insight into the physical meaning of E let us ignore this "detail." In fact, let 
us make the problem very simple by considering a small device with just a single energy 
level £ (Fig. 8.3.3) so that [H] and [E] are both simple numbers rather than matrices: 

3 



3/ 



s - E G K (?) = S(t) 
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Fig. 8.3.3 

The solution to this equation 

G R (r) = --e- i(£+E) ' /fi #(0 
h 

tells us the wavefunction in response to an impulse excitation of the device at t = 0. 
We can write 

G R (f) = --Q- lE '" n Q-Y'l 2h $(t) (8.3.9) 
h 

where 

e' = s + ReS and y = -2ImS (8.3.10) 

The real part of the self-energy causes a shift in the device energy level from e to e', 
while the imaginary part has the effect of giving the eigenstates a finite lifetime. This 
is evident from the squared magnitude of this wavefunction which tells us how the 
probability decays with time after the initial excitation: 

|G R (0| 2 = -W(f)exp(-yf//j) 



Clearly we can relate the lifetime of the state to the imaginary part of the self -energy: 
1 v 2ImI] 

- = -f = 7— (8.3.11) 

t n n 

We can identify this as the "uncertainty" relation between lifetime and broadening if 
we note that the imaginary part of the self -energy is equal to the broadening of the 
density of states. To see this we note that the Fourier transform of the simple version 
of the Green's function in Eq. (8.3.9) is given by 

1 

G(E) = 

£-e' + iy/2 

so that 

A(E) ( 1 1 

D(E) = i ' 



2tt \E — e' + iy/2 E — e' — iy/l 

_ Y 

~ (E - s'f + (y/2) 2 
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showing that the LDOS on the device is broadened into a Lorentzian of width y equal to 
twice the imaginary part of the self-energy. Of course, the lineshape in general need not 
be Lorentzian. We have obtained this result because in this discussion we ignored the 
energy dependence of the self -energy (in the time domain one would call it the memory 
effect of the reservoir) and used Eq. (8.3.8a) instead of (8.3.8b) for the purpose of clarity 
in this physical discussion. 

We saw in Section 8.1 that the self -energy for a one -dimensional contact is diagonal 
with two non-zero entries: 

E(l, 1) = — /oexp(i/:a) = — tocos (ka) — i?osin(&a) 

From Eq. (8.3.1 1) we could write the corresponding lifetime for site 1 as 

1 y 2?o sin ka 
r h h 

It is interesting to note that the velocity associated with a particular k in the wire is 
given by 

IdE 13 2at 0 
v = -— = -— [2f 0 (l - cos ka)] = — — sin ka 
n ok n ok n 

so that we can write 

1 y v 
x h a 

which is intuitively satisfying since we expect the escape rate from a given cell to equal 
the escape velocity divided by the size of a cell (see Fig. 8.3.4). Indeed one could 
use this principle to write down the imaginary part of the self-energy approximately 
for more complicated geometries where an exact calculation of the surface Green's 
function may not be easy: 

ImE(£) «s hv{E)/R (8.3.12) 
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Here R is a linear dimension of the unit cell, the precise arithmetic factor depending on 
the specific geometry. 

Knowing the imaginary part, one can calculate the real part from a general principle 
independent of the specific details. The principle is that the real and imaginary parts 
must be Hilbert transforms of each other (® denotes convolution) 

1 f .ImE(E') ( 1 \ 

ReE(£) = / dE' - \ =ImS(£)® (8.3.13) 

jt J E — E' \ ttE J 

so that the self -energy can be written in the form 

£(£) = [ReE(£)] + i [ImE(£)] = ilm£(£) ® (s(E) + (8.3.14) 

This principle is obeyed by any function whose Fourier transform is causal (that is, the 
Fourier transform is zero for t < 0). The self-energy function is causal because it is 
proportional to the surface Green's function of the reservoir (see Eq. (8.1.1 1)), which 
is causal as we discussed earlier. To see why causal functions obey this principle, we 
note that 8(E) + (i/jrE) is the Fourier transform of the unit step function: #(?)■ This 
means that any time domain function of the form &(t)f(t) has a Fourier transform that 
can be written as (product in the time domain becomes a convolution in the transform 
domain) 

F(E) ® (s(E) + 

where the transform of f(t) is F(E) which can be identified with i Im £(£) in Eq. 
(8.3.14). 

Broadening matrix: In the simple case of a one-level device we have seen that the 
imaginary part of the self -energy gives us the broadening or inverse lifetime of the 
level (see Eq. (8.3.1 1)). More generally, the self-energy is a matrix and one can define 
a broadening matrix T(E) equal to its anti-hermitian component: 

T(E) = i[S(£) - £+(£)] (8.3.15) 

This component of the self-energy is responsible for the broadening of the level, while 
the hermitian component 

E H (£) = -[£(£) + £+(£)] 

can conceptually be viewed as a correction to the Hamiltonian [H], Overall, we could 
write 

H + E(£) = [H + E H (£)] - ^r 1 
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We have often made use of the fact that we can simplify our description of a problem by 
using the eigenstates of the Hamiltonian [H] as our basis. For open systems we would 
want to use a representation that diagonalizes [H + Eh] in our energy range of interest. 
If the same representation also diagonalizes [T], then the problem could be viewed 
simply in terms of many one -level devices in parallel. But in general this may not be 
the case. The representation that diagonalizes [H + Eh] may not diagonalize [T] and 
vice versa. We can then diagonalize one or the other but not both and interesting new 
physics beyond the one -level example can result. 



What constitutes a contact (reservoir)? 

Let me quickly summarize what we did in this chapter before we discuss an important 
conceptual issue. We started in Section 8.1 from the "Schrodinger" equation for the 
channel + the contact 



EI R - H R +177 

-r EI - H 




\<$>R + X 


hi 




I * 1 







(8.4.1) 



and obtained an equation for the channel alone 

[EI - H - E]{V} = [S] (8.4.2) 
whose solution can be written in the form 

[f] = [G]{S], where [G] = [EI - H - E]" 1 (8.4.3) 

We then discussed the significance of the Green's function G and the self -energy E in 
both the energy and time domains. 

Now if we look back at the steps in Section 8.1 that lead from Eq. (8.4. 1) to (8.4.2), 
it should be apparent that someone could just as well treat the contact as primary and 
represent the effect of the channel on it through a self-energy. Mathematically, [H] and 
[H R ] are on an equal footing. The only "asymmetry" comes from the terms \r\ and Sr 
which were added "by hand" to account for the extraction and reinjection of electrons 
from the contact by an external source (usually irj is justified as a mathematical artifice 
designed to ensure the convergence of a Fourier transform). But these infinitesimal 
terms could just as well have been added "symmetrically" and so it is natural to ask 
what distinguishes the channel from the contact. A related question is how small is the 
infinitesimal r\: neV? meV? Does it matter? 

To answer these questions let us look at a simple example. Consider a "molecule" 
described by a (2 x 2) Hamiltonian matrix 

H= \ T (8.4.4) 
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Fig. 8.4.1 

We could calculate the (2 x 2) spectral function [A(£)] from the relation ([77] = 0 + [/], 
/ being the (2 x 2) identity matrix) 



[A] = i[G-G + ], where [G] = [EI — H + irf\~ 



(8.4.5) 



and look at its diagonal elements to obtain the local density of states (LDOS) on 
each of the two sites. For example with e = —0.25 eV, £1 = +0.25 eV, r = 0.5 eV and 
0+ = 0.01 eV we obtain the plots shown in Fig. 8.4.1. Note that there are two peaks 
located around each of the two eigenenergies obtained by setting the determinant of 
(EI - H) equal to zero: 



det 



E — s — x 
-x* E - Si 



= 0 



(8.4.6) 



The two peaks are of unequal height reflecting the fact that the eigenfunction corre- 
sponding to the lower eigenenergy is skewed towards site "1" while the eigenfunction 
corresponding to the higher energy is skewed towards site "2". 

Now if we are interested primarily in site 1 we could represent the effect of site 2 
through a self-energy 

l,|2 



£(£) = 



E - £l + i0+ 

and calculate the LDOS from a (1 x 1) spectral function: 
[a] = i[g-g + ], where [g] = [£-£-£]- 1 



(8.4.7) 



(8.4.8) 



The result would be exactly what we obtained earlier from the (2 x 2) spectral function. 
On the other hand if we are interested primarily in site "2" we could represent the effect 
of site 1 through a self -energy 

I |2 



Ej(£) = 



E - e + i0+ 



(8.4.9) 
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and calculate the LDOS from a (1 x 1) spectral function: 

[oi] = i[gi - gtl where [ gl ] = [E - s x - Ed" 1 (8.4.10) 



Again the answer would match the result obtained from the (2 x 2) spectral function. 
In short, we could treat site 1 as the channel and site 2 as the contact or vice versa. 
Either choice is mathematically acceptable. 

Neither of these atomic contacts, however, can be called a "reservoir" in the sense it 
is commonly understood. In Chapter 1 I wrote the current flow between a contact and 
a channel in the form (see Eq. (1.2.2a) and Fig. 8.4.2) 



/ = Inflow - Outflow = (l/h) (yf - yN) 



The essential characteristic of a "reservoir" is that the rate constant y for outflow and 
the rate of inflow yf remain unaffected by the filling and emptying of states and other 
dynamical details. 

The atomic "contacts" we have just described do not satisfy this criterion. For exam- 
ple, if we consider site 2 as the contact (Eq. (8.4.7)) the broadening (or escape rate) is 
given by 

|t| 2 0+ 

K =i[E-E+] = - (8.4.11) 

(E - eiY + (o+y 

It is not only energy-dependent (sharply peaked around E = e\) but also affected 
strongly by the precise value of the infinitesimal 0 + . This means that the escape rate 
(y/h) for electrons from the "channel" is affected by the rate at which they are extracted 
from the "contact." A "proper" reservoir should provide a constant escape rate inde- 
pendent of the value of 0 + . This is possible if it consists of numerous closely spaced 
energy levels, as we will now show. 

Consider a channel with a single state with e = 0 (Fig. 8.4.3) coupled to a contact 
with numerous closely spaced levels such that the overall system is described by a large 
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Fig. 8.4.3 A device with a single state with s = 0 is coupled to a reservoir that consists of 
numerous closely spaced energy levels {e r , r — 1, 2, ...}. 



Hamiltonian matrix of the form 



[H] = 



£ 




t 2 


*3 


1 


e i 


0 


0 


^2 


0 


£2 


0 


T * 
T 3 


0 


0 


£} 



We can describe the effect of the contact through a (1 x 1) self -energy "matrix" 
(see Eq. (8.1.15a)) given by 

£ = > — (8.4.12) 

E - S r + i0+ 
so that the broadening is given by 

|T,-| 2 0+ 



y = i[E-S+] = ^ 



(E - E r ) 2 + (0+) 2 

If the levels are very closely spaced, we can replace the summation by an integral 



(8.4.13) 



Y 



j de r D R (e r ) \r r \ 



0+ 



(8.4.14) 



(E - s r ) 2 + (0+) 2 

where D R is the number of states per unit energy. The last function in the integrand is 
sharply peaked over a small range of energies around s r = E and if the other terms are 
nearly constant for all states within this range, we can pull them out of the integral to 
obtain 

/o+ 
de r 5 — 
(E - S r ) 2 + (0+) 2 

= 2ttD r (E)\t(E)\ 2 (8.4.15) 



This result (Eq. (8.4. 15)), often referred to as Fermi's golden rule, is widely used for 
many different problems. Indeed we could also write our earlier result (Eq. (8.4.11)) 



8.4 What constitutes a contact (reservoir)? 




Contact Channel Contact Channel 

Fig. 8.4.4 



for an atomic contact in the same form by noting that the density of states of the atomic 
"reservoir" is given by 

0+/27T 

D R (E) 



(E -£ 1 )2 + (0+) 2 



As we mentioned earlier, this makes a very poor reservoir because the DOS is sharply 
varying in energy and strongly dependent on 0 + . By contrast, the reservoir with many 
closely spaced energy levels has a constant DOS independent of 0 + if our level of 
interest is coupled approximately equally to all of them, with each state broadened 
by an amount 0 + that is well in excess of the level spacing. Typical contacts in the 
real world are huge macroscopic objects with level spacings of picoelectron-volts or 
less and even the slightest external perturbation can provide the required broadening. 
In calculating the self -energy E(£) analytically, it is common to take the limit as the 
level spacing and the level broadening 0 + both tend to zero (the former is inforced by 
letting the volume tend to infinity). But it is important to take this limit in the proper 
order with the broadening always exceeding the spacing. In numerical calculations, 
it is common to use finite-sized contacts to save computation time. Since finite-sized 
contacts also have finite level spacings As, it is important to choose a value of the 
"infinitesimal" 0 + that is in excess of Ae in order to turn them into well-behaved 
reservoirs. 

There is actually a more important property that is required of a good reservoir: it 
must not only provide a constant escape rate y but also a constant inflow rate yf,f being 
the Fermi function in the contact. This requires that external sources constantly maintain 
the contact in local equilibrium, which is possible only if there is good communication 
among the states in the contact. For example, if an electron enters the channel from 
the contact it will leave a hole in the contact that is way below the electrochemical 
potential fi as sketched in Fig. 8.4.4a. This creates a highly non-equilibrium situation 
and the incoming electron at fi quickly loses energy to the solid and fills up the hole 
through screening and "inelastic scattering processes" of the type to be discussed in 
Chapter 10. This is why much of the Joule heating (I 2 R) occurs in the contact rather 
than in the channel. 
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Fig. 8.4.5 An ultrathin body silicon-on-insulator field effect transistor (FET). Possible planes for 
drawing the line between H and S are shown (courtesy of M. S. Lundstrom). 



For a contact to function like a good reservoir, it is important that this restoration 
of equilibrium occurs fast enough that the contact can always be assumed to remain 
in local equilibrium. This assumption may need to be revisited as we work more on 
"nanocontacts," especially if spin relaxation is involved. 

Where do we draw the line between the Hamiltonian [H] and the self-energy [£]? 

For practical reasons, we would like to make the region described by [H] as small as 
possible, but we have to ensure that the region described by [£] can be assumed to 
be in local equilibrium without significant loss of accuracy. The self -energy method 
described in this chapter is accurate and useful even if a particular contact does not have 
a smooth LDOS on a constant escape rate (see, for example, Klimeck et al. (1995)). 
What is more important is that the scattering processes be strong enough to maintain 
local equilibrium. For example, Fig. 8.4.5 shows an ultrathin nanotransistor with raised 
source and drain regions designed to lower the resistance. If we draw the line between 
H and £ at A, A' we incur significant error since the region to the left of A (or right 
of A') has the same cross-section as the channel and there is no reason to expect it to 
be any more in equilibrium than the rest of the channel. It is thus necessary to move 
the lines to B, B', or perhaps even to C and beyond. For a discussion of some of these 
issues, see Venugopal et al. (2004). 

Let me end by noting that the role of contacts is really quite ubiquitous and goes 
far beyond what these specific examples might suggest. When we calculate the opti- 
cal absorption by a semiconductor, we implicitly assume the valence and conduction 
bands to be the "source" and "drain" contacts that are maintained in local equilibrium 
(see Exercise E. 10.4) and there are examples of nanodevices where these "contacts" get 
driven significantly off equilibrium. In modeling the interaction of electrons with lattice 
vibrations or phonons, the latter are usually assumed to be maintained in equilibrium, 
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but this "contact" too can get driven off equilibrium. A more subtle example is the 
Overhauser effect where electronic spins drive nuclear spins significantly off equilib- 
rium because the latter cannot relax easily due to their isolation from the surroundings 
(see, for example, Salis et al. (2001)). The point is that quantum processes inevitably 
involve all kinds of "contacts" which need not always be metallurgical like the ones in 
Fig. 8.4.5 and it is not safe to assume that they will function like well-behaved reservoirs 
without scrutinizing their structure and dynamics. 



E.8.1. Assume a ID one-band effective mass model for a ID lead as shown in Fig. E.8.1. 



Fig. E.8.1 

Starting from Eq. (8.1.9) G R = [(£ + i0+)/ - H R ]~* 
Show that Gr(0, 0) = g R = — exp(i£a) /to. 

E.8.2. 

(a) In section 8.1 we have derived the self -energy for a one -dimensional lead using 
elementary techniques: 

£(£) = -t 0 exp(ika) (8.1.7a) 



Eliminate ka from Eq. (8.1.7a) to obtain an expression for the self -energy explicitly in 
terms of E: 

H(E)/t 0 = (x - 1) - iy/lx - x 2 
where 

x = (E - E c )/2t 0 , 0 < x < 2 



EXERCISES 




where 



E = E c + 2fo(l — coska) 



(8.1.5) 



The sign of the radical has been chosen so that the imaginary part of £ is negative. For 
values of x where the quantity under the radical sign is negative (this corresponds to 



Level broadening 



energy values outside the allowed band) we should choose the sign such that £ goes 
to zero for large values of x: 

T,(E)/t 0 = (x - 1) + Vx 2 - 2x, -oo < x < 0 
T*(E)/t 0 = (x - 1) - Vx 2 - 2x, 2 < x < +oo 

Plot the self -energy over the range —1 < x < 3. 
You should obtain a plot like this: 



(b) It is instructive to re-derive Eq. (8.1.7a) using the more general formula given in 
Eq. (8.1.15a). For a semi-infinite one -dimensional lead with TV points spaced by a, the 
eigenenergies are given by 

£,, = 2fo(l — cos&„a) 

The corresponding normalized wavefunction is written as 

\jr n (x a ) = y/2/N sin(&„x„) where k n = nn/a and — act 
so that [t],„ = [T] ia |YU = -t 0 ^2/N sin k n a 

FromEq. (8.1.15a), 



Imaginary 




Z/f 0 




Convert the summation to an integral to show that 



E(£) = — f 
N J 



dk„L tn sin 2 k n a 



de„ to sin k n a 



n E — s n + iO+ 



7T E — £„ + iO+ 



0 



0 
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Fig. E.8.3 



(c) It is possible to evaluate the self-energy analytically using contour integration tech- 
niques, but somewhat difficult. What is relatively straightforward is to evaluate the 
broadening function T(E) which is equal to twice the imaginary part of the self-energy. 
Show that the broadening function is given by 

T(E) = i(S - E + ) = 2/ 0 sinA:a, E c < E < E c +4t 0 
where E = £ c + 2^(1 — cos ka) 

and is zero outside the range E c < E < E c + 4fy- Hint: You may find Eq. (8.2.10a) 
useful. 

oo 

(d) Show that = / d£' £ n ^ + 

— CO 

and hence 

/ oo 

= P\ I dE' ^^ | 
where P stands for principal part. 

E.8.3. Consider a ID wire with a potential U(x) that changes linearly from —0.1 eV 
at one end to +0.1 eV at the other end (Fig. E.8.3) and model it using a one -band 
Hamiltonian with a lattice of 50 points spaced by a = 2 A and with the effective mass 
m c equal to 0.25 times the free electron mass m. 

Calculate the electron density n(z) in the wire assuming that it is in equilibrium with 
an electrochemical potential /x = E c + 0.25 eV and k^T = 0.025 e V, using (a) periodic 
boundary conditions and (b) the self-energy method. Compare with Fig. 8.2.5. Calculate 
the LDOS at the two ends of the box from the self-energy method and compare with 
Fig. 8.2.6. 

E.8.4. Consider the problem we discussed at the beginning of Section 8.4 with two 
coupled atoms described by a (2 x 2) Hamiltonian, H = ^ J j and use the same 
parameters as in the text: s = -0.25 eV, Si = +0.25 eV, r = 0.5 eV and 0 + = 0.01 eV. 
(a) Calculate the (2 x 2) spectral function and plot the LDOS on sites ' 1 ' and '2' as a 
function of energy. 
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(b) Calculate the LDOS on site ' 1' by treating site '2' as a self -energy and on site '2' 
by treating site ' 1 ' as a self-energy and compare with the results from part (a). 

(c) The lower energy peak is larger than the higher energy peak for the LDOS on site 
'1' (on site '2' the relative sizes are reversed). Can you explain this in terms of the 
eigenf unctions of [H]? 

E.8.5. Consider a linear conductor with a repulsive potential U(x) = Uq S(x). Calculate 
the local density of states (LDOS) as a function of x at E = 0.005 eV and at E = 0.05 eV. 
Use a one -band tight-binding model with 101 lattice sites spaced by a = 0.25 nm 
assuming Uq = 5 eV nm and an effective mass of 0.25m. You should obtain plots like 
this 

(a)£ = 0.01eV (b)£ = 0.1eV 




The LDOS goes to zero right at the impurity, but oscillates around it with a period 
determined by the electron wavelength corresponding to the energy E. Such oscillations 
in the LDOS have been observed by scanning tunneling microscopy. The reader may 
find it instructive to plot D(x, E) using a gray scale plot on the x-E plane similar to that 
shown for example, in Fig. 9 of Lake and Datta (1992a). 



9 Coherent transport 



The reader may wish to review Section 1.6 before reading this chapter. 

9.1 Overview 



Since this chapter is rather long, let me start with a detailed overview, that can also 
serve as a "summary." In Chapter 1 , 1 described a very simple model for current flow, 
namely a single level e which communicates with two contacts, labeled the source and 
the drain. The strength of the coupling to the source (or the drain) was characterized by 
the rate y\/h (or yi/h) at which an electron initially occupying the level would escape 
into the source (or the drain). 

I pointed out that the flow of current is due to the difference in "agenda" between the 
source and the drain, each of which is in a state of local equilibrium, but maintained at 
two different electrochemical potentials and hence with two distinct Fermi functions: 

ME) = ME - pi) = — — 1 (9.1.1a) 

exp[(£ - fii)/k B T] + I 

ME) = ME-liz)= l — =—. (9.1.1b) 

exp[(£ - fx, 2 )/k B T] + 1 

by the applied bias V: [i 2 — [i\ = —qV. The source would like the number of electrons 
occupying the level to be equal to M £ ) while the drain would like to see this number 
be M e )- The actual steady-state number of electrons N lies somewhere between the 
two and the source keeps pumping in electrons while the drain keeps pulling them out, 
each hoping to establish equilibrium with itself. In the process, a current flows in the 
external circuit (Fig. 9.1.1). 

My purpose in this chapter is essentially to carry out a generalized version of this 
treatment applicable to an arbitrary multi-level device (Fig. 9.1.2) whose energy levels 
and coupling are described by matrices rather than ordinary numbers: 



e — > [H] Hamiltonian matrix 

. tv - ;rr. . y 

J l,2 



Y\2 [^1,2] Broadening matrices r 12 = i[Si 2 — S^ 2 ] 
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Fig. 9.1.1 Flux of electrons into and out of a channel: independent level model, see 
Eqs. (1.6.4)-( 1.6.6). 
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Fig. 9.1.2 Inflow and outflow for an arbitrary multi-level device whose energy levels are 
described by a Hamiltonian matrix [H] and whose coupling to the source and drain contacts is 
described by self-energy matrices [Si(£)] and [E 2 (.E)] respectively. 



In Chapter 8 we saw that connecting a device to a reservoir broadens its energy levels 
and it is convenient to talk in terms of a continuous independent energy variable E, 
rather than a discrete set of eigenstates. The density matrix can be written in the form 
(seeEq. (8.2.13)) 

+00 

[p]= f (d£/27T)[G n (£)] (9.1.2a) 

— oo 

where, in equilibrium, 



[G n (£)] eq = [A(E)]f 0 (E - ,i) 



(9.1.2b) 



9.1 Overview 



Just as the spectral function [A] represents the matrix version of the density of states per 
unit energy, the correlation function [G n ] is the matrix version of the electron density 
per unit energy. 

Non-equilibrium density matrix: In Section 9.2 the first result we will prove is 
that when the device is connected to two contacts with two distinct Fermi functions 
fi(E) and /2(E), the density matrix is given by Eq. (9.1.2a) with (dropping the argument 
E for clarity) 

[G n ] = [A l ]f 1 + [A 2 ]f 2 (9.1.3) 
where 

A x =GV l G + and A 2 = GT 2 G + (9.1.4) 
G = [EI - H - Ei - EjF 1 (9.1.5) 

suggesting that a fraction [A J of the spectral function remains in equilibrium with the 
source Fermi function/], while another fraction [A 2 ] remains in equilibrium with the 
drain Fermi function f 2 . We will show that these two partial spectral functions indeed 
add up to give the total spectral function [A] that we discussed in Chapter 8: 

[A] = i[G — G + ] = [Ai] + [A2] (9.1.6) 

Current: Next (in Section 9.3) we will show that the current /, at terminal i can be 
written in the form 

+00 

Ii = (-q/h) J dEIi(E) (9.1.7a) 

—00 

with 

h = Trace[r, A] f x - Trace[r, G n ] (9. 1 .7b) 

representing a dimensionless current per unit energy. This leads to the picture shown in 
Fig. 9.1.2 which can be viewed as the quantum version of our elementary picture from 
Chapter 1 (Fig. 9.1.1). 

One-level model: In Chapter 1, we went through an example with just one level so 
that the electron density and current could all be calculated from a rate equation with a 
simple model for broadening. I then indicated that in general we need a matrix version 
of this "scalar model" and that is what the rest of the book is about (see Fig. 1.6.5). 

It is instructive to check that the full "matrix model" we have stated above (and 
will derive in this chapter) reduces to our old results (Eqs. (1.6.4)— (1.6.6)) when we 
specialize to a one-level system so that all the matrices reduce to pure numbers. 



Coherent transport 



From Eq. (9.1.5), G(E) = [E-e + (ir/2)]" 1 
FromEq. (9.1.4), A x (£) = — _J\ 2 , A 2 (E) = 



FromEq. (9.1.6), A(E) = 



(E - s) 2 + (r/2) 2 (E - s) 2 + (r/2) 2 

r 



(E - e) 2 + (r/2) 2 



From Eq. (9.1.3), G\E) = A(E) (^fi(E) + yf 2 (E) 

which can be compared with Eq. (1.6.4). Similarly, from Eqs. (9.1.7) the current at the 
two terminals is given by (cf. Eqs. (1.6.5a, b)): 

+OO 



7 1 = | j dEr l [A(E)f 1 (E)-G n (E)] 

— oo 

+0O 

h = I J dE T 2 [A(E)f 2 (E) - G\E)] 



Transmission: Equation (9.1.7) can be combined with (9.1.3) and (9.1.6) to write 

/, =-T 2 = T (£)(/! (E)-f 2 (E)) 

where 

T(E) = Trace[riA 2 ] = Trace[r 2 A 1 ] (9.1.8) 
The current I in the external circuit is given by 

+ 0O 

I = (q/h) J dET(E)(ME)- f 2 (E)) (9.1.9) 

— oo 

The quantity T(E) appearing in the current equation (Eq. (9.1.9)) is called the trans- 
mission function, which tells us the rate at which electrons transmit from the source to 
the drain contacts by propagating through the device. Knowing the device Hamiltonian 
[H] and its coupling to the contacts described by the self-energy matrices Si, 2, we can 
calculate the current either from Eqs. (9.1.7) or from Eq. (9.1.9). This procedure can 
be used to analyze any device as long as the evolution of electrons through the device 
is coherent. Let me explain what that means. 

The propagation of electrons is said to be coherent if it does not suffer phase-breaking 
scattering processes that cause a change in the state of an external object. For example, 
if an electron were to be deflected from a rigid (that is unchangeable) defect in the 
lattice, the propagation would still be considered coherent. The effect could be incor- 
porated through an appropriate defect potential in the Hamiltonian [H] and we could 
still calculate the current from Fig. 9.1.2. But, if the electron transferred some energy 
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Fig. 9.1 .3 The transmission formalism assumes the device to be connected via ideal multi-moded 
quantum wires to the contacts and the transmission function is related to the S-matrix between 
these leads. 



to the atomic lattice causing it to start vibrating that would constitute a phase-breaking 
process and the effect cannot be included in [H], How it can be included is the subject 
of Chapter 10. 

I should mention here that coherent transport is commonly treated using the trans- 
mission formalism which starts with the assumption that the device is connected to the 
contacts by two ideal leads which can be viewed as multi-moded quantum wires so that 
one can calculate an S-matrix for the device (Fig. 9.1.3), somewhat like a microwave 
waveguide. The transmission matrix 521 (° r s n) is of size M x N (or N x M) if lead 1 
has N modes and lead 2 has M modes and the transmission function is obtained from its 
trace: T(E) = Tracefj^jt,] = Trace [521^21]- This approach is widely used and seems 
quite appealing especially to those familiar with the concept of 5- matrices in microwave 
waveguides. 

Transmission from Green's function: For coherent transport, one can calculate the 
transmission from the Green's function method, using the relation 

T(E) = Traced Gr 2 G+] = Trace[r 2 Gr 1 G+] (9.1.10) 

obtained by combining Eq. (9.1.8) with (9.1.4). In Sections 9.2 and 9.3 we will derive 
all the equations (Eq. (9.1.2a)-(9.1.7a)) given in this section. But for the moment let 
me just try to justify the expression for the transmission (Eq. (9.1.10)) using a simple 
example. Consider now a simple ID wire modeled with a discrete lattice (Fig. 9.1.4). 
We wish to calculate the transmission coefficient 

T(E) = (v 2 /v!)|r| 2 (9.1.11) 

where the ratio of velocities (V2/V1) is included because the transmission is equal to 
the ratio of the transmitted to the incident current, and the current is proportional to the 
velocity times the probability |t/f | 2 . 

To calculate the transmission from the Green's function approach, we start from the 
Schrodinger equation [EI — H]{\fr } = {0}, describing the entire infinite system and use 
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the same approach described in Section 8.1 to eliminate the semi-infinite leads 



where [G] is given by Eq. (9.1.5). Ei and £2 are matrices that represent the effects of 
the two leads: each has only one non-zero element (see Eq. (8.1.7a)): 



corresponding to the end point of the channel (1 or AO where the lead is connected. The 
source term {5} is a column vector with just one non-zero element corresponding to 
the end point (1) on which the electron wave is incident (see Eq. (8.1.7b)): 

S(l) = i2?osin&ia = i(tiv\/a) 

Note that in general for the same energy E, the k- values (and hence the velocities) can 
be different at the two ends of the lattice since the potential energy U is different: 

E = E c + Ui +2tocosk\a = E c + t/jv +2focos&2 fl 

FromEq. (9.1.12) we can write t = f(N) = G(N, 1) 5(1) so that from Eq. (9.1.11) 
T(E) = (h Vl /a)(h V2 /a)\G(l, N)\ 2 

which is exactly what we get from the general expression in Eq. (9.1.10). 

This simple example is designed to illustrate the relation between the Green's func- 
tion and transmission points of view. I believe the advantages of the Green's function 
formulation are threefold. 

(1) The generality of the derivation shows that the basic results apply to arbitrarily 
shaped channels described by [H] with arbitrarily shaped contacts described by 
[Ei], [£2]- This partitioning of the channels from the contacts is very useful when 
dealing with more complicated structures. 

(2) The Green's function approach allows us to calculate the density matrix (hence the 
electron density) as well. This can be done within the transmission formalism, but 
less straightforwardly (Cahay et ah, 1987). 



[EI-H-Vi- £ 2 ] W = {5} {f} = [G]{S] 



(9.1.12) 



Ei(l, 1) = -to exp(ifcia) 



£ 2 (AT, N) = -t 0 exp(ik 2 a) 
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(3) The Green's function approach can handle incoherent transport with phase-breaking 
scattering, as we will see in Chapter 10. Phase-breaking processes can only be 
included phenomenologically within the transmission formalism (Biittiker, 1988). 
We will derive the expressions for the density matrix, Eqs. (9. 1 .3)-(9. 1 .6), in Section 9.2, 
the expression for the current, Eq. (9.1.7), in Section 9.3, discuss the relation with the 
transmission formalism in Section 9.4, and finally present a few illustrative examples in 
Section 9.5 . In short, Sections 9.2-9.4 derive the expressions stated in this section, while 
Section 9.5 applies them. The reader is encouraged to take a look ahead at Section 9.5, 
as it might help motivate him/her to suffer through the intervening sections. 



Density matrix 

In this section we will derive the results stated in Section 9.1 for the non-equilibrium 
density matrix (Eqs. (9.1.3)— (9.1.6)) for a channel connected to two contacts. In the 
next section we will derive the current expressions (Eqs. (9.1.7)-(9.1.9)). 

Channel with one contact: I would like to start by revisiting the problem of a channel 
connected to one contact and clearing up a conceptual issue, before we take on the real 
problem with two contacts. In Section 8.1 we started from a Schrodinger equation for 
the composite contact-channel system 



EI R -H R +irj -r+ \ I <D S + x | I S R 
-x El- H I I f I I 0 



(9.2.1) 



and showed that the scattered waves {\[r} and {x} can be viewed as arising from the 
"spilling over" of the wavefunction {^> R } in the isolated contact (Fig. 9.2.1). Using 
straightforward matrix algebra we obtained 

{x} = G R x + {f} (9.2.2) 
where 

G R = [EI R - HR+ivr 1 (9.2.3) 
{f} = [G]{S] (9.2.4) 
G = [EI — H — E] _1 (9.2.5) 
S = xG R x + (9.2.6) 
{S} = T{O ff } (9.2.7) 

Since there is only one contact this is really an equilibrium problem and the density 
matrix is obtained simply by filling up the spectral function 

A(E) = i[G - G+] (9.2.8) 
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Channel 



according to the Fermi function as stated in Eqs. (9.1.2a, b). What I would like to 
do now is to obtain this result in a completely different way. I will assume that the 
source waves {Qr} from the contact are filled according to the Fermi function and the 
channel itself is filled simply by the spilling over of these wavefunctions. I will show 
that the resulting density matrix in the channel is identical to what we obtained earlier. 
Once we are clear about the approach we will extend it to the real problem with two 
contacts. 

Before we connect the contact to the device, the electrons will occupy the contact 
eigenstates a according to its Fermi function, so that we can write down the density 
matrix for the contact as 



Pr(t, r') = ^2<t> a (r)f 0 (e a - /x)0*(r') 



or in matrix notation as 



[PR] = ^2 MSa ~ l^){(pa }{4>a] 



(9.2.9) 



Now we wish to calculate the device density matrix by calculating the response of the 
device to the excitation t{0} from the contact. We can write the source term due to 
each contact eigenstate a as {S a } = t{(p a }, find the resulting device wavefunction from 
Eqs. (9.2.4) and (9.2.7) {^/ a } = Gr{(j) a }, and then obtain the device density matrix by 
adding up the individual components weighted by the appropriate Fermi factors for the 
original contact eigenstate a : 



[p] = ^2 fo(£ a ~ li){^ a }{f a } + 

Ot 

= [ dEf 0 (E-fi) J2 S ( E ~ e*MaM a } + 
^]<5(£ - e a ){(j) a }{(j) a 

a 

-ME-^)GxA R x + G + 



= / d£ ME - ti)Gx 
dE 



T+G+ 



-I 



2n 



(9.2.10) 
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making use of the expression for the spectral function in the contact Eq. (8.2.3): 

A R (E) = J2 S ( E ~ £aMa}{4>a} + (9.2.11) 

Of 

From Eq. (9.2.6), 

r = i[E - £+] = xA R x + (9.2.12) 
so that from Eq. (9.2. 10) we can write 

[G n ] = [GTG + ]fo(E — /x) (9.2.13) 

where we have made use of Eq. (9.1.2a). To show that this is the same as our earlier 
result (Eqs. (9.1.2a, b)), we need the following important identity. If 

[G] = [EI — H — EH 1 and r = i[S - £+] 

then 

A = i[G — G + ] = GTG + = G+TG 

This is shown by writing (G + )~' — G l = E — E + = 
G and post-multiplying with G + to obtain 



(9.2.14) 

-ir, then pre-multiplying with 



G - G+ = -iGrG+ -> A = GFG+ 

Alternatively if we pre-multiply with G + and post-multiply with G we obtain 
G - G+ = -iG+rG -> A = G+rG 

I have used this simple one-contact problem to illustrate the important physical 
principle that the different eigenstates are uncorrelated and so we should calculate 
their contributions to the density matrix independently and then add them up. 

This is a little bit like Young's two-slit experiment shown below. If the two slits 
are illuminated coherently then the intensity on the screen will show an interference 
pattern. 



But if the slits are illuminated incoherently then the intensity on the screen is 
simply the sum of the intensities we would get from each slit independently. Each 
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Fig. 9.2.2 A channel connected to two contacts. 



eigenstate a is like a "slit" that "illuminates" the device and the important point is that 
the "slits" have no phase coherence. That is why we calculate the device density matrix 
for each "slit" a independently and add them up. 

Now that we have been through this exercise once, it is convenient to devise the 
following rule for dealing with the contact and channel wavefunctions 



UdE/27t)ME-iA)[A R (E)] (9.2.15a) 



{fM + }^ J(dE/2n)[G n (E)] (9.2.15b) 

reflecting the fact that the electrons in the contact are distributed according to the Fermi 
function fo(E—fi) in a continuous distribution of eigenstates described by the spectral 
function Ar(E). This rule can be used to shorten the algebra considerably. For example, 
to evaluate the density matrix we first write down the result for a single eigenstate 

{f} = Gr{4> R } -+ = Gr{<D K }{4> R }+r+G + 

and then apply Eq. (9.2.11) to obtain [G n ] = [GrA R r + G + ]fo(E — /x), which reduces 
toEq. (9.2.13) making use of Eq. (9.2.12). 



Channel with two contacts: Now we are ready to tackle the actual problem with 
two contacts. We assume that before connecting to the channel, the electrons in the 
source and the drain contact have wavefunctions {<t>\ }, {$2} obeying the "Schrodinger" 
equations for the isolated contacts (see Eq. (8.1.8b)): 

[EI - Hi + i??]}^} = {Si} and [El - H 2 + irj]{^ 2 } = {S 2 } (9.2.16) 

where [Hi], [H 2 ] are the Hamiltonians for contacts 1 and 2 respectively and we have 
added a small positive infinitesimal times an identity matrix, [rj] = 0 + [I], to introduce 
dissipation as before. When we couple the device to the contacts as shown in Fig. 9.2.2, 
these electronic states from the contacts "spill over" giving rise to a wavefunction {\[r } 
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inside the device which in turn excites scattered waves {xi} and {x 2 } in the source and 
drain respectively. 

The overall wavefunction will satisfy the composite Schrodinger equation for the 
composite contact- l-device-contact-2 system which we can write in three blocks 
(cf. Eq. (8.1.8b)): 

(EI-Hx+it] -r+ 0 \ 



EI- H 



-Ti 



V 



o 



EI-H 2 + in) 



$1 + X1 




Si | 






0 


<S>2 + X2 




S 2 ] 



(9.2.17) 



where [H] is the channel Hamiltonian. Using straightforward matrix algebra we obtain 
from the first and last equations 



(XiJ = GiT+W and [xi) 



where 

G X = [E1 - H x + ir]Y x and G 2 = [EI - H 2 + i^F 1 



(9.2.18) 



(9.2.19) 



are the Green's functions for the isolated reservoirs. Using Eqs. (9.2.18) to eliminate 
{Xi} from the middle equation in Eq. (9.2.17) we obtain 



[EI- H - E] 
where 

Si = TiGiT, + 



s 2 ]{^} = {S} 



and 



S2 = T 2 G%%^ 



(9.2.20) 



(9.2.21) 



are the self-energy matrices that we discussed in Chapter 8. The corresponding broad- 
ening matrices (Eq. (9.2.12)) are given by 



and 



x 2 A 2 xl 



(9.2.22) 



where A\ = i[Gi — G^] and A 2 = i[G 2 — G\ ] are the spectral functions for the 
isolated contacts 1 and 2 respectively. Also, 



[S\ = x,{<$> x \ + x 2 {<$> 2 \ 



(9.2.23) 



is the sum of the source terms Ti<I>i (from the source) and x 2 Q 2 (from the drain) as 
shown in Fig. 9.2.3. 

To evaluate the density matrix, we define the channel Green's function 



G = [EI — H 



S 2 ]" 



(9.2.24) 



and use it to express the channel wavefunction in terms of the source terms from 
Eq. (9.2.20): 



{f} = G{S] -> WW+ = G{S}{S} + G 



(9.2.25) 
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Fig. 9.2.3 Channel excited by Ti<t>i (from the source) and T24>2 (from the drain). The channel 
response is decribed by Eq. (9.2.20) and it in turn generates {x 1 }, {X2} in the contacts (see 
Eq. (9.2.18)). 

Note that the cross-terms in the source 

SS + = T!<f i®+T+ + T 2 4> 2 4>+T + 
+ T 1 0 1 0+T+ + T2O2O + T + 

Cross-terms = 0 

are zero since <$> 1 and <t>2 are the wavefunctions (before connecting to the channel) in 
the source and drain contacts which are physically disjoint and unconnected. The direct 
terms are evaluated using the basic principle (see Eqs. (9.2.15a)) that we formulated 
earlier with the one-contact problem: 

{<&!}{<&+} =► / (dE/2jr)ME)[Ai(E)] (9.2.26a) 



/ 
/ 



{4> 2 }{4>+} =>■ J (dE/27t)f 2 (E)[A 2 (E)] (9.2.26b) 

to write down the density matrix from {if}{ir} + = G{S}{S} + G + 

p = J (dE/27T){[Gr l A l r+G + ]f l +[Gr 2 A 2 r+G + ]f 2 } 

Making use of Eq. (9.2.22) we can simplify this expression to write 

G n = GS in G+ (9.2.27) 

and 

[s in ] = [r 1 ]/ 1 + [r 2 ]/ 2 (9.2.28) 

noting that [p] = f (d£'/27r)[G n ] as defined in Eq. (9.1.2a). Just as G n is obtained from 
S in is obtained from {S}{5'} + . One could thus view Eq. (9.2.27) as a relation 
between the "electron density" in the device created by the source term {5} representing 
the spill-over of electrons from the contacts. 
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Partial spectral function: Substituting Eq. (9.2.28) into Eq. (2.9.27) we can write 
[G n ] = [A{]fi + [A 2 ]f 2 (9.2.29) 
where 

A l = GT l G + and A 2 = GT 2 G + 

Comparing this with the equilibrium result (see Eq. (9.1.2b)), [G n ] = [A]/o, it seems 
natural to think of the total spectral function [A(£)] as consisting of two parts: [A^ZT)] 
arising from the spill-over (or propagation) of states in the left contact and [A2(£)] 
arising from the spill-over of states in the right contact. The former is filled according 
to the left Fermi function fi(E) while the latter is filled according to the right Fermi 
function/2 (£)• To show that the two partial spectra indeed add up to give the correct total 
spectral function, A = A\ + A 2 , we note from Eq. (9.2. 14) that since the self-energy £ 
has two parts and Y> 2 coming from two contacts, A = G[F\ + T2]G + = A\ + A 2 
as stated in Eq. (9.1.6). 

Exclusion principle? An important conceptual point before we move on. Our approach 
is to use the Schrodinger equation to calculate the evolution of a specific eigenstate 
<t> a from one of the contacts and then superpose the results from distinct eigenstates 
to obtain the basic rule stated in Eqs. (9.2.15) or Eq. (9.2.26). It may appear that by 
superposing all these individual fluxes we are ignoring the Pauli exclusion principle. 
Wouldn't the presence of electrons evolving out of one eigenstate block the flux evolving 
out of another eigenstate? The answer is no, as long as the evolution of the electrons 
is coherent. This is easiest to prove in the time domain, by considering two electrons 
that originate in distinct eigenstates {<$>i} and {O2}. Initially there is no question of 
one blocking the other since they are orthogonal: {^M+J^} = 0- At later times their 
wavefunctions can be written as 

WiCf)} = Kp[-i/fr/ft]{*i} 
[f 2 (t)} = exp[-iH*/fc]{<D 2 } 

if both states evolve coherently according to the Schrodinger equation: 
ihd{f}/dt = [H]{f] 

It is straightforward to show that the overlap between any two states does not change as 
a result of this evolution: {ijf\(t)} + {\ff 2 (t)} = { < l > i} + { < J ) 2}- Hence, wavefunctions origi- 
nating from orthogonal states remain orthogonal at all times and never "Pauli block" 
each other. Note, however, that this argument cannot be used when phase-breaking 
processes (briefly explained in the introduction to this chapter) are involved since the 
evolution of electrons cannot be described by a one-particle Schrodinger equation. 
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Inflow/outflow 

Now that we have derived the results for the non-equilibrium density matrix (see 
Eqs. (9.1.3)-(9.1.6)), let us discuss the current flow at the terminals (Eqs. (9.1.7)- 
(9.1.9)). As before let us start with the "one-contact" problem shown in Fig. 9.2.1. 

Channel with one contact: Consider again the problem of a channel connected to one 
contact described by: 



E 



H x 
r+ H R - it] 



4> 



which is the same as Eq. (9.2.1) with {<$>} = {<t> R + /} and {Sr} dropped for clarity. 
How can we evaluate the current flowing between the channel and the contact? Just as 
we did in Section 6.4 (when discussing the velocity of a band electron), we need to 
look at the time-dependent version of this equation 



dt I <t> 



H x 

T+ H R - IT] 



and obtain an expression for the time rate of change in the probability density inside 
the channel, which is given by 

Trace = Trace = V f+ V f 

(note that i/f+i/r is just a number and so it does not matter if we take the trace or not): 

d Trace[i/f+TO - O+T+i^] 

1 = T.^ r = 1- ( 9 - 3 -^ 

dt i« 

Noting that {<$>} = {<$> R + we can divide this net current / conceptually into an 
inflow, proportional to the "incident" wave {Or}, and an outflow proportional to the 
"scattered" wave 

j _ Trace[xlf+x<S> R - ^x+f] _ Trace[x + T + i/f - j/ + xx] ^ ^ 

ih ih 

1 v ' V v ' 

Inflow Outflow 

Making use of Eqs. (9.2.4) and (9.2.7) we can write the inflow as 
Inflow = Trace[5+G+5 - S + GS]/ih = Tmce[SS + A]/ti 



since i[G — G + ] [A]. To obtain the total inflow we need to sum the inflows due to each 
contact eigenstate a, all of which as we have seen are taken care of by the replacement 
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(seeEq. (9.2.15a)) 
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Since 5 = r<l) R , this leads to 
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so that the inflow term becomes 
d£ 



Inflow 



27T 



/o(£ - /x)Trace[rA] 



(9.3.3a) 



Similarly, we make use of Eqs. (9.2.2) and (9.2.12) to write the outflow term as 
Outflow = Trace[i/f + rGtT + i/f — \j/ + rGRt + ^'\/ih = Trace[i/n/r + r]/ft 



On summing over all the eigenstates, x//\[r + 
dE 



f dE G n /2n, so that 



Outflow 



-if 



2jt 



Trace [TG n ] 



(9.3.3b) 



It is easy to see that the inflow and outflow are equal at equilibrium, since G n = Afo 
(seeEq. (9.1.2b)). 

Channel with two contacts: Now we are ready to calculate the inflow and outflow for 
the channel with two contacts (see Fig. 9.3.1). We consider one of the interfaces, say 
the one with the source contact, and write the inflow as (cf. Eq. (9.3.2)) 



h 



Trace [i/f + TiOi — O+r+i/r] Trace[/ 1 + r 1 + ^ — V f+T iXi] 



iti 



Inflow Outflow 

Making use of the relations xjr = GS (with 5 and Gdefined in Eqs. (9.2.23) and (9.2.24)) 
and {5i} = r^O]}, we can write 

Inflow = Trace[5+G+5i - 5+G5]/ift = Trace[5i5+A]//i 



since 5 = 5i + 52 and St S2 = 5+5i = 0. 
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Next we sum the inflow due to each contact eigenstate a, all of which is taken care 
of by the replacement (see Eq. (9.2.26a)) 



{t> l }{<t>+} => J J^/!< 



leadingto {SjH^+J = [nOi^r+J 

=> J — [r 1 A 1 r+]/ 1 (£) = J — [TAME) 



so that 

Inflow = - f —ME) Tracefr^] (9.3.4a) 
h J lit 

Similarly we make use of Eqs. (9.2.18) and (9.2.22) to write the outflow term as 
Outflow = Trace[i/'' + T 1 G^T 1 + i/f — \j/ + X\G\t^^'\/ih = Trace[i/fi/f + r 1 ]/ft 
On summing over all the eigenstates, {V f }( 1 A + } =^ / (d£/27r)[G n ], so that 

Outflow = (1/h) f — Trace[riG n ] (9.3.4b) 
J 2n 

The net current /, at terminal i is given by the difference between the inflow and the 
outflow (multiplied by the charge —q of an electron) as stated in Eq. (9.1.7a) 

f dE . 
U = i-q/ti) J ^li(E) 

— oo 

with 

1 = Trace[r,A]/j - Trace[r, G n ] (9.3.5) 
and illustrated in Fig. 9.1.2. 



Transmission 

In the last section we obtained expressions for the current at each of the contacts, 
which can be expressed as the difference between an inflow and an outflow. In this 
section we will express the current in a slightly different form that gives a different 
perspective to the problem of current flow and helps establish a connection with the 
transmission formalism widely used in the literature. We start by combining Eq. (9. 1 .7b) 
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(a) /(S->D) 



(b) 7(D -» S) = r(£)/ 2 (£) 





Source Channel Drain 



Source Channel Drain 



Fig. 9.4.1 The net current through the device (Eq. (9.4. 1)) can be viewed as the difference 
between two counterpropagating fluxes from electrons: one from the source to the drain fa = 
and the other from the drain to the source f\ — 0 (b). 



0(a) 



with Eqs. (9.1.5) and (9.1.6) to write 

h = T n (E)lME) - f 2 (E)] where T n (E) = TracetHAo] 

h = T 2l (E)[f 2 (E) -ME)] where T 2l (E) = Trace[r 2 Ai] 

We expect the currents at the two terminals to be equal and opposite and this is ensured 
if Trace[Ti A 2 ] = Trace[T 2 Ai]. To show that they are indeed equal, we make use of 
Eq. (9.2.14) to show that 

Trace^A] = Trace[T 1 GrG + ] = Trace|TG + riG] = Trace[rA!] 

Subtracting Trace[TiAi] from both sides gives the desired result that TracelT^] = 
Trace[r 2 Ai] (noting that r = F { + T 2 and A = A x + A 2 ). This allows us to write the 
current as (noting that Inh = h) 

I = (q/h) j dET(E)lME) - ME)] (9.4.1) 

— oo 

where 

T(E) = Trace[riA 2 ] = Trace[r 2 Ai] 

= Trace [r!Gr 2 G + ] = Trace[T 2 Gr 1 G + ] (9.4.2) 

is called the transmission function. Physically we can view the current in Eq. (9.4.1) as 
the difference between two counterpropagating fluxes, one from the source to the drain 
and the other from the drain to the source as sketched in Fig. 9.4.1. One could view 
the device as a "semi-permeable membrane" that separates two reservoirs of electrons 
(source and drain) and the transmission function T(E) as a measure of the permeability 
of this membrane to electrons with energy E. We will show that the same function T(E) 
will govern both fluxes as long as transport is coherent. 
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Fig. 9.4.2 In the transmission formalism, the channel is assumed to be connected to the contacts 
by two uniform leads that can be viewed as quantum wires with multiple subbands (see Chapter 6) 
having well-defined E-k relationships as shown. This allows us to define an X-matrix for the device 
analogous to a microwave waveguide. 



Transmission formalism: In the transmission formalism (sometimes referred to as the 
Landauer approach) the channel is assumed to be connected to the contacts by two 
uniform leads that can be viewed as quantum wires with multiple modes or subbands 
(see Chapter 6) having well-defined E-k relationships as sketched in Fig. 9.4.2. This 
allows us to define an S-matrix for the device analogous to a microwave waveguide 
where the element t nm of the Mnatrix tells us the amplitude for an electron incident in 
mode m in lead 1 to transmit to a mode n in lead 2. It can then be shown that the current 
is given by Eq. (9.4.1) with the transmission function given by 

T(E) = Y,12 l f ™'! 2 = Trace [» + ] (9-4-3) 

m n 

This viewpoint, which is very popular, has the advantage of being based on relatively 
elementary concepts and also allows one to calculate the transmission function by 
solving a scattering problem. In the next section we will show with simple examples 
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that this approach yields the same result as that obtained from T = Trace[T2GriG + ] 
applied to devices with uniform leads. 

Landauer formula: Landauer pioneered the use of the scattering theory of transport 
as a conceptual framework for clarifying the meaning of electrical conductance and 
stressed its fundamental connection to the transmission function: "Conductance is trans- 
mission." This basic relation can be seen starting from Eq. (9.4. 1) (making use of Eqs. 
(9.1.1)) 

I = (q/h) j dET(E)[f 0 (E-fa)-f 0 (E-fa)] 

— oo 

and noting that the current is zero at equilibrium since fa = fa. A small bias voltage 
V changes each of the functions T, fa, and fa > a °d the resulting current can be written 
to first order as (5 denotes a small change) 

I*(q/h) J dE bT(E)[f 0 (E - m) - ME - fa)] 

— OO 

+oo 

+ {q/h) j dET(E)b[f 0 (E - fa) - f 0 (E - fa)] 

— OO 

The first term is zero and the second can be written as 

+oo 

I^(q 2 V/h) J AET(E) (-df 0 (E)/dE) E ^ 

— CO 

so that the conductance is given by 

+oo 

G = (q 2 /h)T 0 where T 0 = j dET(E) F T (E - n) (9.4.4) 

— oo 

and F T is the thermal broadening function discussed in Chapter 7, which is peaked 
sharply around E = /x with a width proportional to k B T (see Fig. 7.3.4). The conduc- 
tance is thus proportional to the transmission function averaged over an energy range 
of a few IcqT around the equilibrium electrochemical potential fi, just as the quantum 
capacitance is proportional to the averaged density of states (see Eq. (7.3.8)). 

The maximum value of the transmission function (and hence the conductance) is 
obtained if each of the M subbands or modes in one lead transmits perfectly to the 
other lead (see Fig. 9.4.2). The matrix [tt + ] is then a diagonal matrix of size (M x M) 
with ones along the diagonal, so that the transmission is equal to M. This suggests 
that the maximum transmission is equal to the number of modes M in the leads. But 



Coherent transport 



(a) M modes M modes 




(b) N modes N modes N modes 



Fig. 9.4.3 



fi 3 fi 4 




Fig. 9.4.4 Conductance measurements are commonly carried out in a four-probe configuration 
that can be analyzed using the Biittiker equations. 

what happens if the device is narrower than the lead and has only N modes, N < M 
(Fig. 9.4.3a)? 

It can be argued that such a structure could not have a transmission any greater 
than a structure with the leads the same size as the channel (Fig. 9.4.3b) since in 
either case the electrons have to transmit through the narrow device region (assuming 
that the device is not so short as to allow direct tunneling). Since this latter structure 
has a maximum transmission of N that must be true of the first structure as well and 
detailed calculations do indeed show this to be the case. In general we can expect that 
the maximum transmission is equal to the number of modes in the narrowest segment. 
Earlier, in Chapter 6, we argued that the maximum conductance of a wire with N modes 
is equal to (q 2 /h)N based on the maximum current it could possibly carry. 



Biittiker equations: Conductance measurements are often performed using a four- 
probe structure (Fig. 9.4.4) and their interpretation in small structures was initially 
unclear till Biittiker came up with an elegant idea (Biittiker, 1988). He suggested that 
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the Landauer formula 

G = (q 2 /h)f -> / = (q/hmni - M2 ] 

be extended to structures with multiple terminals by writing the current 7, at the ith 
terminal as 

ii = (a/h)J2 f iM-nA ( 9 - 4 - 5 ) 

where 7y is the average transmission from terminal j to i. We know the electrochemical 
potentials fi at the current terminals (1 and 2) but we do not know them at the voltage 
terminals, which float to a suitable potential so as to make the current zero. How do 
we calculate the currents from Eq. (9.4.5) since we do not know all the potentials? The 
point is that of the eight variables (four potentials and four currents), if we know any 
four, we can calculate the other four with simple matrix algebra. Actually, there are 
six independent variables. We can always set one of the potentials to zero, since only 
potential differences give rise to currents. Also, Kirchhoff s law requires all the currents 
to add up to zero, so that knowing any three currents we can figure out the fourth. So, 
it is convenient to set the potential at one terminal (say terminal 2) equal to zero and 
write Eq. (9.4.5) in the form of a (3 x 3) matrix equation: 



h 




T u + f 13 + T u 


-f 13 


-fu 




Mi 
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' ~ h 




731 + 732 + 734 


-tu 




M3 
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-741 


"743 


T41 + 742 + 743 




M4 



Knowing /xi, 73 = 0, 14 = 0, we can calculate I\, /X4 and hence the four-probe 
conductance: 

G four-probe = (/^3 _ f^V/^h 

We can visualize the Biittiker equations with a simple circuit model if the transmission 
coefficients are reciprocal, that is, if 7y = 7), . These equations are then identical to 
Kirchhoff 's law applied to a network of conductors G, ; oc 7y = 7^, connecting each 
pair of contacts i and j (see Fig. 9.4.5). However, this picture cannot be used if the 
transmission coefficients are non-reciprocal: Ty 7^ Ty, as they are in Hall effect mea- 
surements where a magnetic field is present, some of the most notable applications of 
the Biittiker equations, Eq. (9.4.5), are to the interpretation of such measurements. 

Biittiker probes: We mentioned earlier that the scattering theory of transport can only 
be used if the electrons transmit coherently through the device so that an 5-matrix can 
be defined. But floating probes effectively extract electrons from the device and reinject 
them after phase randomization, thus effectively acting as phase-breaking scatterers. 
This is a seminal observation due to Biittiker that provides a simple phenomenological 
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Fig. 9.4.5 The Biittiker equations can be visualized in terms of a conductor network if the 
transmission between terminals is reciprocal. 



technique for including the effects of phase-breaking processes in the calculation of 
current. We simply connect one or more purely conceptual floating probes to the device 
and then calculate the net current using the Biittiker equations, which can be applied to 
any number of terminals. 

We could even use the general current equation (see Eq. (9.4.1)), rather than the 
low -bias conductance relation, extended to include multiple floating probes: 

+00 

I> = (q/h) J dEIi(E) (9.4.6) 

—00 

where 



/,(£) = J2 Tij(E)[fi(E) - fj(E)] (9.4.7) 

J 

One could then adjust the potential /x ; to make the current at each energy equal to zero: 
/ j(E) = 0. In principle this could result in different values for fi; at different energies. 
Alternatively, we could require a single value for /xj at all energies, adjusted to make 
the total current at all energies equal to zero, f dE I j(E) = 0. One could then have 
positive values of 7 , (E) at certain energies balanced by negative values at other energies 
making the total come out to zero, indicating a flow of electrons from one energy to 
another due to the scattering processes that the "probe" is expected to simulate. This 
makes the detailed implementation more complicated since different energy channels 
get coupled together. 

The transmission coefficients at a given energy are usually calculated from the 
S- matrix for the composite device including the conceptual probes: 



Tij = Trace[j 0 -(£) S +(£)] 



(9.4.8) 
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But we could just as well combine this phenomenological approach with our Green's 
function method using separate self-energy matrices [£,■] to represent different floating 
probes and then use the expression 

Tij(E) = Trace[r,Gr i G+] (9.4.9) 

to evaluate the transmission. This expression can be derived using the same procedure 
described earlier for two-terminal structures. The current at terminal i is given by the 
difference between the inflow and outflow: 

/,-(£) = (l/h) Trace{[r,(£)][[A(£)]/, - [G n (£)]]} 

Making use of the relations (see Eqs. (9.2.14), (9.2.27), and (9.2.28)) A = 

GTjG+ and G n = £ GTjG+fj we can write 

j i 

h(E) = (l/ft)^Trace[r,Gr ; G+](/, - fj) 

9 

so that the current can be written as 

Ii(E) = (l/h) Tijifi - fj) (9.4.10) 
in terms of the transmission function defined above in Eq. (9.4.9). 



Sum rule: A very useful result in the scattering theory of transport is the requirement 
that the sum of the rows or columns of the transmission matrix equals the number of 
modes: 

E F v = E^' = M ' (9A11) 

where M, is the number of modes in lead i. One important consequence of this sum 
rule is that for a two-terminal structure T \i = T21, even in a magnetic field, since with 
a (2 x 2) T matrix: 




we have T n + T n = M x = T n + T 2 \ T n = T 2i 



Note that a similar argument would not work with more than two terminals. For example, 
with a three-terminal structure we could show that T\i + 7" 13 = T 2 \ + T31, but we 
could not prove that T \ 2 = T 2l or that = T31. 

The Green's function-based expression for the transmission (see Eq. (9.4.9)) also 
yields a similar sum rule: 

E T>J = E T J* = Trace [ r < A] (9.4. 12) 
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This is shown by noting that 

Y^Tij = ^Trace[r,Gr > G+] = Trace[T,GrG + ] = Trace[T,A] 

where we have made use of Eq. (9.2.14) in the last step. Similarly, 

Y^Jji = ^Trace[r i Gr,G + ] = Trace[T,G + rG] = Trace[T,A] 

i i 

The quantity Trace[T,A] thus plays the same role that the number of modes M, 
plays in the scattering theory of transport. Interestingly, while M, is an integer, Trace 
[r, A] can take on any non-integer value. For example, if the device were a really 
small one having just one level with E = e, communicating with multiple reservoirs, 
then 

r, a = ^ =■ with r = y r, 

(E - ef + (r/2) 2 ^ 

which has the shape of a Lorentzian if the broadening is energy independent. Clearly 
this can have any fractional value. 
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9.5.1 An analytical example 

Scattering theory: To see that the Green's function formalism gives the same answer as 
the scattering theory of transport it is instructive to go through a simple example where 
the results are easily worked out on paper. Consider, for example, a linear conductor 
with a repulsive potential U(z) = Uo S(z) at z = 0 (Fig. 9.5.1). The coefficients r and t 
(in Fig. 9.5.1) are obtained by requiring that the wavefunction be continuous at z = 0: 

- W z =o- = 0^/-(l+r) = 0 (9.5.1a) 

and that the derivative be discontinuous by 

2mUo 2mUot 

[^] z = 0 W - (1 - r)l = — (9.5.1b) 
h h 
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Equations (9.5.1a, b) are solved to yield 
ihv 



t = 



ihv — Uq 



T = \t\' = 



Scattering theory on a discrete lattice: Let us now redo this problem using a discrete 
lattice with points spaced by a, the central cell having an extra potential (Uo/a) for the 
delta function (Fig. 9.5.2). We can carry out a discrete lattice version of the calculation 
described above, starting from 



Efo = [E c + 2t 0 + (Uo/a)]ifr 0 ~ tof-i - fo^+i 

and then writing 

f 0 = l+r = t 

x/r +1 = t exp(+i£a) 

^r_j = exp(— ika) + r exp(+ika) 

so that 

f+i = % exp(+ika) 

i/f-i = — 2isin£a + tyo exp(+i&a) 

Substituting back into Eq. (9.5.2) yields 

[E — E c — 2to — (Uo/a) + 2?oexp(+i^a)]i/fo = 2ito sinka 

Making use of the dispersion relation 

E = E c + 2fo(l — coska) —> hv(E) = 2at(,sinka 



(9.5.2) 



(9.5.3) 



(9.5.4) 



this is simplified to [—(Uo/a) + 2i*o sinka]iJfo = 2i?o sinka 
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that is, 



fo = 



ihv 



ihv — Uq 
Hence the transmission is given by 

h 2 v(E) 2 



T(E) = \t\ 2 = \ir 0 \ 2 



fi 2 v(E) 2 + U 2 



(9.5.5) 



(9.5.6) 



Green's function method: Finally, let us do this problem using the Green's function 
formulation presented in this chapter. We treat just one point as the "device" with a 
(1 x 1) Hamiltonian given by (see Fig. 9.5.3) 

[H] = E C + 2t 0 + (Uo/a) 

while the effects of the two semi-infinite leads (one on each side) are represented by 
(lxl) self-energy matrices as discussed in Chapter 8: 

[Si(£)] = — t(,exp(ika) and [Y,2(E)] = — to exp(i^a) 

where ka is related to the energy E by the dispersion relation (see Eq. (9.5.4)), so that 
[ri_2(£)] = i[Si,2 — £^2] = 2?o sinka = hv/a 

Since all matrices are (1 x 1) in size, it is easy to write down the Green's function: 

G= [EI- H - Ei - E 2 r' 

= [E - E c - 2t Q + 2t 0 exp(ika) - (U 0 /a)r l 

Using the dispersion relation to simplify as before 

G = [i2/o sinka — (Uo/a)]^ 1 = a/(ihv — Uq) 
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so that the transmission is given by 

h 2 v(E) 2 



T(E) = Traced! Gr 2 G + ] 



h 2 v(E) 2 + U 2 
in agreement with the earlier result (Eq. (9.5.6)). 



9.5.2 Numerical example 

The real power of the Green's function method, of course lies not in simple problems like 
this, but in its ability to handle complex problems without the need for any additional 
formulation or setting up. Given a Hamiltonian [H] and self-energy matrices and 
^2(E), the procedure is mechanical: Eqs. (9.1.5) and (9.1.10) can be applied blindly to 
evaluate the transmission. Of course, complicated contacts can require some extra effort 
to evaluate the appropriate self-energy matrices, but it is a one-time effort. Besides, as 
we have mentioned earlier, one can make a reasonable guess based on Eqs. (8.3.1 2) and 
(8.3.14) without a detailed calculation - a procedure that can be justified physically by 
arguing that one never knows the precise shape of the contacts anyway. The examples 
we discuss below are all based on one-dimensional leads for which the self-energy is 
written down easily. 

We use a one-dimensional discrete lattice with a = 0.3 nm to model each of the 
following devices which are assumed to be single-moded in the transverse (x- and ;y-) 
directions (Fig. 9.5.4). The barrier regions indicated by the "brick wall" pattern have a 
conduction band that is 0.4 eV higher than the rest. We assume that the effective mass 
(m c = 0.25m) is the same everywhere. Figure 9.5.5 shows the (non-self-consistent) 



(b) 



(c) 



Pi 



[H] 





16 19 



32 35 



50 



26 29 



z/a 



Fig. 9.5.4 Three device examples: (a) ballistic device; (b) tunneling device; (c) resonant tunneling 
device. 
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Fig. 9.5.5 Equilibrium band diagram and transmission function for each of the devices in 
Fig. 9.5.4. 
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Fig. 9.5.6 

equilibrium band diagram and transmission functions T(E) calculated numerically for 
each of these devices from the Hamiltonian matrix [H] and the self-energy matrices 
Si. 2 (£). 

For the ballistic device the transmission is zero for energies below the band edge 
E c and increases to one above the band edge. For the tunneling device, the transmis- 
sion increases from zero to one, though more slowly. The transmission for a resonant 
tunneling device, on the other hand, shows a very different behavior with two sharp 
resonances that can be understood by noting that the two barriers create a "box" with 
discrete energy levels (Fig. 9.5.6, see Section 2.1). The transmission from left to right 
peaks whenever the energy matches one of these levels. It is possible to obtain the 
same results by matching wavefunctions and derivatives across different sections, but 
the process quickly gets cumbersome. Arbitrary potential profiles, however, are easily 
included in the Hamiltonian [H] and the transmission is then calculated readily from 
the Green's function formalism: T(E) = Trace[TiGr2G + ]. 

In calculating the transmission through devices with sharp resonances (like the reso- 
nant tunneling device) it is often convenient to include a Biittiker probe (see Section 9.4). 
The reason is that it is easy to miss very sharp resonances in a numerical calculation if 
the energy grid is not fine enough. A Biittiker probe simulates the role of phase-breaking 
processes thereby broadening the resonance. The effective transmission is calculated 
by solving the Biittiker equations (see Eq. (9.4.5)) as explained in the last section. In this 
case the transmission between different terminals is reciprocal so that we can calculate 
the effective transmission from a simple resistor network (see Fig. 9.5.7) adapted to 
three terminals. 

Noting that the conductance is proportional to the transmission we can write the 
effective transmission using the elementary law of addition for conductors in series and 
in parallel: 

T ef{ (E) = T 12(E) + _ JT/ (9.5.7) 

r 13 (£) + r 23 (£) 

Figure 9.5.8 shows the effective transmission for a resonant tunneling device with one 
Biittiker probe attached to the center of the device. Compared to the earlier result 
without a probe, the resonances are broadened somewhat, especially the sharpest 
one. 
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Fig. 9.5.8 Effective transmission function for a resonant tunneling device including a Buttiker 
probe located at lattice site number 25 at the center of the device to simulate the effect of 
phase-breaking processes phenomenologically. The curve shows result from Fig. 9.5.5c without a 
Buttiker probe. 



Current (Z)-voltage (V) characteristics: Equation (9.1.9) can be used to calculate 
the l-V characteristics of any coherent device, provided we know how the applied 
voltage drops across the device. This is not important if we are only interested in 
the low-bias conductance (or "linear response"), but can be of paramount importance 
in determining the shape of the full current-voltage characteristics as discussed in 
Section 1.4. 

In general, for quantitatively correct results, it is important to solve for the potential 
profile self -consistently. Just like the equilibrium problem (see Fig. 7.2.1), we should 
include a self-consistently determined potential U in the total Hamiltonian H = Hq + 
U([5p]). 
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Fig. 9.5.9 

This potential U represents the average potential that an electron feels due to the 
change bp in the electron density, or more generally the density matrix. The first 
step in this process is to calculate the electron density from the diagonal elements of 
the density matrix. This electron density can then be used in the Poisson equation to 
calculate the potential which is then included in the Hamiltonian to recalculate the 
electron density and so on till the process converges as sketched in Fig. 9.5.9. A full 
self-consistent calculation like this can be time-consuming (we will describe a simple 
one in Section 1 1.4) and so it is common to assume a "reasonable" potential profile. 
What is a reasonable profile? 

The basic principle is straightforward. If the channel were insulating (low quan- 
tum capacitance, see Eq. (7.3.8)), the potential profile would be given by the Laplace 
potential Viff), obtained by solving the Laplace equation. But if it were metallic (large 
quantum capacitance), the profile would be given by the "neutral potential" U^(r) 
obtained from the transport equation assuming perfect space charge neutrality every- 
where. The correct potential profile is intermediate between these extremes. In regions 
of low density of states the quantum capacitance is small and the potential profile will 
tend to follow U^(r) while in regions with high density of states the quantum capaci- 
tance is large and the potential profile will tend to follow U^(r). The common practice 
for choosing a "reasonable profile" is to assume that the potential follows U^(r) (that 
needed to maintain charge neutrality) at the ends which should be regions of high den- 
sity of states, while in the central channel region the profile is assumed to follow the 
Laplace potential C/l(?)- 

Figure 9.5. 10 shows the /- ^characteristics for (a) the ballistic device, (b) the tunnel- 
ing device, and (c) the resonant tunneling device calculated assuming that the potential 
drops linearly across the central unshaded regions in Fig. 9.5.4. This assumed poten- 
tial profile gives reasonable qualitative features, but it is easy to check that the results 
can change quantitatively if we choose different profiles. We will talk about this fur- 
ther in Section 1 1 .4 when we discuss the factors that influence the ON current of a 
nanotransistor. 
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Fig. 9.5.10 Current (I) versus voltage (V) characteristics of the three devices shown in Fig. 9.5.4 
calculated assuming the linear potential profile shown. The left-hand plots show the assumed band 
diagrams at a bias of 0.5 V. 
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EXERCISES 

E.9.1. Use a one-dimensional discrete lattice with a = 0.3 nm to model each of the 
devices shown in Fig. 9.5.4 which are assumed to be single-moded in the transverse 
(x- and y-) directions. Assume that the effective mass (m c = 0.25m) is the same every- 
where. The barrier regions indicated by the "brick wall" pattern have a conduction band 
that is 0.4 eV higher than the rest, (a) Set up an energy grid over the range —0.2 eV < 
E < 0.8 eV and plot the transmission probability as a function of energy. Compare with 
Fig. 9.5.2. (b) Plot the transmission probability as a function of energy for the resonant 
tunneling device using a Biittiker probe as indicated in Fig. 9.5.8. 

E.9.2. (a) Calculate the current (/)-voltage (V) characteristics in the bias range of 0 < 
V < 1 V assuming that the applied bias drops across the device following the profile 
shown in Fig. 9.5.10. Assume the equilibrium Fermi energy to be £p = 0.1 eV and 
the chemical potentials in the two contacts under bias to be /xi = Ep + q V /2 and 
/j, 2 = Ep — qV/2. The energy integration needs to be carried out only over the range 
[M\ + Ak-gT < E < fX2 — 4k B T. Use an energy grid with AE 0.2k B T. (b) Calculate 
the electron density n(x) per unit length assuming that the applied bias of 0.5 V drops 
across the tunneling device following the profile shown in Fig. 9.5.10. 

E.9.3. Transfer Hamiltonian: See Fig. E.9.3. Starting from the expression for the trans- 
mission in Eq. (9.4.2), T(E) = Trace[TiGr2G + ], and making use of the expressions 
for the broadening matrices in Eq. (9.2.22) show that 

T(E) = Trace[Ai MA 2 M + ] 

where A\ and A 2 are the spectral functions in the two contacts and the matrix element 
M is given by 

M = t+Gt 2 

This form is similar to the version often seen in connection with the transfer Hamil- 
tonian formalism (see for example, Eq. (2.3.5) on p. 69 of Chen (1993)). In the trans- 
fer Hamiltonian formalism the matrix element M is assumed to be unaffected by the 
coupling to the contacts which is assumed to be small, but in the present formula- 
tion G and hence M are affected by the contacts through the self-energy due to the 
contacts. 
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E.9.4. 2D cross-section: In the examples of Section 9.5 we have assumed that the device 
is one-dimensional. The 2D cross-section can be included in a simple way if we assume 
periodic boundary conditions and assume that all the transverse modes are decoupled 
as we did when calculating the capacitance in Chapter 7. We could then simply sum 
our ID result over all the transverse modes represented by the two-dimensional vector 
k to write (ej = h 2 k 2 /2m c ): 

+00 

7 = ^ E / dE T(E)[ME + ei - lil )- f 0 (E + s- k - /x 2 )] 

^ —00 

The transmission function depends only on the longitudinal energy E while the Fermi 
functions are determined by the total energy E + ££. The summation over k can be 
carried out analytically to write (where S is cross-sectional area) 

+00 

*-z = \ I dET(E)[f 2D (E - Ml ) - f 2D (E - /x 2 )] 
S Ten J 

—00 

This means that the current in a device with a 2D cross-section is obtained using the 
same procedure that we used for a ID device, provided we use the ^-summed Fermi 
function fzu (see Eq. (7.2.12)) in place of the usual Fermi function. Repeat Exercise 
E.9.2 using/2D ( see Eq. (7.2.12)) instead of the Fermi function fo to account for a device 
with a 2D cross-section. The current should now be expressed in A/m 2 and the electron 
density should be expressed in /m 3 . 

E.9.5. ID cross-section: In analyzing field effect transistors, we often have a ID cross- 
section (j-direction) to sum over, while the transmission has to be calculated from a 
2D problem in the z-x plane (Fig. E.9.5). Assuming periodic boundary conditions in 
the j-direction show that the ID k-sum can be done analytically to obtain 
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where the ID ^-summed Fermi function is given by 
/m c k B T\ ( E \ 

with 

+00 

If dy Id 

S_i/2(x) = —= I '- — = Si/2(x) 

J 1 + exp(y — x) yfx dx 
0 

where Si/2(x) was defined in Eq. (7.2.22). 

E.9.6. For more examples on coherent transport the reader can look at Datta (2000): 
MATLAB codes used to generate the figures are available on request. 
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In Chapter 9, we discussed a quantum mechanical model that describes the flow of 
electrons coherently through a channel. All dissipative/phase-breaking processes were 
assumed to be limited to the contacts where they act to keep the electrons in local 
equilibrium. In practice, such processes are present in the channel as well and their role 
becomes increasingly significant as the channel length is increased. Indeed, prior to the 
advent of mesoscopic physics, the role of contacts was assumed to be minor and quantum 
transport theory was essentially focused on the effect of such processes. By contrast, 
we have taken a "bottom-up" view of the subject and now that we understand how 
to model a small coherent device, we are ready to discuss dissipative/phase-breaking 
processes. 

Phase-breaking processes arise from the interaction of one electron with the sur- 
rounding bath of photons, phonons, and other electrons. Compared to the coherent 
processes that we have discussed so far, the essential difference is that phase-breaking 
processes involve a change in the "surroundings." In coherent interactions, the back- 
ground is rigid and the electron interacts elastically with it, somewhat like a ping 
pong ball bouncing off a truck. The motion of the truck is insignificant. In reality, the 
background is not quite as rigid as a truck and is set in "motion" by the passage of 
an electron and this excitation of the background is described in terms of phonons, 
photons, etc. This is in general a difficult problem with no exact solutions and what 
we will be describing here is the lowest order approximation, sometimes called the 
self-consistent Born approximation, which usually provides an adequate description. 
Within this approximation, these interactions can essentially be viewed as a coup- 
ling of the channel from the "standard" configuration with {A^} phonons/photons 
(in different modes with different frequencies {co}) to a neighboring configuration 
with one less (absorption) or one more (emission) phonon/photon as depicted in 
Fig. 10.1. 

This coupling to neighboring configurations results in an outflow of electrons from 
our particular subspace and a subsequent return or inflow back into this subspace. A 
general model for quantum transport needs to include this inflow and outflow into the 
coherent transport model from Chapter 9, through an additional terminal "s" described 
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Fig. 10.1 Phase-breaking introduces a coupling to neighboring configurations having one more or 
one less number of excitations {N m } than the original. 



Mi 



| Trac 



Trace [sf 1 ^] 



Trace [rjC n ] 




Trace [£'"^1 



Trace [i^G"] 



M2 



Source 



/ 



Drain 



/ 



Fig. 10.2 Non-coherent quantum transport: inflow and outflow. 



by the additional terms SJ n and E s (see Fig. 10.2). My objective in this chapter is to 
explain how these additional terms are calculated. We have seen that for the regular 
contacts, the inscattering is related to the broadening: 

Sj" = Ti/i and ^ = T 2 f 2 

However, for the scattering terminal both E" 1 and E s have to be determined separately 
since there is no Fermi function / s describing the scattering "terminal" and hence no 
simple connection between E™ and E s (or r s ), unlike the contacts. Of course, one 
could adopt a phenomenological point of view and treat the third terminal like another 
contact whose chemical potential fi s is adjusted to ensure zero current at this terminal. 
That would be in the spirit of the "Biittiker probe" discussed in Chapter 9 and could 
well be adequate for many applications. However, I will describe microscopic (rather 
than phenomenological) models for E™ and E s that can be used to benchmark any 
phenomenological models that the reader may choose to use. They can also use these 
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models as a starting point to include more sophisticated scattering mechanisms as 
needed. 

The inflow and outflow associated with dissipative processes involve subtle concep- 
tual issues beyond what we have encountered so far with coherent transport. A fully 
satisfactory description requires the advanced formalism described in the Appendix, 
but in this chapter I will try to derive the basic results and convey the subtleties without 
the use of this formalism. In the next chapter I will summarize the complete set of equa- 
tions for dissipative quantum transport and illustrate their use with a few interesting 
examples. 

We will start in Section 10. 1 by explaining two viewpoints that one could use to model 
the interaction of an electron with its surroundings, say the electromagnetic vibrations 
or photons. One viewpoint is based on the one-particle picture where we visualize 
the electron as being affected by its surroundings through a scattering potential U s . 
However, as we will see, in order to explain the known equilibrium properties it is 
necessary to endow this potential U s with rather special properties that make it difficult 
to include in the Schrodinger equation. Instead we could adopt a viewpoint whereby we 
view the electron and photons together as one giant system described by a giant multi- 
particle Schrodinger equation. This viewpoint leads to a more satisfactory description 
of the interaction, but at the expense of conceptual complexity. In general it is important 
to be able to switch between these viewpoints so as to combine the simplicity of the one- 
particle picture with the rigor of the multi-particle approach. I will illustrate the basic 
principle in Section 10.2 using a few simple examples before discussing the general 
expressions for inflow and outflow in Section 10.3. Section 10.4 elaborates on the nature 
of the lattice vibrations or phonons in common semiconductors for interested readers. 



10.1 Why does an atom emit light? 



We started this book by noting that the first great success of the Schrodinger equation 
was to explain the observed optical spectrum of the hydrogen atom. It was found that 
the light emitted by a hot vapor of hydrogen atoms consisted of discrete frequencies 
co = 2.7T v that were related to the energy eigenvalues from the Schrodinger equation: 
fico = s„ — s m . This is explained by saying that if an electron is placed in an excited 
state 1 2), it relaxes to the ground state |1), and the difference in energy is radiated in 
the form of light or photons (Fig. 10.1.1). Interestingly, however, this behavior does 
not really follow from the Schrodinger equation, unless we add something to it. 

To see this let us write the time -dependent Schrodinger equation (Eq. (2.1.8)) in the 
form of a matrix equation 

ih T {f} = [HM} (lo.i.i) 

at 
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Fig. 10.1.1 If an electron is placed in an excited state |2>, it will lose energy by radiating light and 
relax to the ground state 1 1). However, this behavior does not follow from the Schrodinger 
equation, unless we modify it appropriately. 

using a suitable set of basis functions. If we use the eigenfunctions of [H] as our basis 
then this equation has the form: 



dt 







£\ 
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f2 



which decouples neatly into a set of independent equations: 



ih— {f n } = [e„]{f„] 
dt 



(10.1.2) 



one for each energy eigenvalue s n . It is easy to write down the solution to Eq. (10.1.2) 
for a given set of initial conditions at t = 0: 



fn(t) = 1/^,(0) exp( -!£„?/#) 



(10.1.3a) 



This means that the probability P„ for finding an electron in state n does not change 
with time: 



Pn(t) = \fn(t)\ 2 = \fn(0)\ 2 = Pn(0) 



(10.1.3b) 
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Fig. 10.1.2 In the one-particle viewpoint an electron is said to feel an external potential t/ s due to 
the photons in the surrounding "box" which causes it to relax from |2) to 1 1). 



According to the Schrodinger equation, an electron placed in an excited state would 
stay there for ever! Whatever it is that causes the excited state to relax is clearly not a 
part of Eq. (10.1.1) or (10.1.2). 

So what is missing? There are two ways to answer this question. Let us look at these 
one by one. 

One-particle viewpoint: This viewpoint says that an electron feels a random external 
potential (7 s due to the photons in the surrounding "box" which causes it to relax to 
the ground state (Fig. 10.1.2). This potential gives rise to off-diagonal terms in the 
Hamiltonian that couple the different states together. With just two states we could 
write 



+1 

"dt I V2 



V 



II s 

U 2l 



f2 



(10.1.4) 



Without getting into any details it is clear that if the electron is initially in state |2), the 
term Uf 2 will tend to drive it to state 1 1 > . But this viewpoint is not really satisfactory. 
Firstly, one could ask why there should be any external potential U s at zero temperature 
when all thermal excitations are frozen out. The answer usually is that even at zero 
temperature there is some noise present in the environment, and these so-called zero- 
point fluctuations tickle the electron into relaxing from |2) to |1). But that begs the 
second question: why do these zero-point fluctuations not provide any transitions from 
|1) to |2)? Somehow we need to postulate a scattering potential for which (note that 
£2 > £1) 

Of, = 0 but Uf 2 ± 0 



at zero temperature. 

For non-zero tem 
smaller than Uf 2 , so as to stimulate a greater rate 5(2 



For non-zero temperatures, U 2l need not be zero, but it will still have to be much 

1) of transitions from 2 to 1 
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than from 1 to 2. For example, we could write 

5(2 -> 1) = K 2 ^f 2 (l - ft) and 5(1 2) = K^ 2 ft(l - fi) 

where /i(l — fi) is the probability for the system to be in state |1) (level 1 occupied 
with level 2 empty) and f 2 {\ — f\) is the probability for it to be in state |2) (level 2 
occupied with level 1 empty) . At equilibrium the two rates must be equal, which requires 
that 

= m - f x ) = (i - fyA 

K M Ml - fi) (1 - / 2 )// 2 

But at equilibrium, the occupation factors f and/2 are given by the Fermi function: 

, 1 1 - fn { £n ~ M 

f" = 7~, FT TTT^T — 7 = ex P 



1 +exp[(e„ - fi)/k B T] f, \ k B T 

Hence from Eq. (10.1.5), 

exp I (10.1.6) 



K 2 ^ 1 /equilibrium V 

Clearly at equilibrium, K 2 ^i S> Ki^. 2 , as long as the energy difference (£2 — £i) S> 
k B T. 

Early in the twentieth century, Einstein argued that if the number of photons with 
energy hco present in the box is N, then the rate of downward transitions is proportional 
to(N + 1) while the rate of upward transitions is proportional to N: 

K(l — » 2) = aN photon absorption 

K(2 — » 1) = a(N + 1) photon emission (10.1.7) 

This ensures that at equilibrium Eq. (10.1.6) is satisfied since the number of photons is 
given by the Bose-Einstein factor 

1 

[-^equilibrium = 71 , , ™, 7 (10.1.8) 

4 exTp(na>/ k B T) — 1 

and it is easy to check that 

exp (-- — (10.1.9) 



1 /equilibrium V ^ ^ Equilibrium V k B T 

Since hco = s 2 — £i, Eqs. (10.1.9) and (10.1.6) are consistent. 

What is not clear is why the external potential should stimulate a greater rate of 
downward transitions (2— >• 1) than upward transitions (1 — > 2), but clearly this must 
be the case if we are to rationalize the fact that, at equilibrium, lower energy states are 
more likely to be occupied than higher energy states as predicted by the Fermi function. 
But there is really no straightforward procedure for incorporating this effect into the 
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Fig. 10.1 .3 In the multi-particle viewpoint, the electron-photon coupling causes transitions 
between |2, N) and |1, N— 1), which are degenerate states of the composite system. 



Schrodinger equation with an appropriate choice of the scattering potential U s . Any 
Hermitian operator U s will have Uf 2 = U 2l and thus provide equal rates of upward 
and downward transitions. 



Many-particle viewpoint: This brings us to the other viewpoint, which provides a 
natural explanation for the difference between upward and downward transition rates, 
but is conceptually more complicated. In this viewpoint we picture the electron + 
photon as one big many-particle system whose dynamics are described by an equation 
that formally looks just like the Schrodinger equation (Eq. (10.1.1)) 

ifc— {*} = [//]{*} (10.1.10) 
dt 

However, {4>} now represents a state vector in a multi-particle Hilbert space, which 
includes both the electron and the photon systems. The basis functions in this multi- 
particle space can be written as a product of the electronic and photonic subspaces 
(see Fig. 10.1.3): 

\n,N)= |n) ® \N) 
electron photon 

just as the basis functions in a two-dimensional problem can be written as the product 
of the basis states of two one -dimensional problems: 

\k x , k y ) = \k x ) <8> \k y ) ~ exp(i£ v x)exp(i£ v y) 
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We can write Eq. (10.1.10) in the form of a matrix equation: 



ih- 



dt 



* 2 



#00 #oi 0 
Hio Hn H12 

0 Hi 1 "22 



*0 
^2 



where {^jv} represents the A^-photon component of the wavef unction. If the electronic 
subspace is spanned by two states 1 1) and |2) as shown in Fig. 10.1.3 then {^n} is a 
(2x1) column vector 



Wn} = 



and the matrices Hnm are each (2 x 2) matrices given by 
Hnn = 



Si+Nhco 0 

0 £ 2 + Nha) 



(10.1.11) 



Hn,n+i = 



o ^VFTT 

K*y/N + 1 0 



with H 



N+l.N 



= H 



+ 

N,N+1 



Broadening: The point is that if we consider the yV-photon subspace, it is like an open 
system that is connected to the (N+ 1)- and (A^ — l)-photon subspaces, just as a device 
is connected to the source and drain contacts. In Chapter 8, we saw that the effect of the 
source or drain contact could be represented by a self-energy matrix (see Eq. (8.1.11)) 

S = rgr + 

whose imaginary (more precisely anti-Hermitian) part represents the broadening 
T = i[S - E+] = rar + 

a = i[g — g + ] being the spectral function of the isolated reservoir. We could use the 
same relation to calculate the self -energy function that describes the effect of the rest 
of the photon reservoir on the TV-photon subspace, which we view as the "channel." 
Actually the details are somewhat more complicated because (unlike coherent interac- 
tions) we have to account for the exclusion principle. For the moment, however, let us 
calculate the broadening (or the outflow) assuming all other states to be "empty" so 
that there is no exclusion principle to worry about. Also, to keep things simple, let us 
focus just on the diagonal element of the broadening: 

[r„„(£)] ~\n,N+\ [ fl mm]jV+l, iV+1 [H>nn]N-\-i, N 

\n,N-\ K™]«-1,N-1 \flmn~\N-\ N 
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Assuming that the coupling from one photon subspace to the next is weak, we can 
approximate the spectral functions a with their unperturbed values: 

[T nn (E)] NiN = \K e m m n \\N + \)2tt8 [E - s m - (N + l)hco] 
+ | \ 2 NlitS [E - s m — (N — 1)M 

where 

KZ = [H mn ] N+l , N (10.1.12a) 
and 

K± = [H mn ] N -x,N (10.1.12b) 

Again with weak coupling between photon subspaces we can assume that the state 
\n, N) remains an approximate eigenstate with an energy e„ + Nhco, so that we can 
evaluate the broadening at E = e„ + Nhco: 

r„„ = 2n I | 2 (N + 1)8 (e„ - e m - hco) (emission) 

+ 2n \K% n | 2 N8(8„ - £ m +hco) (absorption) (10.1.13) 

The first term arises from the coupling of the A^-photon subspace to the (N + 1)- 
photon subspace, indicating that it represents a photon emission process. Indeed it is 
peaked for photon energies hco for which s n — hco = s m , suggesting that we view it as 
a process in which an electron in state n transits to state m and emits the balance of 
the energy as a photon. The second term in Eq. (10.1.13) arises from the coupling of 
the ,/V-photon subspace to the (N — l)-photon subspace, indicating that it represents 
a photon absorption process. Indeed it is peaked for photon energies hco for which 
s„ + hco = s m , suggesting that we view it as a process in which an electron in state n 
transits to state m and absorbs the balance of the energy from a photon. 



Coupling constants: How do we write down the coupling constants K appearing in 
Eq. (10.1.13)? This is where it helps to invoke the one-electron viewpoint (Fig. 10.1.2). 
The entire problem then amounts to writing down the "potential" £/s that an electron 
feels due to one photon or phonon occupying a particular mode with a frequency to in 
the form: 

U s (r, t) = U a \r)exp(-icot) + U em (r) exp(+icot) (10.1.14) 

where U ab (r) = U em (r)*. 

Once we have identified this "interaction potential," the coupling constants for emis- 
sion and absorption can be evaluated simply from the matrix elements of C/ 6 ™ and 

jryab. 

K% = f dr0>)£/ en V, ! (r) = (m\U em \n) 
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and 

K± = j dr</>>)t/ ab 0«O-) ee (m\U ah \n) (10.1.15) 
where <j) m and cp„ are the wavefunctions for levels m and n respectively. 

Electron-phonon coupling: In Section 10.4, 1 will try to elaborate on the meaning of 
phonons. But for the moment we can simply view them as representing the vibrations of 
the lattice of atoms, just as photons represent electromagnetic vibrations. To write down 
the interaction potential for phonons, we need to write down the atomic displacement 
or the strain due to the presence of a single phonon in a mode with frequency co and then 
multiply it by the change D in the electronic energy per unit displacement or strain. The 
quantity D, called the deformation potential, is known experimentally for most bulk 
materials of interest and one could possibly use the same parameter unless dealing with 
very small structures. Indeed relatively little work has been done on phonon modes 
in nanostructures and it is common to assume plane wave modes labeled by a wave 
vector /?, which is appropriate for bulk materials. The presence of a (longitudinal) 
phonon in such a plane wave mode gives rise to a strain (p is the mass density and Q 
is the normalization volume) 

S = Jlh/pcoQ, cos(p • r - co(P)t) (10.1.16) 
so that the interaction potentials in Eq. (10.1.14) are given by 

Uf(r) = (U^/2)exp(0-r) and Uj m (r) = Uf(r)* (10.1.17) 
where Ug = Dft*J2h/pcoQ. 

Electron-photon coupling: The basic principle for writing down the electron-photon 
coupling coefficient is similar: we need to write down the interaction potential that 
an electron feels due to the presence of a single photon in a particular mode. How- 
ever, the details are complicated by the fact that the effect of an electromagnetic 
field enters the Schrodinger equation through the vector potential (which we dis- 
cussed very briefly in the supplementary notes in Chapter 5) rather than a scalar 
potential. 

First, we write down the electric field due to a single photon in mode 0) in the 
form 

E = \>E 0 sin(j3-r - co(P)t) 

whose amplitude E 0 is evaluated by equating the associated energy to hco (£2 is the 
volume of the "box"): 

sEqQ./2 = hco — > \Eq\ = ^JlKcoJeQ. 
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The corresponding vector potential A is written as (noting that for electromagnetic 
waves E = —dA/dt): 

A = vAq cos(/3 ■ r — co(f3)t) with |A 0 | = y/lh/asto (10.1.18) 

Next we separate the vector potential due to one photon into two parts (cf. Eq. (10.1 . 14)): 

A(r, t) = A ab (?) exp(-i«(^)0 + A em (P) exp(+ico( ( 6)0 (10.1.19) 

where A ab (r) = D(A 0 /2) exp(i/3 • r) and A em (r) = A ab (r)* 

The coupling coefficient for absorption processes is given by the matrix element for 
(q/m)A ab (r) • p, while the coupling coefficient for emission processes is given by the 
matrix element for (q/m)A em (r) • p so that (p = — iftV) 

K mn (fi, 0) = (qAo/2m){m\ exp(i/3 ■ r)p ■ v\n) Absorption (10.1.20a) 
K mn 0, 0) = (qAo/2m)(m\ exp(— if} • r)p • v\n) Emission (10.1.20b) 

Note that the m appearing here stands for mass and is different from the index m we 
are using to catalog basis functions. 

Equations (10.1.20a, b) require a slightly extended justification since we have not 
had much occasion to deal with the vector potential. We know that the scalar potential 
(p(P) enters the Schrodinger equation additively: 

p 2 /2m — > (p 2 /2m) — q(j)(j) 

and if the photon could be represented by scalar potentials the coupling coefficients 
would simply be given by the matrix elements of (— ^)<^ ab (r) and (— g)0 em (r) for absorp- 
tion and emission respectively as we did in writing down the electron-phonon coupling. 
But photons require a vector potential which enters the Schrodinger equation as 

p 2 /2m -> (p + qA) ■ (p + qA)/2m 

so that the change due to the photon is given by 

(q/2m)(A ■ p + p ■ A) + (q 2 /2m)A ■ A «a (q/2m)(A ■ p + p ■ A) 

assuming that the vector potential is small enough that the quadratic term is negligible. 
Finally we note that for any scalar function 0(r) 

P • (A<f>) = A ■ (p<p) + 4>(p ■ A) 

so that we can write 

(q/2m)(A ■ p + p ■ A) = (q/m)A ■ p 

as long as p • A = 0. It can be checked that this is indeed true of the photon vector 
potential given in Eq. (10.1.19) because of the transverse nature of electromagnetic 
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waves which requires that the wavevector ft and the polarization v be orthogonal to 
each other: {5 ■ v = 0. This allows us to obtain the coupling coefficient from the matrix 
element for (q /m) A(r ) • p using A — > A ab (r) for absorption processes and A —> A em (r) 
for emission processes. 

10.2 Examples 



In this section I will go through a few examples to illustrate the basic approach for 
describing incoherent interactions. I will take up the more general case of inflow and 
outflow in Section 10.3, but in this section I will assume all other states to be "empty" 
so that there is no exclusion principle to worry about and I will calculate the broad- 
ening (or the outflow), which can be identified with h/r, r being the lifetime of the 
state. This will include: (1) the photon-induced (radiative) lifetime due to atomic tran- 
sitions; (2) the radiative lifetime due to interband transitions in semiconductors; and 
(3) the phonon-induced (non-radiative) lifetime due to intraband transitions in semi- 
conductors (Fig. 10.2.1). The basic approach is to write down the interaction potential 
(see Eq. (10.1.14)), evaluate the coupling constants (see Eq. (10.1.15)), and obtain the 
broadening and hence the lifetime from Eq. (10.1.13). 

10.2.1 Atomic transitions 

From Eq. (10.1.13) it is apparent that the broadening is large when the argument of 
the delta function vanishes. How large it is at that point depends on the value of 0 + 
(see Section 8.4) that we choose to broaden each reservoir state. As we have seen 
in Chapter 8, the precise value of 0 + usually does not matter as long as the system 
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Fig. 10.2.1 Electronic transitions in semiconductors can be classified as interband and intraband. 
The former are associated primarily with electron-photon interactions while the latter are 
associated primarily with electron-phonon interactions. 
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Fig. 10.2.2 



is coupled to a continuous distribution of reservoir states. This is true in this case, 
because we usually do not have a single photon mode with energy hco. Instead, we have 
a continuous distribution of photons with different wavevectors /? with energies given 
by 



hco(P) = kcfi 



(10.2.1) 



where c is the velocity of light in the solid. Consequently the states in a particular 
subspace do not look discrete as shown in Fig. 10.1.3, but look more like as shown in 
Fig. 10.2.2. 

The broadening is obtained from Eq. (10.1.13) after summing over all modes /3 and 
the two allowed polarizations 0 for each /3: 



T nn = ^ t 2n\K mn (fi, P)| 2 (^-, 0 + l)S(s n -e m - hrtfl)) 



+ ^2n\K mn 0, v)\ 2 N- ps> 8{s n - e m + %co{P)) 



(10.2.2) 



If the photon reservoir is in equilibrium then the number of photons in mode /3 and 
polarization 0 is given by the Bose-Einstein factor (Eq. (10.1.8)): 



Ns « = 



1 



exp(A<w(^)/jk B r) - 1 



(10.2.3) 



If we consider transitions involving energies far in excess of k^T, then we can set Ns fi 
equal to zero, so that the broadening (which is proportional to the inverse radiative 
lifetime r r ) is given by 



r„„ = ( - ) = y^2n\K mn {fi, D)| 2 <5(£„ - s m ~ ha> p ) 



(10.2.4a) 



which is evaluated by converting the summation into an integral assuming periodic 
boundary conditions for the photon modes. We follow the same prescription that we 
have used in the past for electronic states, namely, 



oo +7T 2jr 

^ f d PP 2 f desine f d( t> 
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Fig. 10.2.3 Emission of photon with wavevector ji and polarization v by an atomic transition with 
an equivalent dipole moment P. 



(where £2 is again the volume of the "box") to obtain 
Q 



r = 



8tt 3 



j dp/3 2 j d6 sin6> J d4>2n\K mn 0, v)\ 2 8(e„ - s m - hw p ) 
v o -it o 



(10.2.4b) 



To proceed further, we need to insert the electron-photon coupling coefficients K from 
Eqs. (10.1.20a, b). 

For atomic wavef unctions that are localized to extremely short dimensions (much 
shorter than an optical wavelength) we can neglect the factor exp(i/3 • r) and write from 
Eq. (10.1.20a, b) 



m V 2ecoQ 



-PsinO 



(10.2.5) 



where P = (m\p \n) and 6 is the complement of the angle between the dipole moment 
of the transition and the polarization of the photon (Fig. 10.2.3). 

Using Eqs. (10.2.5) and (10.2. 1) we can find the radiative lifetime from Eq. (10.2.4b): 



2tt 



Q f dco o z f , f q 2 h , 

— / / d6»sin 3 6» / d0^ — -P 2 27tS(e„ - e m -hco) 



2m z 8coQ, 



0 



so that 

i = £_ g 2 2(e„ - e m ) 2P 2 
r r ti An she 3hmc 2 m 



(10.2.6) 



Note that the answer is obtained without having to worry about the precise height 
of the delta function (which is determined by the value of 0 + as we discussed in 
Section 8.4). But if the photon modes do not form a quasi-continuous spectrum (as in 
small nanostructures) then it is conceivable that there will be reversible effects that are 
affected by the precise values of 0 + . 



266 Non-coherent transport 



Analogy with a classical dipole antenna: We can calculate the amount of power 
radiated per electron (note that fico = e n — s m ) from: 



tico q 2 2(s„ - s m f 2P 2 co 2 (2qP^ 2 



W = — = —!— = =7 — (10.2.7) 

r Anehc 3hmc m llnec* \ m J 

It is interesting to note that the power radiated from a classical dipole antenna of length 
d carrying a current /cos cot is given by 

CO 2 r. 

w = -—jVdf 

YlTtSC 

suggesting that an atomic radiator behaves like a classical dipole with 

Id = 2qP/m = (2q/m)(m\p\n) (10.2.8) 

antenna atomic 
radiator 

Indeed it is not just the total power, even the polarization and angular distribution of 
the radiation are the same for a classical antenna and an atomic radiator. The light is 
polarized in the plane containing the direction of observation and P, and its strength is 
proportional to ~sin 2 6>, 9 being the angle between the direction of observation and the 
dipole as shown in Fig. 10.2.3. 

1 0.2.2 Interband transitions in semiconductors 

The basic rule stated in Eqs. (10.1.20a, b) for the coupling coefficients can be applied 
to delocalized electronic states too, but we can no longer neglect the factor exp(i/3 • r) 
as we did when going to Eq. (10.2.5). For example, in semiconductors (see Fig. 10.2.1), 
the conduction (c) and valence (v) band electronic states are typically spread out over 
the entire solid consisting of many unit cells as shown in Fig. 10.2.4 where \c}„ and | v)„ 
are the atomic parts of the conduction and valence band wavefunctions in unit cell n. 
These functions depend on the wavevector k c or k v , but are the same in each unit cell, 
except for the spatial shift. This allows us to write the coupling elements for absorption 
and emission from Eq. (10.1.20a, b) in the form 



1 - - - - 

(v\p ■ v\c) 2^ — exp[i(fc c ±fi - k v )- r„] 



N 

it 

where we take the upper sign (+) for absorption and the lower sign (— ) for emission, 
(...) denotes an integral over a unit cell, and we have neglected the variation of the 
factor exp(i)6 • r) across a unit cell. This leads to non-zero values only if 

k v = k c ±j3 (10.2.9) 



Eq. ( 10.2.9) can be viewed as a rule for momentum conservation, if we identify hk as the 
electron momentum and hfi as the photon momentum. The final electronic momentum 
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band 

Valence 
band 




Fig. 10.2.4 

M v is equal to the initial electronic momentum M c plus or minus the photon momentum 
h/3 depending on whether the photon is absorbed or emitted. The photon wavevector is 
typically very small compared to the electronic wavevector, so that radiative transitions 
are nearly "vertical" with k v = k c ± f> k c . This is easy to see if we note that the 
range of k extends over a Brillouin zone which is ~ 2ir divided by an atomic distance, 
while the photon wavevector is equal to lit divided by the optical wavelength which is 
thousands of atomic distances. 

Assuming that the momentum conservation rule in Eq. (10.2.9) is satisfied, we can 
write the coupling coefficients from Eq. (10.1.20a, b) as 

K mn (f},v)= S-J-O—P sine where P = <v| p \c) (10.2.10) 

m V 2ea>il 

showing that "vertical" radiative transitions in semiconductors can be understood in 
much the same way as atomic transitions (see Eq. (10.2.5)) using the atomic parts of the 
conduction and valence band wavefunctions. For example, if we put the numbers char- 
acteristic of conduction-valence band transitions in a typical semiconductor like GaAs 
into Eq. (10.2.6), e„ — s m = 1.5 eV, 2P 2 /m = 20 eV, e = 10eo, we obtain r r = 0.7 ns 
for the radiative lifetime. 

Polarization and angular distribution: We know that the electronic states at the bot- 
tom of the conduction band near the T -point are isotropic or s-type denoted by \S). 
If the states at the top of the valence band were purely p x , p v , and p, types denoted by 
\ Y), |Z), then we could view the system as being composed of three independent 
antennas with their dipoles pointing along x-, y-, and z-directions since 

(s\p\X)=xP {s\p\Y) = yP (s\p\Z)=zP 

The resulting radiation can then be shown to be unpolarized and isotropic. In reality, 
however, the top of the valence band is composed of light hole and heavy hole bands 
which are mixtures of up- and down-spin states and the equivalent dipole moments for 
each of the conduction-valence band pairs can be written as shown in Table 10.2.1. 

We thus have eight independent antennas, one corresponding to each conduction 
band-valence band pair. If the C state is occupied, then the first row of four antennas 
is active. If we look at the radiation coming out in the z-direction then we will see the 
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Table 10.2.1 Optical matrix elements for conduction-valence band transitions 
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radiation from the C-HH and C-LH transitions. The C-HH transition will emit right 
circularly polarized (RCP) light, which will be three times as strong as the left circularly 
polarized (LCP) light from the C-LH transition. If the C state is also occupied then the 
C-HH transition would yield three times as much LCP light as the RCP light from the 
C-LH transition. Overall there would be just as much LCP as RCP light. But if only 
the C state is occupied then there would be thrice as much RCP light as LCP light. 
Indeed the degree of circular polarization of the emission is often used as a measure of 
the degree of spin polarization that has been achieved in a given experiment. 

10.2.3 Intraband transitions in semiconductors 

We have discussed the radiation of light due to interband transitions in semiconductors 
(see Fig. 10.2.1). But what about intraband transitions? Can they lead to the emission 
of light? We will show that the simultaneous momentum and energy conservation 
requirements prevent any radiation of light unless the electron velocity exceeds the 
velocity of light: fik/m > c. This is impossible in vacuum, but could happen in a solid 
and such Cerenkov radiation of light by fast-moving electrons has indeed been observed. 
However, this is usually not very relevant to the operation of solid-state devices because 
typical electronic velocities are about a thousandth of the speed of light. What is more 
relevant is the Cerenkov emission of acoustic waves or phonons that are five orders 
of magnitude slower than light. Electron velocities are typically well in excess of the 
phonon velocity leading to extensive Cerenkov emission (and absorption) of phonons, 
somewhat like the sonic booms generated by supersonic jets. 

Criteria for Cerenkov emission: For intraband transitions, both the final and initial 
states have the same atomic wavefunctions and, for clarity, I will not write them down 
explicitly. Instead I will write the initial and final states in the form of plane waves as 
if we are dealing with electrons in vacuum: 

\k) = (l/V£2)exp(iik-r) and \k f ) = (l/VS2)exp(il f -r) (10.2.11) 
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Fig. 10.2.5 Cerenkov emission: initial state k, photon wavevector /3, and final state k-/3. The 
photon polarization is along v. 



From Eq. (10.1.20a, b) we find that the radiative coupling constant is equal to 

K(h, k, I, D) = (qA 0 /2m)hk ■ D (10.2.12) 
if k { = k-p k f = k + f5 (10.2.13) 

Emission Absorption 

and is zero otherwise. Like Eq. (10.2.9), Eq. (10.2.13) too can be interpreted as a 
condition for momentum conservation. Energy conservation, on the other hand, is 
enforced by the delta function in Eq. (10.1.13): 

£ (k f ) = E (k) - hco(j3) e(kf) = s(k) + hco(P) (10.2.14) 
Emission Absorption 

From Eqs. (10.2.13) and (10.2.14) we obtain for emission processes 

h 2 - - -> - , 
e(k f ) - s(k) + hco(P) = 0 = — ([k - • [k - 01 - k 2 ) + hcp 

2m 



so that 

h 2 

{-2kp cos 8 + p 2 )+ heft 



2m 

which yields 

c 0 

cos6» = h— (10.2.15) 

hk/m 2k 

The point is that, since cos 9 must be smaller than one, Cerenkov emission cannot take 
place unless the electron velocity hk/m exceeds the velocity of light c. As mentioned 
above, this is impossible in vacuum, but possible in a solid and Cerenkov radiation has 
indeed been observed. The emitted light forms a cone around the electronic wavevector 
k with a maximum angle 6> max = cos~ l (mc/hk) (Fig. 10.2.5). 



Cerenkov emission of acoustic phonons: As stated before, Cerenkov emission of 
light is not very relevant to the operation of solid-state devices. But the emission 
(and absorption) of sound waves or acoustic phonons is quite relevant. Acoustic waves 
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are five orders of magnitude slower than light and the velocity of electrons routinely 
exceeds the sound velocity. Since acoustic phonons typically have energies less than 
k B T they are usually present in copious numbers at equilibrium: 

Np + 1 — Np = [exp(hco(P) I k B T) — 1] _ = k B T /hco(P) (acoustic phonons) 

Both terms in Eq. (10.1.13) now contribute to the broadening or inverse lifetime: 
Cerenkov absorption ("ab") is just as important as Cerenkov emission ("em"): 

(O* em = Y2n-\-\K(P)\ 2 8[e(k) - e(k - 0) - ha)(p)} (10.2.16a) 
'-r' hco(p) 

P 

k T 

( r )j,ab = 12 27t ^[g)^ K ^ 28[s ^ ~ £( * + & + h0J ^ (10.2.16b) 

p 

The coupling element K(P) is proportional to the potential that an electron feels due 
to the presence of a single phonon as discussed earlier (see Eq. (10.1.18)). Without 
getting into a detailed evaluation of Eqs. (10.2.16a, b), it is easy to relate the angle of 
emission 6 to the magnitude of the phonon wavevector p by setting the arguments of 
the delta functions to zero and proceeding as we did in deriving Eq. (10.2.15): 

c s P 

cos 6 = 1 (emission) 

hk/m Ik 

c s P 

cos# = (absorption) (10.2.17) 

hk/m Ik 

where c s is the velocity of sound waves: a> = c s /3. The detailed evaluation of the electron 
lifetime due to acoustic phonon emission and absorption from Eqs. (10.2.16a, b) is 
described in Exercise E.10.1. 

Cerenkov emission of optical phonons: In addition to acoustic phonons, there are 
optical phonons (see supplementary notes in Section 10.4) whose frequency is nearly 
constant co = coq, where the phonon energy ftmo is typically a few tens of millielectron- 
volts, so that the number of such phonons present at equilibrium at room temperature 
is of order one: 

= [exp(ha>o/ k B T) — 1]~' = No (optical phonons) 

From Eq. (10.1.13) we now obtain for the emission and absorption rates 

(n*, em = (M> + 1) X>7r|^06)| 2 «5[£(£) - s(k -p)- hco 0 ] 

P 

(n?, ab = N 0 J2 27t\K(P)\ 2 8[s(k) - s(k + P) + hco 0 ] 

p 

which can be evaluated as described in Exercise E.10.2. 



(10.2.18a) 
(10.2.18b) 
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Let me now explain how we can use the concepts developed in this chapter to write 
down the new terms E" 1 and T s appearing in Fig. 10.2 (p. 252). 

Discrete levels: To start with, consider the inflow and outflow into a specific energy 
level e due to transitions from levels a and b - one above it and one below it separated by 
an energy of hco: s h — s = e — s a = hco (Fig 10.3.1). We saw in Section 10.1 that the 
rate constant (A' ab ) for absorption processes is proportional to the number of phonons 
present (N w ) while the rate constant (K em ) for emission processes is proportional to 
(N M +1). Let's assume the temperature is very low compared to hco, so that N m 1 
and we need only worry about emission. Using N, N a , and Nb to denote the number of 
electrons in each of these levels we can write for the level e: 

Inflow = K em (l - N)N b and Outflow = K em N(l - N a ) 

We can now write the inflow term as a difference between two terms 

Inflow = K em N h - K em NN b 

where the second term represents the part of the inflow that is blocked by the exclu- 
sion principle. A non-obvious result that comes out of the advanced formalism (see 
Appendix, Section A. 4) is that this part of the inflow is not really blocked. Rather the 
outflow is increased by this amount (K em NNb): 

Inflow =K em N b and Outflow = K em N(l - N a + N h ) (10.3.1a) 




Fig. 10.3.1 An idealized device with three levels used to write down the inflow and outflow terms 
due to the absorption and emission of photons and phonons. 
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The difference between inflow and outflow is not changed from what we had guessed 
earlier. But the distinction is not academic, since the outflow (not the difference) deter- 
mines the broadening of the level. We can compare this with the inflow and outflow 
between a contact and a discrete level that we discussed earlier (see Fig. 8.1): 

Inflow = yf and Outflow = yN (10.3.1b) 

The inflow looks similar with playing the role of y, but the outflow involves 
an extra factor (1 — N a + Nb) that reduces to one if N a = Nb, but not in general. 
Equation (10.3.1b) was earlier generalized to the form (see Fig. 9.1.2) 

Inflow = Trace[rA]/ = Trace[S in A] and Outflow = Trace[TG n ] 

Similarly in the present case we can generalize Eq. (10.3.1a) to 

Inflow = Trace[S™A] and Outflow = Trace[T s G n ] (10.3.2) 

where the expressions for E" 1 and T s can be discovered heuristically by analogy. Let 
us do this one by one. 



Inflow for continuous distribution of states: Scattering processes are very similar 
to ordinary contacts. The basic difference is that regular contacts are maintained in 
equilibrium by external sources, while for scattering processes the "contact" is the 
device itself (see Fig. 10.3.1) and as such can deviate significantly from equilibrium. 
For regular contacts we saw in Chapter 8 that the inscattering function is given by 

£ in (£) = [tAt + ]/ = [rG n r+] 

where [G n ] = [A]f is the correlation function in the contact: the contact correlation 
function at energy E causes inscattering into the device at an energy E. Now for emission 
processes, the device correlation function at E + ha> causes inscattering into the device 
at energy E, suggesting that we write 



£>"(£) = J^iNp + 1) [u e fG\E + hco(3)){uf) + ] 



where U em is the emission component of the interaction potential (see Eq. (10.1.17)). 
Writing out the matrix multiplication in detail we have 

Ej n (/, E)= + DffU r)G\r, s; E + ha*fi))Uf<J, sf 

P', q', P 



/ 

0 



) D em (i, r; j, s; hco)G n (r, s;E + fico) (10.3.3) 



lit 



p, <t 
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where 



D em (i, r; j, s; fico) = 2n + l)8(hco - hco0))m m (i, r)Uf°(j, s)* (10.3.4) 



/3 



If we include absorption processes we obtain 



n N 



d(M / D em (/, r; s; hco)G n (r, s; E + fctu) 

+ D ab (/, r; s; hco)G n (r, s; E - fico) 



Kdj;E)= i ( , mb r..\ : + . \;.„;.. „ \., I ao.3.5) 



where the absorption term is given by an expression similar to the emission term with 
N instead of (N + 1): 

D ab (i, r; j, s; hco) = £ N M 8(hco - hco0))Uf(i, r) Uf(j, sf (10.3.6) 



In general, the emission and absorption functions D em and D ab are fourth-rank tensors, 
but from hereon let me simplify by treating these as scalar quantities. The full tensorial 
results along with a detailed derivation are given in Section A. 4 of the Appendix. We 
write the simplified emission and absorption functions as 

D em (hco) = (Nu + l)Z>o(M (10.3.7a) 
D ab (hco) = N M D Q {hco) (10.3.7b) 

So that 

OO 

= j ^^-D 0 (hco) «N 0J + l)G n (E + hco) + N 0J G n (E - hco)) (10.3.8) 
o 



Outflow for continuous distribution of states: For the outflow term, in extrapolating 
from the discrete version in Eq. (10.3.1a) to a continuous version we replace N}, with 
G"(E + fico) and 1 - N a with G p (£ - hco) to obtain 

F S (E)= [ ^—^D &m (hco)[G p (E -hco) + G n (E +hco)] 
J 2jt 

where I have defined a new quantity G v = A — G n that tells us the density (/eV) of 
empty states or holes, just as G n tells us the density of filled states or electrons. The 
sum of the two is equal to the spectral function A which represents the density of states. 
We can extend this result as before (cf. Eqs. (10.3.5)-(10.3.10)) to include absorption 
terms as before to yield 

f d(hco) ((N OJ +l)[GP(E-hco) + G n (E+hco)]\ 

T s (£)= / — — D 0 (hco) x^^p/f^*, m (10.3.9) 

J 2n \ +N W [G n (E - hco) + G P (E + hco)] / 
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Equations (10.3.8)-(10.3.9) are the expressions for the scattering functions that we are 
looking for. The self -energy function S s can be written as Re(S s ) + ir s /2 where the 
real part can be obtained from the Hilbert transform of the imaginary part given in 
Eq. (10.3.9) as explained in Section 8.3. 

Migdal's "theorem": If the electronic distribution can be described by an equilibrium 
Fermi function 

G\E') = f(E')A(E') and G p (£') = (1 - f(E'))A(E') 
then 

x ( N a + 1 - f(E'))S(E - E' - hco) + (N M + f(E'))S(E -E'+hco) 

which is the expression commonly found in the literature on electron-phonon scattering 
in metals where it is referred to as Migdal's "theorem" (see, for example, Allen and 
Mitrovic, 1982). Close to equilibrium, a separate equation for the inscattering function 
£"(£■) is not needed, since it is simply equal to f(E)T s (E), just like an ordinary contact. 



Nearly elastic processes: Note that the expressions simplify considerably for low- 
energy scattering processes (hco — > 0) for which we can set E + hco R» E E — hco: 



-»ab/ 



E™(£) = J d(hco)(D en \hco) + 
(i 



= J d(hco)(D em (hco) + D*\hco)) A(E) 

o 



Indeed, in this case the real part of the self -energy S s does not require a separate Hilbert 
transform. We can simply write 



E s (£) = J d(hco)(D em (hco) + D m (hco)) G(E) (10.3.12) 
o 

since Re(S s ) is related to T s in exactly the same way as Re(G) is related to A, namely 
through a Hilbert transform. 

The complete equations of dissipative quantum transport including the inflow/outflow 
terms discussed in this section are summarized in Chapter 1 1 along with illustrative 
examples. 
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As I have mentioned before, phonons represent lattice vibrations just as photons repre- 
sent electromagnetic vibrations. In this section I will try to elaborate on this statement 
and clarify what I mean. At low temperatures, the atoms that make up a molecule or a 
solid are frozen in their positions on the lattice and this frozen atomic potential is used 
in calculating the energy levels for the electrons, starting from the Schrodinger equa- 
tion. As the temperature is raised these vibrations increase in amplitude and exchange 
energy with the electrons through the "electron-phonon interaction." To understand 
how we describe these vibrations, let us start with a simple example, namely a hydro- 
gen molecule. 

As we discussed in Chapter 3, we could describe the vibrations of this molecule in 
terms of a mass and spring system (Fig. 10.4.1). The mass M is just that of the two 
hydrogen atoms, while the spring constant K is equal to the second derivative of the 
potential energy with respect to the interatomic distance. We know from freshman 
physics that such a system behaves like an oscillator with a resonant frequency 
co = ^/K/M. Experimentalists have measured this frequency to be approximately 
co = 27r(10 14 /s). Knowing M we could calculate K and compare against theory, but that 
is a different story. The question we wish to address is the following. As we raise the 
temperature we expect the molecule to vibrate with increasing amplitude due to the ther- 
mal energy that it takes up from the surroundings. At very high temperatures the vibra- 
tions could become so violent that the molecule dissociates. But we are assuming that 
the temperature is way below that so that the amplitude of this vibration is much smaller 
than the bond length a. What is this amplitude as a function of the temperature? 

To make our discussion quantitative, let us define a variable u(t) that measures the 
distance between the two atoms, relative to the equilibrium value of u$. We expect the 
atoms to oscillate with a frequency co such that 

u(t) = A cos(cot + 0) 

It is convenient to define a complex amplitude u = (A/2) exp[i0] and write 

u(t) = u exp[-i<yf] + u* exp[+icot] (10.4.1) 

The kinetic energy associated with this vibration is written as 




Fig. 10.4.1 A hydrogen molecule can be viewed as two masses connected by a spring. 
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0 

Fig. 10.4.2 Allowed energy levels of an oscillator with a resonant frequency co. 

while the potential energy is given by (note that K = Mco 2 ) 

K , Mm 2 A 2 , 
PE= —u l = — cos 2 (tt>f + 0) 

so that the total energy is independent of time as we might expect: 

E = KE + PE = Mco 2 A 2 /2 = 2Mco 2 \u\ 2 (10.4.2) 

Classical physicists believed that the energy E could have any value. Early in the 
twentieth century Planck showed that the experimentally observed radiation spectra 
could be explained by postulating that the energy of electromagnetic oscillators is 
quantized in units of hco. It is now believed that the energies of all harmonic oscillators 
occur only in integer multiples of hco as shown in Fig. 10.4.2 (n = 0, 1, 2, . . .): 

E = 2Mco 2 \u\ 2 = nfico -> \u\ = jnh/lMto (10.4.3) 

Using Eq. (10.4.3) we can rewrite Eq. (10.4.1) as 



u(t) = J (a exp[-icot] + a* exp[+icot]) (10.4.4) 

V 2Mco 

where \a\ 2 = n = 0, 1, 2, . . . 

Since the energy of the oscillator is an integer multiple of hoo, we can alternatively 
visualize it as a single energy level of energy hco into which we can put an integer 
number v = 0, 1, 2, ... of particles called phonons (for electromagnetic oscillators the 
particles are called photons). If the oscillator is in a state with an energy Ahco we say 
that four phonons are present. Vibrations too thus acquire a particulate character like 
electrons. The difference is that electrons are Fermi particles, obeying the exclusion 
principle. Consequently the number of particles that we can put into a given state k 
is either zero or one. Phonons on the other hand are Bose particles that do not have any 
exclusion principle. Any number of phonons can occupy a state. The greater the number 
of particles v , the greater the energy of the vibrations and hence the greater the amplitude 
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of the oscillation a in Eq. (10.4.4). For coherent vibrations, the amplitudes a are com- 
plex numbers with well-defined phases, but for thermal vibrations, there is no definite 
phase. 

What is the average number of phonons at a given temperature? For electrons we 
know that the number of particles in a state k can be either 0 or 1 and that the average 
value at equilibrium is given by the Fermi function (Eq. (1.1.1)). For phonons, the 
number of particles v for a particular vibrational mode can be any positive number and 
the average value (n) at equilibrium is given by the Bose function: 

(n) = (10.4.5) 

exp(rtoj/ k B T) — 1 

I will not discuss the physical basis for this function (we did not disuss the Fermi 
function either) but both the Bose and Fermi functions follow from the general principle 
of equilibrium statistical mechanics stated in Eq. (3.4.5). 

So what is the mean square amplitude of vibration at a temperature 77 From 
Eq. (10.4.3) 

(\u\ 2 ) = {n}h/2Mo 

showing that the vibration amplitude increases with the number of phonons and thus 
can be expected to increase with temperature. At temperatures far below the melting 
point, this amplitude should be a small fraction of the equilibrium bond length. 

Phonons: We argued in Chapter 3 that a hydrogen molecule could be visualized as 
two masses connected by a spring whose equilibrium length is equal to the hydrogen- 
hydrogen bond length. Extending the same argument we could visualize a solid lattice 
as a periodic array of masses connected by springs (Fig. 10.4.3). 

How do we describe the vibrations of such a mass and spring array? One could 
equate the total force exerted by the springs on an individual mass to its mass times 
its acceleration and write down an infinite set of equations, one for each mass. This 
sounds like a complicated insoluble (non-quantum-mechanical) problem, but we will 
show that it can be tackled in much the same way that we tackled the bandstructure 
problem in Chapter 5. 
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Fig. 10.4.4 (a) An infinite one-dimensional lattice of atoms, (b) Dispersion law co/coo vs. /Sa. 

ID solid: For simplicity, let us consider a one -dimensional array of atoms represented 
by a mass and spring system (Fig. 10.4.4a). Assuming that u m is the displacement of 
the ?nth atom from its equilibrium position in the lattice, the force exerted on the mth 
atom by the spring on the left is K(u m — M m _i), while that exerted by the spring on the 
right is K(u m — u m+l ). From Newton's law, 

d 2 u m 

M-— = K[u m+ i - 2u m + k w _i] (10.4.6) 
at 1 

where M is the mass of the atom. Assuming sinusoidal vibrations with frequency 
u m =u m exp(— imt) we can write 

Ma> 2 u„, = K[2u m — u m -\ — S m +i] 

which can be written in the form of a matrix equation: 

co 2 {u) = [£l\{u} (10.4.7) 



where <wo = */K]M and 
1 2 

1 

2 



lay 2 



N - 1 

N 



2 < 

0 
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- 1 
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0 



2u> 2 



N 



-°>o 
2wl 



Here we have used periodic boundary conditions, that is, we have assumed the solid 
to be in the form of a ring with atom N connected back to atom 1. Note that this 
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matrix has exactly the same form as the Hamiltonian matrix for a one-dimensional 
solid (Eq. (5.1.1)). 

The similarity is of course purely mathematical. Equations (5.1.1) and (10.4.7) 
describe very different physics: the former describes the quantum mechanics of elec- 
trons in a periodic lattice, while the latter describes the classical dynamics of a periodic 
mass and spring system. But since the matrix [H] in Eq. (5.1.1) has exactly the same 
form as the matrix [Q] in Eq. (10.4.7) they can be diagonalized in exactly the same 
way to obtain (cf. Eq. (5.1.2)): 

co 2 = 2w\{\ - cos/3fl) where fta = nln/N (10.4.8) 

The values of Pa run from —n to +tt and are spaced by 2jt/N, just like the values of 
ka in Fig. 5. 1 .2. The eigendisplacements u m corresponding to a given eigenmode are 
given by 



The actual instantaneous values of the displacement are obtained by taking the real 
parts of these phasor amplitudes (just as we do with voltages and currents in ac 
circuits): 



What exactly the normal mode amplitudes up are depends on the history of how the 
lattice was excited. But the point is that any arbitrary displacement pattern u m (t) 
in the lattice can be expressed as a superposition of normal modes as expressed in 
Eq. (10.4.9) with an appropriate choice of the normal mode amplitudes up. 

Optical phonons: We saw earlier that with two atoms per unit cell (see Fig. 5. 1 .4), the 
E(k) plot acquires two branches (see Fig. 5.1.5). A similar effect is obtained for the 
dispersion co(f3) of vibrational modes too. Consider a lattice with two distinct masses 
M12 and/or spring constants K\2 P er unit cell as shown in Fig. 10.4.5a. Application of 
Newton's law now yields 





^ up exp[i( / 6 

P 



ma — a>(/3)t)] + ut exp[— i(/3ma — co(P)t)] 



(10.4.9) 



od 2 {u} = [Q]{u] 



(10.4.10) 



where a>\ = *JK\/M\, a>2 = ■sfKjJM^, M\o and being the two masses and the 
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Fig. 10.4.5 (a) Snapshot of a GaAs lattice viewed along the (111) direction, (b) Dispersion law 
a>la>i vs. fia showing acoustic and optical phonons assuming a> 2 — \f2.u>\. 

two spring constants, and 
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Note that this looks just like Eq. (5.1.6) and its eigenvalues can be obtained using the 
same method to yield (cf. Eq. (5.1.10)): 



co. + coie 



2„-i/Ja 



co\ + co^e 



co\ + co\ 




u 2 (t) 



(10.4.11) 



Setting the determinant to zero 



co\ + ft>2 



co, + coi;e 



co 



co\ + a),e 



2„-i/Ja 



= 0 



we obtain the dispersion relation 

co 2 (P) = a>l + col± (co\ + co\+ Icolcol cos /3a) 1 



(10.4.12) 
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Like Eq. (5.1.10), Eq. (10.4.12) leads to two branches in the phonon spectrum as 
shown in Fig. 5.4.5b (cf. Fig. 5.1.5). The lower branch is called the acoustic phonon 
branch since it corresponds to ordinary acoustic waves at low frequencies. The dis- 
placement of both atoms in a unit cell (Ga and As) have the same sign for the acoustic 
branch. By contrast their displacements have opposite signs for the optical branch. The 
name "optical" comes from the fact that these vibrations can be excited by an incident 
electromagnetic radiation whose electric field sets the Ga and the As atoms moving in 
opposite directions, since one is negatively charged and one is positively charged. 

It is easy to see why co increases with fi for the acoustic branch, but is nearly constant 
for the optical branch. We know that the resonant frequency of a mass and spring system 
increases as the spring gets stiffer. An acoustic mode with a small fi results in very little 
stretching of the springs because all the atoms tend to move together. So the springs 
appear less stiff for smaller fi, leading to a lower frequency co. But with optical modes, 
the distortion of the springs is nearly independent of fi. Even if fi is zero the Ga and 
As atoms move against each other, distorting the springs significantly. The frequency 
co thus changes very little with fi. 

Three-dimensional solids: In real three-dimensional solids, the displacement is actu- 
ally a vector with three components: u x , u y , u z for each of the two atoms in a unit cell. 
This leads to six branches in the dispersion curves, three acoustic and three optical. One 
of the three is a longitudinal mode with a displacement along the vector fi, while the 
other two are transverse modes with displacements perpendicular to fi. We thus have a 
longitudinal acoustic (LA) mode, two transverse acoustic (TA) modes, one longitudinal 
optical (LO) mode, and two transverse optical (TO) modes. The overall displacement 
at a point (r , t) can be written in the form (r denotes the position vector of the different 
points of the lattice) 

{u(r, t)} = [u v j] exp[i(^ • r - co v (f3)t)] + {u v j}* exp[-i(^ • r - co v (f3)t)] 

(10.4.13) 

Here the index v runs over the six branches of the dispersion curve (LA, TA, etc.) 
and {u v p] are the (6x1) eigenvectors of the (6 x 6) eigenvalue equation obtained by 
generalizing Eq. (10.4.9) to include three components for each of the two displacement 
vectors. We could write the displacements as (2 x 1 ) eigenvectors one for each the three 
polarizations 0: 

{«(?, 0}. = v J] {u- p } v exp[i(^ • r - co v (fi)t)] + {u- p f v exp[-i(/S • r - co v (P)t)] 

(10.4.14) 



The two components represent the displacements of the two atoms in a unit cell. 
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Following the same arguments as we used to arrive at Eq. (10.4.4) we can write 



2pQ.m" v ' p \u 2 



where(wi, u-i) is equal to (1, 1) /V2 for acoustic phonons and to (1, — 1) /V2 for optical 
phonons. The square of the amplitude is the number of phonons occupying the mode, 
whose average value is given by the Bose-Einstein factor: 

\a v s\ 2 = n v 3 (»„«> = (10.4.16) 

From Eqs. (10.4.14)-(10.4.16), the mean squared displacement of an atom due to 
phonons can be written as 

o v ^ h 1 

{u ) = > (10.4.17) 

t-r 1 2pa>Q exp(hcL>/k B T) — 1 

Strain due to a single phonon: Let us obtain the result we stated earlier in 
Eq. (10.1.16). The longitudinal strain is defined as the divergence of the displacement: 



S = V • u =£ $ • vj- (a§ , exp[i(^ • r-co v (p)t)] + a% B exp[-i(jl • r- a> v (P)t )] ) 

For a single phonon with wavevector /? and polarization 0, we can set ~ = 1, so that 
S = (0 • P)^/2h/pcoQ cos(P ■ r - co(P)t) 
as stated in Eq. (10.1.16). 



EXERCISES 

E.10.1. Assume that that the electron velocity is hk/m and the sound velocity is 
c s . Evaluate Eqs. (10.2.16a, b) by: (a) converting the summation into an integral; 
(b) expressing the argument of the delta function in the form 

'h 2 kp 



cos 6 



± — 

hk/m 2k 



(c) performing the integral over cos 9 to get rid of the delta function and set a finite range 
to the limits of the integral over /i: /3 m j n < /6 < P m &x\ (d) performing the integral over 
p. Show that the lifetime due to acoustic phonon absorption and emission is given by 



1 



mD 2 k B T 



r(k) n^pc 2 

(e) What is the angular distribution of the emitted phonons? 

E.10.2. Consider an electron in a state k in a parabolic band with mass m having an 
energy E that exceeds the optical phonon energy fiu>Q. Equating the argument of the 
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delta function in Eq. (10.1.13) to zero, obtain an expression relating the magnitude of 
the wavevector /? of an emitted optical phonon to the angle 9 at which it is emitted 
(measured from k as shown in Fig. E.10.2). What is the range of values of 6 outside 
which no optical phonons are emitted? 




Fig. E.10.2 



E.10.3. The mean squared displacement of an atom due to phonons is given in 
Eq. (10.4.17) as 



^-r 1 2pa>Q exp(h(i>/k B T) — 1 

P 

Convert the summation into an integral using periodic boundary conditions and evaluate 
the integral numerically to plot y/ {u 2 ) vs. rover the range 0 K < T < 1000 K. Assume 
acoustic phonons with cop = c s/ 6 (c s = 5 x 10 3 m/s) and p s = 5 x 10 3 kg/m 3 . 

E.10.4. This book is focused on quantum transport and as such we have not discussed 
optical processes, except in passing in terms of its effect on electron transport. How- 
ever, it is interesting to see how optical processes can be mapped onto corresponding 
transport problems so that we can make use of the ideas developed in this book (this is 
not commonly done, to my knowledge). Consider for example, an optical absorption 
process that takes electrons from the valence to the conduction band. Conceptually we 
could view this as an elastic transport process from a valence band state with TV photons 
to a conduction band state with (N-l ) photons as shown below (K is the matrix element 
for absorption given in Eq. (10.1.20a)): 
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Explain why the rate at which photons are absorbed per second can be written as 



where the "transmission" can be conveniently calculated from the alternative expression 
given in Exercise E.9.3: 

T(E) = Traced MA 2 M + ] 

by identifying the spectral functions A\ and A 2 with the density of states 2nD^{E) 
and 2jtD c (E - hco) in the two "contacts" and the matrix element M with K given by 
Eq. (10.1.20a) to obtain 



E.10.5. Illustrative exercises on dissipative quantum transport can be found in 
Chapter 11. 





11 Atom to transistor 



In Chapter 1, 1 used the generic structure shown in Fig. 11.1.1a (see Section 11.1.1) 
to focus and motivate this book. We spent Chapters 2 through 7 understanding how to 
write down a Hamiltonian matrix [Ho] for the active region of the transistor structure 
whose eigenvalues describe the allowed energy levels (see Fig. 11.1.1b). In Chapter 8, 
I introduced the broadening [Ti] and [T2] arising from the connection to the source 
and drain contacts. In Chapter 9, 1 introduced the concepts needed to model the flow of 
electrons, neglecting phase-breaking processes. In Chapter 10 we discussed the nature 
and meaning of phase-breaking processes, and how the resulting inflow and outflow 
of electrons is incorporated into a transport model. We now have the full "machinery" 
needed to describe dissipative quantum transport within the self-consistent field model 
(discussed in Chapter 3) which treats each electron as an independent particle moving 
in an average potential U due to the other electrons. I should mention, however, that this 
independent electron model misses what are referred to as "strong correlation effects" 
(see Section 1.5) which are still poorly understood. To what extent such effects can be 
incorporated into this model remains to be explored (see Appendix, Section A.5). 

My purpose in this chapter is to summarize the machinery we have developed 
(Section 11.1) and illustrate how it is applied to concrete problems. I believe these 
examples will be useful as a starting point for readers who wish to use it to solve other 
problems of their own. At the same time, I have chosen these examples in order to 
illustrate conceptual issues that are of great importance in understanding the nature of 
electrical resistance on an atomic scale, namely the emergence of Ohm's law V = IR, 
with R proportional to the length of a conductor (Section 1 1.2), the spatial distribution 
of the reversible and irreversible heat associated with current flow (Section 1 1 .3), and 
finally the spatial distribution of the voltage drop (Section 1 1 .4). 



1 1 .1 Quantum transport equations 



Let me quickly summarize the general model for dissipative quantum transport that we 
have discussed so far. 
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G n = G£ in G+ (11.1.1) 
G = [EI - H 0 - U - EF 1 (11.1.2) 
A = i[G-G+] r = i[E-E+] (11.1.3) 

where 

E in = E 1 / 1 + E' n + E' n 

E = E! + E 2 +E S (11.1.4) 

These equations can be used to calculate the correlation function G n and hence the 
density matrix p whose diagonal elements give us the electron density: 

p = j dE G\E)/2tt (11.1.5) 

The current (per spin) at any terminal i can be calculated from 

Ii = (q/K) J d£/~(£)/27r (11.1.6) 

-oo 

with 

1 = Trace [E^A] - Trace[T,-G n ] (11.1.7) 

which is depicted in Fig. 11.1.1b in terms of an inflow (E ( "M) and an outflow (r, G n ) 
for the generic structure shown in Fig. 11.1.1a. 

Input parameters: To use these equations, we need a channel Hamiltonian [Hq] and 
the inscattering [E m ] and broadening [T] functions. For the two contacts, these are 
related: 

Ef^Ti/j and E^ n = T 2 f 2 (11.1.8) 

and the broadening/self-energy for each contact can be determined from a knowledge 
of the surface spectral function a, the surface Green's function g of the contact, and the 
matrices [t] describing the channel contact coupling: 

T = xax + and E = r g r+ (11.1.9) 

For all the numerical results presented in this chapter we will use the simple one -band 
effective mass (equal to the free electron mass) model, both for the channel Hamiltonian 
[Hq] and for the contact self-energy functions Ei, E2. 

For the scattering "terminal," unlike the contacts, there is no simple connection 
between E™ and E s (or r s ). If the scattering process is essentially elastic (E^E± hco), 
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Fig. 1 1 .1 .1 (a) The generic transistor structure we used in the introduction to motivate this book, 
(b) Inflow and outflow of electrons for the generic structure in (a). 



then (see Eqs. (10.3.12)-(10.3.14)) 

= D () G n (E) 
r s (£) = D 0 A(E) 
= D 0 G(E) 

For general inelastic scattering processes (see Eqs. (10.3.8), (10.3.9)) 



(11.1.10) 



S s m (£) 



d(ft<w) / D em (hco) ■ G n (E + hco) 

+ D ah (hco) ■ G n (E - hco) 



r s (£) 



y d(fto>) / 

o 

= j djhco) / 



d(ft<w) / £> em (M • [GP(£ - hco) + G n (£ + hco)] 

+ D ab (ftty) • [G n (£ - hco) + GP(£ + hco)] 



but for our examples we will consider phonons with a single frequency coo 

= D™G a {E + fto)o) + £> 0 ab G n (£ - hco 0 ) 
T S (E) = Z>nG p (£ " t"»o) + G n (£ + hco 0 )] 
+ Dg b [G n (£ - fta>o) + G p (£ + fto) 0 )] 



(11.1.11) 
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and ignore the hermitian part of E s (£) which is given by the Hilbert transform of T S (E). 
Note that the inscattering and broadening functions in Eqs. (11.1.10) and (11.1.11) 
depend on the correlation functions, unlike the coherent case. This complicates the 
solution of the transport equations (Eqs. (11.1.1)-(11.1.7)), requiring in general an 
iterative self-consistent solution. 

Note that in Eqs. (11.1.10) and ( 1 1 . 1 . 1 1 ) we are treating the emission and absorption 
tensors D em and D ab as scalar parameters. The full tensorial forms can be found in Eqs. 
(A.4.9) and (A.4.10) of the Appendix. 



Diffusion equation: If the "phonon spectral function" Dq is just a constant times an 
identity matrix, then it follows from Eq. (1 1.1.10) that Y, 1 " is a diagonal matrix with 

Y,™(r,r;E) = D Q G n (r,r;E) 

For long conductors one can neglect the contacts and write Eq. (11.1.1) as 
G" = G G + so that the diagonal elements of the correlation function, which can 
be identified with the electron density n(r;E) = G n (r, r; E)/2n, obey the equation 

n(r\ E) = J] D 0 \G(r, r'; E)\ 2 n(r'; E) 

r' 

It can be shown that if the Green's function varies slowly in space then this equation 
reduces to the diffusion equation: V 2 n(r ; E) = 0 (Datta, 1990). 



Transmission: In Chapter 9 we saw that the concept of transmission is a very useful 
one and developed an expression for the current in terms of the transmission function 
(see Eq. (9.1.9)). For quantum transport with dissipation, the concept is still useful 
as a qualitative heuristic tool, but in general it is not possible to write down a simple 
quantitative expression for the current in terms of the transmission function, because 
there is no simple connection between T, 1 " and T s , unlike the contacts where E! n = T, /)■ . 
It is more convenient to calculate the current directly from Eq. (1 1 . 1.6) instead. We can 
define an effective transmission by comparing Eq. (1 1.1.6) with Eq. (9.1.9) 

- 1(E) Trace [SiMl - Trace[r,G n ] 

r eff (£)= — = L-! — i — (11.1.12) 

ME) -ME) h-h 

which can be a useful parameter to compare with coherent transport. 



Self-consistent calculation: In general it is necessary to perform a self-consistent 
solution of the transport equations with the "Poisson" equation, which accounts for 
electron-electron interactions through a potential U(r) (see Fig. 11.1.2). We write 
Poisson within quotes as a reminder that this part of the problem could include correc- 
tions for correlation effects (see Chapter 3) in addition to standard electrostatics. This 
aspect is commonly ignored (as we do in Sections 11.2 and 11.3) when calculating 
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Fig. 11.1.2 In general, the transport problem has to be solved self-consistently with the "Poisson" 
equation, which accounts for electron-electron interactions through the potential U. 

"linear response" for bias voltages that are small compared to the thermal energy k B T 
and/or the energy scale on which the density of states changes significantly. The cur- 
rent is then independent of the precise spatial profile U(r) arising from the applied 
drain voltage. But if we are interested in the shape of the current-voltage (I-V) char- 
acteristics over a wide range of bias values as we are, for example, when calculating 
the ON-current of a transistor (Section 1 1 .4), then the potential profile is of crucial 
importance as explained in Section 1,4. 

A simple one-level example: In Chapter 1, we went through an example with just 
one level so that the electron density and current could all be calculated from a rate 
equation with a simple model for broadening. I then indicated that in general we need 
a matrix version of this "scalar model" and that is what the rest of the book is about 
(see Fig. 1.6.5). 

Now that we have the full "matrix model" we have the machinery to do elaborate 
calculations as we will illustrate in the rest of the chapter. But before getting into such 
details, it is instructive to specialize to a one-level system with elastic phase-breaking 
(Fig. 11.1.3) so that all the matrices reduce to pure numbers and the results are easily 
worked out analytically. From Eqs. ( 1 1 . 1 . 1 )-( 1 1 . 1 .4): 

G(£) = (£-e + (ir/2))- 1 

_ r 

A(£) = (E -e) 2 + (r/2) 2 

r = ri + r 2 + d 0 a 

G a (E) = £ in (£) A(E)/T 

£ in = r 1 / 1 + r 2 / 2 + D 0 G n 

Hence 

cr = iy, +r 2 / 2 + A)G- = iYA+JVg 
A Ti + r 2 + D 0 A F\ + r 2 
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Fig. 11.1.3 

independent of the scattering strength Do. From Eqs. (1 1.1.6) and (1 1.1.7), 

7 S = D 0 G n A - D Q AG n = 0 

and 

7, = HAC/i - (G n /A)) = - fi) = -h 

1 1 + 1 2 

so that 

q r r,r 2 A 

I = - dE (/i - ft) 

showing that elastic phase-breaking of this sort in a one-level system has no effect on 
the current, which is independent of Dq. 

Even for a one-level system, inelastic phase-breaking is a little more complicated 
since the inscattering function EJ n at energy E depends on the correlation function G" 
at other energies E + hco (see Exercise E.l 1.6). 

1 1 .2 Physics of Ohm's law 



My objective in this section is to show how the general quantum transport equations 
can be used to model conductors with phase-breaking processes. At the same time 
these examples will help illustrate how an ultrashort ballistic conductor evolves into 
a familiar macroscopic one obeying Ohm's law, which states that the conductance is 
directly proportional to the cross-sectional area S and inversely proportional to the 
length L. In chapter 1 I noted that for a ballistic conductor it is easy to see why 
the conductance should increase with S using elementary arguments. Now that we have 
discussed the concept of subbands (see Chapter 6) we can make the argument more 
precise. The conductance of a conductor increases with cross-sectional area because 
the number of subbands available for conduction increases and for large conductors 
this number is directly proportional to S. 
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But why should the conductance decrease with length L? Indeed a ballistic conduc- 
tor without scattering has a conductance that is independent of its length. But for long 
conductors with scattering, the conductance decreases because the average transmis- 
sion probability of electrons from the source to the drain decreases with the length of 
the conductor. We saw in Chapter 9 that the conductance is proportional to the total 
transmission T around the Fermi energy (see Eq. (9.4.4)), which can be expressed as 
the product of the number of modes M and the average transmission probability per 
mode T: 

G = (2q 2 /h) T = (2q 2 /h)MT (Landauer formula) (11.2.1) 

For large conductors, M ~ S and T ~ 1/L, leading to Ohm's law: G ~ S/L. And that 
brings us to the question: why does the transmission probability decrease with length? 



1 1 .2.1 Classical transport 



If we think of the electrons as classical particles, then it is easy to see why the transmis- 
sion probability T ~ 1/L. Consider a conductor consisting of two sections in series as 
shown in Fig. 1 1 .2. 1 . The first section has a transmission probability T\ ; the second has 
a transmission probability L 2 . What is the probability 7" that an electron will transmit 
through both? It is tempting to say that the answer is obviously T = T1T2, but that is 
wrong. That is the probability that the electron will get through both sections in its first 
attempt. But an electron turned back from section 2 on its first attempt has a probability 
of T\ T2R1R2 of getting through after two reflections as shown in the figure (R\ — \ — T\ 
and tf 2 = 1 - T 2 ). 

We can sum up the probabilities for all the paths analytically to obtain 



t = r 1 r 2 (( J R 1 i? 2 ) + ( J R lJ R 2 ) 2 + ( J R lJ R 2 ) 3 + 



T X T 2 



T\T 2 



1-R X R 2 T1 + T2-T1T2 
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(11.2.2) 
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Fig. 11.2.1 Classical "addition" of the transmission probabilities for two successive sections to 
obtain an overall transmission probability. 



Atom to transistor 



This relation tells us the resulting transmission Tif we cascade two sections with trans- 
mission T\ and T2 respectively. From this relation we can derive a general expression 
for the transmission T(L) of a section of length L by deducing what function satisfies 
the relation: 

1 1 1 

+ ^77^ - 1 



T{L\ + L%) r(Li) T{L 2 ) 
It is easy to check that the following function fits the bill 

T = A (11.2.3) 
L + A 

where A is a constant of the order of a mean free path, representing the length for which 
the transmission probability is 0.5. 

Equation (11.2.3) represents the transmission probability for classical particles as a 
function of the length of a conductor. Combining with Eq. (1 1.2.1) we obtain 

G = (2q 2 M/ h)-——- 
L + A 

so that the resistance can be written as a constant interface resistance in series with a 
"device" resistance that increases linearly with length as required by Ohm's law: 

1 h h L 

— = + —n (11.2.4) 

G 2q 2 M 2q 2 M A 

interface "device " 
resistance resistance 

Equation (1 1.2.4) suggests that the device conductance itself should be written as 
2q 2 M T 

G = — (11.2.5) 

h 1 - T y 

which was the original form advocated by Landauer. Equation (11.2.5) yields a resis- 
tance of zero as one might expect for a ballistic conductor (with T = 1), while 
Eq. (11.2.1) yields a non-zero resistance whose physical meaning caused extensive 
debate in the 1980s: 

1/G = (h/2q 2 M) l/G = 0 
Eq.(11.2.1) Eq. (11.2.5) 

This non-zero resistance is now believed to represent the resistance associated with 
the interfaces between a low-dimensional conductor with M subbands and two large 
contacts with a very large number of subbands. In view of the fact that two-terminal 
measurements measure the total resistance rather than the "device" resistance, the 
present trend is to use Eq. (1 1.2.1) with the understanding that it includes the interface 
resistance along with the device resistance. Four-terminal measurements, on the other 
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hand, are typically interpreted on the basis of the multi-terminal Buttiker formula 
discussed in Chapter 9. 

1 1 .2.2 Coherent transport (one subband) 

We have seen that if we view electrons as classical particles we recover Ohm's law, 
together with a constant interface resistance in series. But is this true if we treat electrons 
as quantum mechanical particles obeying the Schrodinger wave equation? The answer 
is no! This is easy to check numerically if we calculate the transmission through a 
device with one scatterer (A or B) and a device with two scatterers (A and B) as shown 
in Fig. 11.2.2. 

The transmission was calculated using the equations stated at the beginning of Section 
1 1 .2 with the phase -breaking terms (E s and Ej") set equal to zero. Since we are dealing 
with coherent transport, we could calculate the transmission directly from Eq. (9. 1.10). 
But it is better to use Eq. (11.1.12) since it is applicable to non-coherent transport and 
can be used in our later examples as well. 

The important message from the example shown in Fig. 11.2.2 is that the quan- 
tum transmission through two scatterers does not follow a simple rule like the one we 
obtained for the transmission for classical particles (Eq. (1 1.2.2)). The basic reason is 
the interference between the two scatterers. If they are spaced by half a wavelength 
the reflections from the two scatterers interfere constructively, leading to a dip in the 
transmission. But if they are spaced by a quarter of a wavelength, the reflections interfere 



(a) (b) A only 




x ( nm ) Transmission 



Fig. 11.2.2 (a) A short device with two scatterers, A and B. A discrete lattice with 40 sites 
separated by a — 3 A was used in the calculation along with an effective mass equal to the free 
electron mass m. A small bias potential was assumed varying linearly from +5 meV to -5 meV 
across the device. Each scatterer is represented by a potential of 0.5 eV at one lattice site, 
(b) Transmission versus energy calculated with only one scatterer (A or B) and with both scatterers 
(A and B). 
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destructively, leading to a peak in the transmission. This shows up as large oscillations 
in the transmission as a function of energy (which determines the de Broglie wave- 
length of the electrons). Clearly then if we cascade two sections, we do not expect the 
composite transmission to have an additive property as required by Ohm's law. Indeed, 
depending on the location of the Fermi energy, the transmission through two scatterers 
could even exceed that through the individual scatterers. This could never happen with 
classical particles that cannot have a higher probability of getting through two sections 
than of getting through one. But this is a well-known phenomenon with waves due to 
interference effects: light transmits better into a lens if we put an extra anti-reflection 
coating on top. Similarly with electrons: one section could act as an anti -reflection coat- 
ing for the next section, leading to greater transmission and hence a lower resistance 
for two sections than for one! 

1 1 .2.3 Coherent transport (multiple subbands) 

One could argue that this is really an artifact of a one-dimensional model whereby 
electrons of a given energy have a single wavelength. By contrast, in a multi-moded 
conductor, electrons of a given energy have many different values of k and hence many 
different wavelengths (in the longitudinal direction), one for each mode, as shown in 
Fig. 11.2.3. 

As a result, we can expect interference effects to be diluted by the superposition of 
many oscillations with multiple wavelengths. This is indeed true. Figure 11.2.4 shows 
the transmission through a two-dimensional wire having a width of 75 A and a length of 
200 A modeled with a discrete lattice of points spaced by 5 A. Without any scatterer, the 
transmission at any energy E is equal to the number of propagating modes M(E), which 
increases in steps from four to six over the energy range shown. The transmission with 
one scatterer (with a transverse profile as shown in Fig. 1 1 .2.5) increases monotonically 
with energy and we can deduce a semi-classical transmission for two scatterers using 
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Fig. 11.2.3 
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One scatterer 
Two scatterers: 




Transmission 



Fig. 11.2.4 Transmission versus energy calculated for a wire with multiple subbands having no 
scatterer, one scatterer, and two scatterers. Each scatterer has a maximum potential of 0.25 eV at the 
center of the wire. 




< 200 A > 



Fig. 11.2.5 

Eq. (1 1.2.2) with T = f/M and noting that T 2 « T x 

M _2M i _^ _ _ fi 

T ~ Ti ~ 2 - (Ti/M) 

It is apparent that the quantum transmission through two scatterers fluctuates around 
this semi-classical result, the size of the fluctuation being of order one. Such fluctuations 
in the conductance of narrow wires as a function of the gate voltage (which shifts the 
Fermi energy relative to the levels) have been observed experimentally and are often 
referred to as universal conductance fluctuations. Fluctuations have also been observed 
as a function of the magnetic field, which changes the effective wavelength at a given 
energy. 
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Fig. 11.2.6 Transmission versus energy calculated for a wire with multiple subbands having two 
scatterers with a maximum potential of 5 eV, 0.5 eV, and 0.25 eV. The dashed lines show the 
semi-classical result for two scatterers deduced from the transmission through one scatterer. 



Since the size of the fluctuation is of order one, the reader might wonder what happens 
if the transmission falls below one. This will happen if the transmission probability T 
per mode M is smaller than 1 /M, so that the total transmission T = MT is less than 
one. In Fig. 1 1.2.6 we show the calculated transmission as the strength of the scatterers 
is increased from a maximum scattering potential of 0.25 to 5 eV. It is apparent that in 
the latter case the conductance shows large peaks separated by ranges of energy where 
the transmission becomes negligible, indicating a strong localization of the electronic 
wavefunctions. 

By contrast, with weaker scattering potentials when the semi-classical transmission 
is larger than one, the quantum transmission shows fluctuations of order one around 
the semi-classical result. With multiple scatterers, the average quantum transmission 
turns out to be approximately one less than the semi-classical result. This is not at all 
evident from Fig. 11.2.6 which only involves two scatterers. With a large number of 
independent scatterers, it turns out that the backscattering per mode is enhanced by 
(1 /M) due to constructive interference leading to an equal decrease in the transmission 
per mode and hence to a decrease of one in the total transmission. A magnetic field 
destroys the constructive interference, causing an increase in the transmission which 
has been experimentally observed as a negative magnetoresistance (reduction in the 
resistance in a magnetic field) and is ascribed to this so-called weak localization effect. 
The basic phenomenon involving a coherent increase in backscattering has also been 
observed with electromagnetic waves in a number of different contexts unrelated to 
electron transport. 
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1 1 .2.4 Quantum transport with dephasing 

To summarize, as we make a wire longer the semi-classical transmission will decrease 
in accordance with Ohm's law and the quantum transmission will exhibit fluctuations 
of the order of one around the semi-classical result. If we make any wire long enough, 
we will reach a length for which the semi-classical transmission will be less than one 
(seeEq. (11.2.3)): 

- MA 

T « < 1 if L > MA 

L + A 

The quantum transmission for a wire longer than the localization length (~MA) will 
show large fluctuations characteristic of the strong localization regime. It would seem 
that even a copper wire, if it is long enough, will eventually enter this regime and cease 
to obey anything resembling Ohm's law! However, that is not what happens in real 
life. Why? 

The reason is that our observations are valid for phase-coherent conductors where 
we do not have significant phase-breaking processes to dilute the quantum interference 
effects. A wire will exhibit strong localization only if the localization length MA is 
shorter than the phase-breaking length. Since this length is typically quite short espe- 
cially at room temperature, there is little chance of a copper wire (with its enormous 
number of modes M) ever entering this regime. Figure 1 1 .2.7 shows the effective trans- 
mission for a one-dimensional wire having two coherent scatterers, with and without 
phase-breaking scattering. It is apparent that the interference effects are effectively 
washed out by the presence of phase-breaking processes. Figure 11.2.8 shows that 
a one-dimensional wire with only phase-breaking scatterers leads to Ohm's-law-like 
behavior as a function of length. Of course in this limit a full quantum transport model 
is unnecessary. We could probably use a semi-classical model that neglects interference 
effects altogether and treats electrons as particles. However, in general, we have both 
coherent and phase-breaking scattering and the quantum transport model described in 
Section 11.1 allows us to include both. 

In these calculations we have assumed that the phase-breaking scatterers carry 
negligible energy away (hco — > 0), so that we can use the simplified equations 
(cf.Eqs. (11.1.10)) 

= D 0 [G n (E)] and E s (£) = D 0 [G(E)] (11.2.6) 

to evaluate the self-energy and inscattering functions. We are also assuming the scat- 
tering to be diagonal in real space and uniformly distributed so that Dq is a constant 
that we have set equal to 0.01 eV 2 in Fig. 1 1 .2.7 and to 0.05 eV 2 in Fig. 1 1.2.8. 
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Fig. 11.2.7 Transmission versus energy for a one-dimensional wire with different types of 
scattering as indicated. 
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Fig. 1 1 .2.8 Normalized resistance (inverse transmission) as a function of length for a 
one-dimensional wire with phase-breaking scattering only. 



1 1 .3 Where is the heat dissipated? 



We have seen that with adequate amounts of phase-breaking scattering, the resistance 
of a conductor increases linearly with length (Fig. 1 1.2.8) in accordance with Ohm's 
law. However, as the length tends to zero (ballistic conductor), the resistance tends to 
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a constant representing the interface resistance associated with the interfaces between 
the low-dimensional conductor and the three-dimensional contacts. But where does the 
associated I 2 R loss (or the Joule heating) occur? 

The answer to this question depends on the nature of the scattering process. The 
point is that resistance comes from the loss of momentum associated with scattering 
while the associated Joule heating comes from the loss of energy. For example, in Figs. 
11.2.7 and 11.2.8 we have modeled the phase-breaking scattering as an elastic process, 
neglecting any associated energy loss. This means that, in this model, no energy is 
dissipated inside the device at all. Nonetheless this elastic scattering does give rise to a 
resistance that obeys Ohm's law because of the associated loss of momentum, not the 
loss of phase. Indeed in small conductors, a significant fraction of the Joule heating 
I 2 R associated with a resistor R could be dissipated in the contacts rather than in the 
conductor itself. There is concrete evidence that this is true, allowing experimentalists 
to pump far more current through small conductors than what would be needed to 
destroy them if all the heat were dissipated inside them. 

The fact that elastic scattering is not associated with any energy loss can be seen by 
noting at the normalized current per unit energy U(E) (see Eq. (11.1.6)) is identical at 
each of the two terminals (source and drain) as shown in Fig. 11.3.1. The point is that 
the energy current at any terminal is given by (cf. Eq. (1 1.1.6)) 



and if there is power dissipated inside the device then it must be reflected as a 
difference in the energy currents at the source and drain terminals: 



Since current conservation requires the current to be the same at the source and the 
drain, the energy currents can be different only if they are distributed differently as a 
function of energy. Clearly there is no power dissipated in the device shown in Fig. 
11.3.1, since the current has the same energy distribution at the source and drain. But 
if we model the same device assuming that the scatterers have an associated phonon 
energy of hco = 20 meV, the energy distribution of the current is different at the source 
and drain, showing that some fraction of the I 2 R loss occurs inside the device. Electrons, 
on the average, enter the source at a higher energy than the energy at which they exit 
the drain (Fig. 1 1.3.2). 




(11.3.1) 



— oo 



^d — Ie, drain — Ie, 



source 



(11.3.2) 



11.3.1 



Peltier" effect 



It is interesting to note that power need not be dissipated everywhere. In an inhomo- 
geneous device there could be local regions where energy is absorbed by the electrons 
and the solid is locally cooled. Consider, for example, a one-dimensional current with a 
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Fig. 1 1 .3.1 Normalized current per unit energy /, (E) in a one-dimensional wire with 
phase-breaking elastic scattering. 
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Fig. 1 1 .3.2 Normalized current per unit energy /, (E) in a one-dimensional wire with inelastic 
scattering by phonons with energy hco — 20meV (D 0 = 0.1 eV 2 ). The drain current flows at a lower 
energy than the source current due to the energy relaxation inside the device. 



potential step in the center that forces the current to flow at a higher energy at the drain 
terminal than at the source terminal (Fig. 1 1.3.3). It is easy to see fromEq. (1 1.3.2) that 
the junction is cooled by the flow of current, which can be considered a microscopic 
version of the well-known Peltier effect where an electrical current cools one junction 
at the expense of another. Indeed if we had a potential barrier with an upstep followed 
by a downstep, then the upstep would be cooled while the downstep would be heated. 
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Fig. 1 1 .3.3 Normalized current per unit energy £ in a one-dimensional wire with inelastic 
scattering by phonons with energy hw — 20meV (D 0 — 0.1 eV 2 ), having a potential step in the 
middle as shown. The drain current flows at a higher energy than the source current, indicating that 
the device is cooled by the flow of current. 



This aspect of the energy exchange is reversible and is proportional to the current, 
unlike the irreversible Joule heating which is proportional to the square of the current 
(Lake and Datta, 1992b). 
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In Section 11.1 I stressed the importance of doing quantum transport calculations 
self-consistently with the "Poisson" equation (see Fig. 11.1.2) for the self-consistent 
potential U representing the effect of the other electrons. This is particularly impor- 
tant when calculating the current under a "large" applied voltage: the shape of the 
current-voltage characteristic can sometimes be significantly different depending on 
the potential profile (or the "voltage drop") inside the channel. For example, in deter- 
mining the maximum (or the ON) current of a transistor it is important to know where 
the voltage drops. 

Consider a "nanotransistor" composed of a narrow quantum wire labeled the "chan- 
nel" (see Fig. 11.4.1) of radius a surrounded by a coaxial gate of radius b which is 
used to induce electrons in the channel as we discussed in Chapter 7. Assume that the 
electrons in the channel belong to a single subband with a parabolic dispersion relation 

E = E c + (h 2 k 2 /2m) (11.4.1) 

At equilibrium, with [12 = Mi an d low temperatures (T— > OK) the density of electrons 
(per unit length) in the channel can be written as (see Table 6.2.1 with an extra factor 
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Fig. 11 .4.1 A nanotransistor consisting of a quantum wire channel surrounded by a coaxial gate 
used to induce electrons in the channel. 



of two to account for two spins) 
n L = 2y/2m(ji\ — E Q )/nh 



(11.4.2) 



If we make the gate voltage Vq more positive, it will induce more electrons in the 
channel, while if we make it more negative it will deplete the channel of electrons, in 
much the same way that we discussed in Section 7.3, except that in Chapter 7 we were 
talking primarily about a flat two-dimensional conductor, while now we are talking 
about a cylindrical one-dimensional conductor. In Chapter 7 we discussed only the 
equilibrium problem with \ii = ix\. The problem I wish to discuss now is a non- 
equilibrium one. A voltage Vd is applied to the drain relative to the source making, 
jjL 2 = ii\ - qVo. What is the current /? Formally we can calculate by following the 
self-consistent procedure depicted in Fig. 1 1.1.2 and numerical results are shown later 
(Fig. 1 1.4.4). But first let us try to understand the physics in simple terms. 

Ballistic nanotransistor: We will start with a ballistic transistor (no scattering) having 
perfect contacts. If the contacts are good and there is no scattering we would expect the 
low-bias conductance to be equal to twice (for spin) the conductance quantum: 



/ = (2q z /h)V D 



(11.4.3a) 



The +k states are filled up from the left contact with an electrochemical potential ii\ 
while the —k states are filled from the right contact with an electrochemical potential 
fi2- In the energy range between fii and fi2 (plus a few k B T on either side) the +k states 
are nearly filled and carry current, but this current is not balanced by the —k states since 
they are nearly empty. Since a ID wire carries a current of (2q / h ) per unit energy, there 
is a net current given by (2q/ h) times the energy range (/xi — /X2) which is equal to 
(2q 2 / h)Vu as stated above. 

Once fi2 has dropped below the bottom of the band (£ c ), the current cannot increase 
any further and we expect the ON-current to be given by 



/&} = (2q z /h)( f M l - E c ) 



(11.4.3b) 
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Fig. 11.4.2 An applied voltage lowers the energy levels and the electrochemical potential in 
the drain region. The +k states are occupied from the source up to [i\ while the -k states are 
occupied from the drain up to /j. 2 , causing a net current to flow as discussed in Chapter 6 (see 
Section 6.3). 

Equations (11.4.3a, b) suggest that the current should increase linearly with voltage 
and then level off as the voltage approaches (/Lti — E c ). It is indeed true that the current 
increases linearly and then saturates but, depending on the electrostatics, the ON-current 
could be much larger, up to four times as large as that given by Eq. (1 1.4.3b), which 
we have labeled with (L) to denote the Laplace limit. Let me explain what I mean by 
that and what the other limit is. 

The result given in Eq. ( 1 1 .4.3b) is based on the picture shown in Fig. 1 1 .4.2, which 
assumes that the only effect of the increasing drain voltage is to lower 1x2, while the 
energy levels in the channel remain fixed relative to the source. However, depending on 
the electrostatics, it is possible that the potential energy U in the channel would drop 
by some fraction of the drain potential — qVo, thus lowering the bottom of the band 
and increasing the ON-current to (note that U is a negative quantity for positive drain 
voltages) 



(I am assuming that U remains less than A, see Fig. 11.4.2.) So in estimating the 
ON-current, the all-important question is "How does the voltage drop?" The source is 
at zero, the drain is at — qVo- what is the potential energy U inside the channel? 

In general we determine the channel potential from a self-consistent solution of the 
electrostatics and the transport problems. For our present problem we can write the 
electrostatics in the form 



/on = (2q 2 /h)(tii -E c -U) 



(11.4.4) 



U = U L + (q 2 /C E )bn h 



(11.4.5) 



where Ce is the capacitance per unit length of a coaxial capacitor with inner and outer 
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Fig. 1 1 .4.3 Same as Fig. 1 1 .4.2 except that the equilibrium conduction band profile has been 
subtracted off. This plot shows just the change U in the potential under an applied bias. Inside the 
channel, the two extreme possibilities are the Laplace potential Ul and the neutral potential (/n as 
explained in the text. 



radii equal to aand b respectively: 

C E = 27ts r s 0 /ln(b/a) (11.4.6) 

6«l is the change in the electron density per unit length and U-l is the solution to 
corresponding to 6n L = 0, sometimes called the Laplace solution, which is shown in 
Fig. 1 1.4.3. Since the potential is applied only to the drain and not the gate the Laplace 
potential has the shape shown in Fig. 1 1 .4.3. It is essentially equal to the source potential 
throughout the channel and rapidly changes to the drain potential at the other end; how 
rapidly depends on the closeness of the gate to the channel. 

The actual potential inside the channel is close to the Laplace limit if the electrostatic 
capacitance Ce is large: the second term in Eq. (1 1.4.5) then is negligible. This is the 
case when we assume a very "high-A"' dielectric with e r = 100 (see Eq. (1 1.4.6) with b 
set equal to 2a). But when we use a smaller e r = 2, the current increases significantly 
by nearly a factor of two (Fig. 1 1 .4.4). 

If the capacitance is even smaller, then in principle we could be in the other limit 
where 5« L — > 0, but the second term is finite. We call this the neutral limit and the 
corresponding potential the neutral potential f/ N (see Section 7.3). What is (7 N ? We can 
write the electron density in the ON- state as 

[« l ]on = 72m (ji \ -E c - Uj/nh (11.4.7) 

since the potential energy U (which is negative) moves the bottom of the band down 
to E c + U, but we lose a factor of two because only half the states (having +k) are 
occupied. Subtracting Eq. (11.4.7) from (11.4.2) we write the change in the electron 
density as 

8n L = (Vlm/TthXly/iii - E c - y^i -E c -U) (11.4.8) 
Setting 6«l = 0, we obtain the neutral potential: 



2-s/mi - E c = vVi - E c - t/ N fii - E c - U N = 4(/xj - E c ) 



(11.4.9) 
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which means that in the neutral limit the ON-current from Eq. (1 1.4.4) is four times 
what we expect in the Laplace limit (cf. Eq. (1 1.4.3b)) 

7™ = (2</ 2 M)(Mi ~E C - U N ) = 47$ (11.4.10) 

I should note that the neutral limit of the ON-current need not always be four times the 
Laplace limit. The factor of four is specific to the one-dimensional example considered 
here arising from the fact that the electron density is proportional to the square root 
of the energy (see Eq. (11.4.2)). For a two-dimensional sheet conductor, the electron 
density increases linearly with energy and we can show that the neutral limit is two 
times the Laplace limit. The important point is that there is a Laplace limit and a 
neutral limit and the actual value could lie anywhere in between depending on the 
capacitance Cg. 

Electrostatic boundary conditions: In Fig. 11.4.3 we have shown the potential U 
approaching the asymptotic values of zero and — q Vb set by the external voltage in the 
source and drain regions respectively. It is common to assume that this statement will 
be true if we make these regions long enough. However, it is important to note that if 
the end regions are assumed ballistic then the potential may not reach the asymptotic 
values, no matter how long we make these regions. 

The reason is that in these conductive end regions the potential U will approach the 
neutral value f/ N needed to make 8n L = 0. Consider the region near the source, for 
example. If the potential U were zero, bn L would be negative because a fraction of 
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Fig. 11.4.5 Sketch of the spatial profile of the neutral potential: in the end regions it does not 
approach the correct asymptotic values of zero and — qV D because a fraction of the density of states 
in these regions is "controlled" by the contact at the other end. 
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Fig. 11.4.6 



the density of states in this region is now occupied according to the electrochemical 
potential /X2 in the drain. This fraction is described by the partial spectral function [A2] 
that we discussed in Chapter 9. To keep 5n L = 0, the neutral potential in this region 
takes on a negative value (Fig. 11.4.5). This situation will not change if we simply 
make the end regions longer. As long as they are ballistic, it can be shown that there 
will be no change in the fraction of the density of states at one end that is controlled by 
the contact at the other end. Consequently the neutral potential in the source region will 
be less than the asymptotic value of zero and using a similar argument we can show 
that in the drain region it will be more than the asymptotic value of — qV]). 

The potential U will revert to the correct asymptotic values ±q V/2 only if a negligible 
fraction of the density of states (or spectral function) at one end is controlled by the 
contact at the other end. This can happen if there is enough scattering within the device 
or if there is strong geometrical dilution at the contacts (M^> N) (Fig. 1 1 .4.6). 

This means that in modeling near-ballistic devices without significant geometric 
dilution at the contacts we should not fix the potential at the two ends to the usual 
asymptotic values as we did in solving the capacitance problem (see Eq. (7.2.17)). One 
solution is to use a zero-field boundary condition for the Poisson equation and let the 
potential U develop self-consistently. 

From a conceptual point of view, we could view the spatial profile of the neutral 
potential f/ N (which may be different from the profile of the actual potential U) as an 
indicator of the spatial distribution of the resistance. The neutral potential across any 
ballistic region remains flat indicating zero resistance as we might intuitively expect. 
Figure 11.4.5 shows that only a fraction of the applied voltage V D actually appears 
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1 1 .4 Where is the voltage drop? 
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Fig. 11.4.7 Once an electron has lost sufficient energy through inelastic processes (point B) it 
cannot be turned back towards the source and current is not reduced by further scattering. But if it 
has not lost enough energy (point A) then backscattering to the source can occur. 

between the two ends of the device, indicating that the resistance we calculate is only 
partly due to the channel and the rest should be associated with the interface between 
the narrow channel regions and the wide contact regions. 

Nanotransistor with scattering: We expect the ON-current to be reduced by the 
presence of scattering, since the transmission is now less than one by a factor 
T = A/(L + A) (see Eq. (1 1.2.3)), which depends on the length of the channel rela- 
tive to a mean free path. In practice, however, the ON-current is higher that what Eq. 
(11.4.10) suggests, if the scattering processes are inelastic rather than elastic. 

To understand why, we note that inelastic processes cause the electrons coming in 
from the source to lose energy as they propagate towards the drain (see Fig. 1 1 .4.7). 
Once they have lost sufficient energy (indicated by point B) they cannot easily be turned 
back towards the source any more, since there are no allowed states in the source at this 
lower energy. Consequently, the electron proceeds to the drain and the current is not 
reduced. But if the scattering processes are elastic then electrons do not relax in energy 
(indicated by point A) and can be turned back towards the source with a reduction in the 
current. This physics can be described approximately by replacing the device length L 
in Eq. (11.2.3) with the inelastic energy relaxation length L\ that an electron traverses 
before it loses a few ^B^of energy (large enough that coming back is near impossible) 



This can make the actual ON-current much larger than what one might expect otherwise. 
Even purely elastic scattering causes a similar increase in the ON-current in two- 
dimensional conductors since it relaxes the longitudinal (directed from the source to 
the drain) kinetic energy, although the total energy (longitudinal + transverse) remains 
the same. Indeed, commercial transistors for many years now have shown ON-currents 
that are within 50% of their ballistic value even though they may be over ten mean free 
paths in length. The reason is that the energy relaxation length Lj tends to be of the same 



T = A/(L; + A) 



(11.4.11) 
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order as the mean free path A, making the transmission probability approximately 0.5 
regardless of the actual length of the channel. 

My reason for bringing up this issue here is that this is another example of the 
importance of the self-consistent potential profile in determining the current at large 
bias voltages. For example, the effect just described would not arise if the potential 
profile looked as shown in Fig. 1 1 .4.8 since there would then be little room for energy 
relaxation. It seems reasonable to expect that the actual magnitude of the effect in a real 
device will depend on the potential profile that has to be calculated self-consistently as 
indicated in Fig. 11.1.2. This is a point that is often overlooked because the transport 
block in Fig. 11.1.2 is intellectually more demanding than the "Poisson" block and 
tends to overshadow it in our mind. So it is worth remembering that in many problems, 
like the ON-current of a nanotransistor, the Poisson block could well represent the key 
"physics," making the transport block just a "detail"! 



EXERCISES 

E.ll.l. (a) Consider a short ID channel with two scatterers, A and B, modeled with a 
discrete lattice of 40 sites separated by a = 3 A. Assume a small bias potential varying 
linearly from +5 meV to -5 meV across the device. Each scatterer is represented by 
a potential of 0.5 eV at one lattice site. Calculate the transmission versus energy with 
one scatterer only (A or B) and with both scatterers (A and B) and compare with Fig. 
1 1 .2.2. (b) Repeat including elastic phase-breaking scattering processes as indicated in 
Eq. (1 1.2.6) and compare with Fig. 1 1.2.7. (c) Plot the inverse transmission (at a fixed 
energy of 0.1 eV) versus length for a ID wire with elastic phase-breaking scattering 
only and compare with Fig. 11.2.8. 

E.11.2. (a) Consider a multi-moded channel 75 A wide and calculate the transmission 
through one scatterer and through two scatterers assuming each scatterer to be rep- 
resented by a triangular potential (with a maximum of 0.25 eV at the center) in the 
transverse direction localized at one lattice plane in the longitudinal direction. Also, 
plot the semi-classical result obtained for two scatterers using the result for one scat- 
terer. Compare with Fig. 11.2.4. (b) Repeat for different strengths of the scattering 
potential and compare with Fig. 1 1 .2.6. 
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E.11.3. (a) Consider a ID channel with phase-breaking elastic scattering and plot the 
current per unit energy as shown in Fig. 11.3.1. (b) Repeat for a channel with inelastic 
scattering and compare with Fig. 1 1.3.2. (c) Repeat for a channel with a potential step 
in the middle with inelastic scattering and compare with Fig. 11.3.3. 

E.11.4. Calculate the current (7) versus drain voltage ( Vd) self-consistently for a ballistic 
quantum wire nanotransistor and compare with Fig. 1 1 .4.4. 

E.11.5. Tunneling in the presence of phase-breaking: Calculate the inverse transmis- 
sion at low drain voltage at E = fi for a conductor having its equilibrium electrochemical 
potential fi located at 0. 1 eV, with the conduction band edge in the contact at 0 eV and 
that in the channel at 0.5 eV as shown in Fig. E.l 1.5a. 
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Fig. E.11.5 



Transmission through the channel is by tunneling, so that the inverse transmission 
varies exponentially with the length L of the barrier in the absence of phase-breaking 
processes. Plot the logarithm of the inverse transmission (normalized resistance) as a 
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function of the length for 1 nm < L < 7 nm with two different scattering strengths, 
Do = 2eV 2 and 3 eV 2 . You should obtain a plot like the one shown in Fig. E. 11.5b. 
Note that the expected exponential dependence of the resistance (linear dependence of 
the logarithm of the resistance) does not hold at higher scattering strengths. See, for 
example, Neofotistos et al. (1991). 

E.11.6. Inelastic electron tunneling spectroscopy (IETS): At the end of Section 
1 1 . 1 , we looked at a simple one-level example with elastic phase-breaking scattering. 
It is instructive to do the one-level example with inelastic scattering, which is more 
complicated because different energies are coupled together. The basic equations are 
just the ones listed in Section 11.1 where the various matrices are just scalar quantities 
(or (1 x 1) matrices). The inscattering and broadening matrices are given by 

y s in (£) = J d(hco)D p \hco)G n (E + hm) 

and T s (£) = J d(tiw)D p \tico)(G n (E + fico) + G p (£ - Tim)) 

where the "phonon" spectral function can be written as the sum of an emission term 
(positive frequencies) and an absorption term (negative frequencies) 

D v \ha)) = Di[(Ni + l)8(hco - hcoi) + Ni5(fico + fta*)] 

i 

with Nj representing the number of phonons of frequency ha>j, and Z), its coupling. 
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(c) d^/dV^ vs. V 
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(a) Current (I), (b) conductance (dl/dV) and (c) d 2 //dV 2 as a function of voltage calculated 
without phonon scattering (dashed line) and with scattering by phonons (solid line) with two 
distinct frequencies having slightly different coupling strengths (Di — 0.5,ftcoi — 0.075 eV and 
D 2 — Q.l,ha>2 — 0.275 eV). Reproduced with permission from Datta (2004). 

Calculate the current versus voltage (ignoring the self-consistent potential), assuming 
that the energy level e = 5 eV lies much above the equilibrium electrochemical potential 
H = 0, so that current flows by tunneling. You should obtain a plot as shown above. 



Exercises 



The current calculated without any phonon scattering (all D, = 0) and with phonon 
scattering (D x = 0.5, hu> x = 0.075 eV and D 2 = 0.7, hco 2 = 0.275 eV) shows no 
discernible difference. The difference, however, shows up in the conductance d//dV 
where there is a discontinuity proportional to £>, when the applied voltage equals the 
phonon frequency hu>\. This discontinuity shows up as peaks in d 2 //dV 2 whose loca- 
tion along the voltage axis corresponds to molecular vibration quanta, and this is the 
basis of the field of inelastic electron tunneling spectroscopy (IETS) (see for example, 
Wolf (1989)). 

E.11.7. Spin-flip scattering: We saw at the end of Section 11.1 that elastic phase- 
breaking has little effect on the current in a one-level system. But it can have significant 
effect if we have two levels with very different couplings to the two contacts. Consider 
an up-spin level connected to the left contact and a down-spin level connected to the 
right contact so that 




[H] = 
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A* £ 



[Ti] = 
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(a) Obtain an expression for the transmission t (£). Explain physically why it is zero 
when A = 0. 

(b) Assume A = 0 so that no current will flow if there is no scattering. Now assume 
that there are elastic phase-breaking processes described by = £ Dij^Gki, 

k,l 

Yf: = EAy/wG",. Calculate the current for a fixed small drain voltage as a function of 

k I 

Do, assuming that the only non-zero elements of 'D' are (a) D1122 = ^2211 = A), and 
(b) £>iin = D2222 = Do (for further discussion see Datta (2005)). 



12 Epilogue 



I started this book with a "simple" problem: two contacts are made to a really small 
object having just one energy level in the energy range of interest. A voltage Vis applied 
between the contacts so that their electrochemical potentials separate, /xi — — qV 
(see Fig. 1.2.2). What is the current? We saw that this question could be answered 
on the basis of two equations describing the current flow at the two interfaces (See 
Eqs. (1.2.3a, 1.2.3b)), provided we included the broadening of the energy levels that 
accompanies the process of coupling. 

The essential point behind these equations is that there is an outflow from the contact 
and an inflow from the contact (Fig. 12.1) whose difference equals the rate at which 
the number of electrons changes: 

dN 

Outflow Inflow 

In Chapters 8 and 9 we discussed a quantum mechanical treatment of this problem 
based on the one-electron Schrodinger equation 

tfi^-Hf- Hf =J>_, (12.2) 

Outflow Inflow 

with an additional self-energy term S i/f and a source term S that give rise to outflow 
and inflow respectively ((Eq. (8.2) in Chapter 8 can be viewed as the Fourier transform 
of this equation). Traditional quantum mechanics courses focus on the Hamiltonian 
[H] describing the internal dynamics of electrons in a closed system, just as we did in 
Chapters 2 through 7 of this book. But from Chapter 8 onwards we have been discussing 
different aspects of inflow and outflow, since it is so central to the problem of electron 
transport. The quantum transport equations summarized in Section 11.1 express the 
inflow and outflow in terms of the correlation functions of the quantities appearing in 
Eq. (12.2): G n ~ \frx// + , E m ~ SS + , etc., which are represented by matrices. 

These equations provide the bridge from the atom to the transistor: both a con- 
ceptual bridge and a quantitative bridge that connects the reversible microscopic world 
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described by the Hamiltonian [H] to the irreversible macroscopic world with its currents 
and dissipative flows. The problem of describing irreversible processes starting from 
reversible laws is indeed one of the deeper recurring problems of physics which has 
been widely discussed in the literature. A detailed discussion would take us too far 
afield but let me try to say a few words about classical transport that may help put the 
problem of quantum transport in perspective. I will write the relevant equations in one 
dimension to make them look less forbidding to beginners, but it is straightforward to 
generalize them to three dimensions. 

Langevin equation: Classical mechanics is based on Newton's law m(dv/df) = F(t), 
which describes frictionless motion (like that of the planets around the Sun) very well 
but it has to be supplemented with a frictional force y v in order to describe the motion 
of everyday objects (like cars) 

dv 

m h yv = F{t) 

dt 

This relation suggests that the velocity approaches zero once all external forces F(t) 
are removed, which is not exactly true since microscopic objects in equilibrium want 
to jiggle around with an average kinetic energy of per degree of freedom. This 

jiggling is not noticeable for cars, but quite significant for electrons or even for large 
molecules (so-called Brownian motion, for example). To include it in the equation of 
motion we need to add a random force N(t) 

m^ + yv= F(t) + N(t) (12.3) 
dt 

thereby turning Newton's law into a stochastic differential equation, sometimes called 
the Langevin equation. With an appropriate choice of the statistical properties of N(t) 
and the frictional coefficient y, one can describe irreversible transport processes like 
that of electrons in solids. Indeed, the drift-diffusion equations widely used to model 
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semiconductor devices can be viewed as the collective version of the one-particle 
equation (12.3). Let me briefly explain what I mean by "collective version." 



Boltzmann equation: In the one-particle approach we track the position x(f) and veloc- 
ity v(t) of individual particles. In the collective approach, x and v are independent vari- 
ables and we define a distribution function /(x, v, t) that tells us the average number of 
particles having a velocity v at the point x. It can be shown that the one-particle relations 

dx/d? = v(0 and m(dv/d?) = F(t) 

can equivalently be written in collective terms as (see, for example, Lundstrom (1997)) 

df f df df 

— + + v— = 0 

3/ m dv dx 

The stochastic force N(t) and the frictional term yv can both be included by treating 
these as processes that take electrons from one value of v to another, thus resulting in 
an inscattering S in and an outscattering 5 0Ut at each point in phase space (x, v): 

— + - — + v— = S in - S out (12.4) 
dt m dv dx 

This is the celebrated Boltzmann equation (ID version, readily generalized to 3D), 
which is widely used today to describe the transport of diverse entities including neu- 
trons and electrons. The drift-diffusion equations are obtained from Eq. ( 1 2.4) by taking 
its "first moment," that is by multiplying by v and summing over all v. 

Modern versions of this approach, often referred to as semi-classical transport theory, 
take bandstructure into account by modifying Newton's laws to read 

dx/dt = v -> Ax /At = (l/h)dE/dk = v 
m(Av/At) = F -> hAk/At = F 

For parabolic bands with E = h 2 k 2 /2m*, the two forms are equivalent with the free 
electron mass m replaced by the effective mass m*. For non-parabolic bands the two 
versions are not equivalent and the modified version (in terms of k) can be shown to be 
the correct one. The corresponding modified Boltzmann equation for f(x, k, t) (rather 
than f{x, v, t)) is given by 

— + T-K + v— = sm ~ s ° m ( 12 - 5 ) 
dt h dk dx 



"Arrow" of time: The functional dependence of S m and S out on the distribution func- 
tion/can be selected to reflect different kinds of scattering, such as impurity scattering 
or phonon scattering or electron-electron scattering. In general, however, they have the 
property that the equilibrium distribution function /o(E) with E = U(x) + s(k) gives 
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no net inscattering or outscattering: 5 m — S out = 0. This ensures that f eq = /o (£) with 
E = U(x) + e(k) is a solution to the Boltzmann equation since (note that F = — dU /dx) 

3/ eq /3? = 0 

df eq /dk = (df Q /dE)(dE/dk) = (df 0 /dE)hv 
df eq /dx = (df 0 /dE)(dE/dx) = -(d/ 0 /d£)F 

sothat^i + ^^a + v^i=0 
dt h dk dx 

It is believed that arbitrary initial distributions will eventually relax to the state f eq (x, k) 
in agreement with what is generally observed. This property defines a preferred direction 
(or "arrow") in time: non-equilibrium distributions always evolve into equilibrium 
distributions and never the other way around. 

By contrast, if we were to write a set of N coupled equations for a set of N interacting 
particles 

d 2 x„ dV„ d 

m—-=m— — U mt {x\, . . . ,x N ) (12.6) 

dt z dt dx„ 

(C/im represents the interaction energy so that its negative gradient with respect to x n 
gives the force felt by particle n), the solutions would have no preferred direction in 
time. If we were to videotape the time evolution of any solution to Eq. (12.6) and play 
it backwards, it would not look wrong, for t can be replaced by — / without changing 
the equation. But a videotaped solution of the Boltzmann equation would look absurd 
if played backwards: instead of seeing a highly non-equilibrium distribution evolve 
towards an equilibrium distribution, we would see the reverse, which is completely at 
odds with experience. 

Boltzmann was strongly criticized by many in his day who argued that an equation 
like Eq. (12.5) with a preferred direction in time cannot be equivalent to a time-reversible 
one like Eq. (12.6). It is now believed that with a sufficiently large number of particles 
Eq. (12.6) too will exhibit behavior similar to that predicted by the Boltzmann equa- 
tion, at least on practical time scales shorter than what is called the recurrence time 
(see, for example McQuarrie (1976) and references therein). But this is by no means 
obvious and many profound papers continue to be written on the subject, which I will 
not go into. The point I am trying to make is that it is difficult to have the equilibrium 
solution emerge purely out of Newton's law (Eq. (12.6)). Boltzmann bypassed these 
complexities simply by a proper choice of the scattering functions, often called the 
"Stosszahlansatz" which ignores subtle correlations in the velocities of different par- 
ticles. In the field of quantum transport too, one would expect significant difficulty in 
making the correct equilibrium solutions emerge purely from the Schrodinger equation 
(or even a multiparticle Schrodinger equation like Eq. (3.2.1)). It seems natural then 
to look for ways to do for the Schrodinger equation what Boltzmann did for Newton's 
law. 
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Quantum Boltzmann equation: Indeed this is exactly what the non-equilibrium 
Green's function (NEGF) formalism initiated by the works of Sch winger, Baym, 
Kadanoff, and Keldysh (see Kadanoff and Baym, 1962; Keldysh, 1965; Martin and 
Schwinger, 1959), sought to do. The basic quantity is the correlation function (gener- 
ally written in the literature as — iG < (x, x'\ t, t')) 

G n (x, x'; t, t') = (f + (x', t')f(x, 0) 

which plays a role analogous to the distribution function f(x, k, t) in Boltzmann theory. 
For steady- state transport the correlation function depends only on the difference time 
coordinate (t — f) whose Fourier transform is the energy coordinate E that we have 
used throughout the book. Note that the quantum formalism has one extra dimension 
(x, x', E) relative to the Boltzmann formalism (x, k), in addition to the time coordinate. 
This is because the Boltzmann formalism assumes "k" states to be eigenstates, so that "k" 
and "E" are uniquely related. In the general quantum formalism such an assumption is 
not warranted. For further discussion of this point and related issues such as the Wigner 
transformation, see for example, section 8.8 of Datta (1995). 

Landauer model: Work on electron transport (quantum or otherwise) before the 1980s 
was focused largely on the problem of electron-electron / electron-phonon / electron- 
impurity interactions and how they introduce irreversibility, dissipation, and ultimately 
electrical resistance. Contacts back then were viewed as minor experimental distrac- 
tions. But this changed in the 1980s when experiments in mesoscopic physics revealed 
the important role played by contacts and a different model introduced by Landauer 
gained increasing popularity. In this model, the conductor itself is assumed to be a wire 
free of all interactions: irreversibility and dissipation arise from the connection to the 
contacts. This model seems relevant to the modeling of electronic devices as they scale 
down to atomic dimensions. At the same time it serves to illustrate the microscopic 
nature of resistance in its simplest context, one that we can call coherent transport 
(Chapter 9). 

In this book I have used an even simpler version of this model as our starting point: 
a really small object (rather than a quantum wire) connected to two large contacts. 
Indeed Eq. (12.1), introduced in Chapter 1, can be viewed as a special version of the 
Boltzmann equation applied to a system so small that the distribution function is a single 
number TV*. The contacts are held in local equilibrium by irreversible interactions whose 
complex dynamics is completely bypassed simply by legislating that the inscattering 
and outscattering terms have the particularly simple forms: S in = yfi and 5 0Ut = yN 
which ensure that the equilibrium solution is the correct one with N = f\. This is 
somewhat in the spirit of Boltzmann, who bypassed complex Newtonian dynamics 
with his inspired ansatz regarding the nature of 5™ and S° ut . In Chapter 9 we developed 
this model into a full coherent transport model (equivalent to Landauer's) and then 
introduced dissipation in Chapter 10 to obtain the complete equations for dissipative 
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quantum transport (for weak interactions), which are summarized and illustrated with 
examples in Chapter 11. 

Beyond coherent transport: Overall, I have tried to combine the physical insights 
from the Landauer approach with the power of the NEGF formalism, which I believe is 
needed to extend quantum transport models beyond the coherent regime. For example, 
I have stated earlier that the self-energy term E \jr in Eq. ( 1 2.2) represents the outflow of 
the electrons and it is natural to ask if S (whose imaginary part gives the broadening or 
the inverse lifetime) should depend on whether the final state (to which outflow occurs) 
is empty or full. As I stated in Chapter 1 and later in Chapter 9, such exclusion principle 
factors do not appear as long as purely coherent processes are involved. But as we saw 
in Chapter 10, they do arise for non-coherent interactions in a non-obvious way that 
is hard to rationalize from the one-electron picture that we have been using. A proper 
description requires us to go beyond this picture. 

In the one-electron picture, individual electrons are described by a one-electron 
wavef unction \j/ and the electron density is obtained by summing xff*\[r from different 
electrons. A more comprehensive viewpoint describes the electrons in terms of field 
operators c such that c+c is the number operator which can take on one of two val- 
ues, 0 or 1, indicating whether a state is empty or full. These field operators are often 
referred to as "second quantized" operators, implying that the passage from a particulate 
Newtonian viewpoint to a wavelike Schrodinger viewpoint is the "first quantization" 
(a term that is seldom used). Second quantization completes the formalism by incor- 
porating both the particulate view and the wavelike view. 

It can be shown that these operators obey differential equations 

d 

ih— c- He- £c = S (12.7) 
d? 

that look much like the ones we have been using to describe one-electron wavefunc- 
tions (see Eq. (12.2)). But unlike \fr*\ff, which can take on any value, operators like 
c + c can only take on one of two values, 0 or 1, thereby reflecting a particulate aspect 
that is missing from the Schrodinger equation. This advanced formalism is needed to 
progress beyond coherent quantum transport to inelastic interactions and onto more 
subtle many-electron phenomena like the Kondo effect, which is largely outside the 
scope of this book. Indeed in strongly interacting systems it may be desirable to use 
similar approaches to write transport equations, not for the bare electron described by 
c, but for composite or dressed particles like polarons obtained through appropriate 
unitary transformations. In the Appendix I have tried to introduce the reader to these 
advanced concepts by rederiving our results from Chapters 8-10 (including the full 
time-dependent form not discussed earlier) using the second quantized formalism and 
showing how it can be used to to treat Coulomb blockade and the Kondo resonance 
arising from strong electron-electron interactions. This last phenomenon has been 
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experimentally observed, but is inaccessible on the basis of the simple one-particle pic- 
ture. As the field of nanoelectronics continues to progress, we can expect to discover 
many such phenomena where contacts get modified in non-trivial ways through their 
interactions with the channel and no longer function like simple reservoirs. As I men- 
tioned in Section 8.4, this includes not only the metallurgical contacts, but also phonons 
and other "contact-like" entities represented by various self-energies [E]. It may then 
be necessary to write separate equations to determine the state of each "contact." Or 
perhaps it will prove more useful to write a transport equation not for individual elec- 
trons but for composite objects that include part of the "contact." At this time we can 
only speculate. 
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That is why I believe this field is currently at a very exciting stage where important 
advances can be expected from both applied and basic points of view. On the one hand 
we will continue to acquire a better quantitative understanding of nanoscale devices 
based on different materials and geometry. Although many of the observations appear 
to be described well within the basic self-consistent field model we have discussed, 
much remains to be done in terms of discovering better basis functions for representing 
the Hamiltonian [H] and self-energy [E], including inelastic scattering processes and 
implementing more efficient algorithms for the solution of the quantum transport equa- 
tions. At the same time we can hope to discover new quantum transport phenomena 
(both steady-state and time-dependent) involving strong electron-phonon and electron- 
electron interactions, which are largely unexplored. In this respect I believe what we 
have seen so far represents only the "tip of the iceberg." As experimentalists acquire 
greater control of the degree of coupling between localized "channels" and delocalized 
"contacts," many more subtle quantum transport phenomena will be discovered, some 
of which may even be useful! I hope the broad conceptual framework I have tried to 
describe here will help the reader join, this small but active subset of what Feynman 
called the "greatest adventure the human mind has ever begun" (Feynman, 1965). 
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In developing the general "matrix" model depicted in Fig. 1.6.5b, our starting point 
was the one-electron Schriidinger equation 



describing the time evolution of the one-electron wavefunction \j/ from which the elec- 
tron density is obtained by summing \[r*\/f for different electrons. Although it is a little 
tricky explaining exactly what one means by "different electrons," this procedure is 
adequate for dealing with simple problems involving coherent interactions where the 
background remains unaffected by the flow of electrons. But to go beyond such phe- 
nomena onto more complex processes involving phase-breaking interactions or strong 
electron-electron interactions it is desirable to use a more comprehensive viewpoint 
that describes the electrons in terms of field operators c. For non-interacting electrons 
these second quantized operators obey differential equations 



that look much like the one describing the one-electron wavefunction (see Eq. (A.l)). 
But unlike x//*\fr, which can take on any value, the number operator c + c can only take 
on one of two values, 0 or 1, thereby reflecting a particulate aspect that is missing from 
the Schriidinger equation. The two values of c + c indicate whether a state is full or 
empty. At equilibrium, the average value of c + c for a one-electron state with energy 
e is given by the corresponding Fermi function (c + c> = fo(e — /x). However, this is 
true only if our channel consists of non-interacting electrons (perhaps with interactions 
described by a self-consistent field) in equilibrium. For non-equilibrium problems, a 
transport equation is needed that allows us to calculate c + c based on our knowledge of 
the source terms from the contacts, which are assumed to remain locally in equilibrium 
and hence described by the equilibrium relations. 

In this Appendix, I will: introduce the field operators and define the correlation 
functions in Section A.l; use these advanced concepts to rederive the expression 
(Eq. (11.1.1)) for the non-equilibrium density matrix in Section A.2; rederive the 



ih— - = 0 
dt 



(A.l) 



ih — c - He = 0 
dt 



(A.2) 
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expression for the current (Eq. (11.1.6)) in Section A. 3; derive the inscattering and 
broadening functions for incoherent processes (Eq. (1 1.1.1 1)) in Section A. 4; and show 
how the approach is extended to include strong electron-electron interactions leading 
to Coulomb blockade and the Kondo resonance in Section A. 5. 



Correlation functions 



Creation and annihilation operators: Consider a set of one-electron states labeled by 
j. In the multi-electron picture, we have two states 0, and 1,- for each such one-electron 
state j. The creation operator c+ inserts an electron in state j taking us from 0, to lj and 
can be represented in the form 



Cj(t) 



0, h 

0 1 
0 0 



exp(— iejt/h) 



(A.l.la) 



while the annihilation operator q represented by 



cj(t) 



0 0 

1 0 



exp(+isjt /h) 



(A. 1.1b) 



takes an electron out of state j taking us from lj to 0,. It is straightforward to show 
that 



cUt)cj(t) = 



0j h 
0 0 
0 1 



c,(t)cj(t) = 



0, lj_ 
1 0 
0 0 



independent of the time t. The former is called the number operator since its eigenvalues 
0 and 1 represent the number of electrons in the corresponding state, while the latter 
tells us the number of empty states. Their expectation values are interpreted as the 
number of electrons and the number of holes in state j: 



(c+(0 cj(t)) = fj and (cj(t) c+(0> = 1 - fj 



(A. 1.2) 
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It can be checked that 

C J (t)c+(t)+C+(t)Cj(t)=l 

c J (t)c j (t) = 0 
c+(t)c+(t) = 0 

What is much less intuitive is the relation between the field operators for two different 
states i and j: 



Ci{t)c+{t) + c+{t) Ci {t) = Sij 
c i (t)c j (t) + Cj(t)c i (t) = 0 

4(t)cf(t) + c+( t )c+(t) = o 



(A.1.3a) 
(A. 1.3b) 
(A.1.3c) 



Ordinarily we would expect the operators for two distinct states to be independent of 
each other, so that for i 7^ j, ci(t)dj(t) = ct (0 C »(0- Equation (A. 1.3a) would then 
imply that each is equal to zero. However, due to the exclusion principle, two distinct 
states are not really independent and c, (t) c~j(t) = —Cj(t) ci(t). We can show that this 
is ensured if we modify Eqs. (A. 1.1) to read 



Cj(t) = 



and 



:+(0 



0 i-iy 
0 0 



0 

i-iy 



exp(—isjt/h) 



exp(+ie jt/fi) 



v being the number of occupied states to the "left" of state j. This means that when 
dealing with a number of one-electron states, we need to agree on a specific order 
(it does not matter what order we choose) and stick to it, so that "left" has a well- 
defined meaning throughout the calculation. In practice, however, we do not need 
to worry about this, since we will be manipulating the operators making use of the 
algebra described by Eqs. (A. 1.3). I just want to point out that this algebra, which is 
an expression of the exclusion principle, implies that putting an electron in state j is 
affected by the presence or absence of another electron in state i, even before we have 
included any interactions between electrons. 



Correlation and spectral functions: In general we can define a two-time electron 
correlation function 



Gfj(t, t') EE (Cp')Ci(t)) EE -iGffi, t') 

and a two-time hole correlation function 

G*j(f, 0 EE ( Ci (t)C+(t')) EE +iG?j(t, t') 



(A. 1.4a) 



(A. 1.4b) 
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whose values for equal time f = t give us the number operators in Eq. (A. 1.2). Their 
sum is defined as the spectral function: 

A,j(t, t') ee Gf/*, t') + Gfj(f, t') = i[G?j(t, t') - G<-(t, /')] (A.1.4c) 



Fourier transformed functions: Under steady-state conditions the correlation func- 
tions depend only on the difference between the two time coordinates and it is convenient 
to work with the Fourier transformed functions: (f — f) — ► E: 

+00 

G?.(£)ee J (dr/h)exp(iEr/h)Glj(t,t - r) (A.1.5a) 

—00 

The inverse transform is given by 
G?j(t,t-T) = (c+(t-r)c,(t)) 

+OO 

= j (d£/27r)G" ; .(£) exp(-iET/h) (A. 1.5b) 



so that the equal-time correlation function can be written as 

+00 

G$j(t,t) = (tf(f)c,(t))= J (dE/27t)G^(E) (A.1.6) 

—00 

Similar relations hold for the hole correlation function G p and the spectral function A. 

Equilibrium: In general the electron and hole correlation functions can take on any 
value so long as they add up to give the spectral function as indicated in Eq. (A. 1.4c). 
But at equilibrium, the former is proportional to the Fermi function so that (I am using 
lower case symbols to indicate equilibrium quantities) 

gfj(E) = aij(E)ME - ti) (A1.7a) 
gfj(E) = a,j(E) (1 - f 0 (E - 11)) (A.1.7b) 

For an isolated system described by a Hamiltonian [h], the spectral function is written 
down easily in the eigenstate representation 

a rs (E) = S rs S(E - Br) (A.1.7c) 
where r, s are the eigenstates of [h], so that 

g a rs (E) = S rs S(E - Bt ) ft, with f t =f Q (e r -n) (A.1.8a) 
g,(f, t') = S rs f r exp[-is r (t - t')/h]exp(-r, \t-t'\ /h) (A.l.Sb) 
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n being a positive infinitesimal. Our general approach is to use these relations with the 
appropriate Fermi functions for the contacts and then calculate the resulting correlation 
functions in the region of interest, namely the channel. 

Boson operators: In discussing problems that involve phonon or photon emission, 
we will need to include operators b a describing the phonon/photon fields. These 
operators obey a somewhat different algebra: 



where a, ft are the different phonon/photon modes. Comparing with Eqs. (A. 1.3) for 
the electron operators, it is easy to see that the difference lies in replacing a positive 
sign with a negative one. However, this "minor" change makes these operators far more 
intuitive since distinct modes c(/j3 now function independently 



as "common sense" would dictate. Indeed, readers who have taken a course in quan- 
tum mechanics will recognize that in an operator treatment of the harmonic oscillator 
problem, one defines creation and annihilation operators that are linear combinations 
of the position (x) and momentum (p) operators that obey precisely the same algebra as 
in Eqs. (A. 1.9). What this means is that, unlike electron operators, we could represent 
the phonon/photon operators using ordinary differential operators. However, in this 
Appendix we will not really use any representation. We will simply manipulate these 
operators making use of the algebra described in Eqs. (A. 1.9). One consequence of this 
change in the algebra is that instead of Eq. (A. 1.2) we have 



where N a is the number of phonons. As with the electron operators (see Eqs. (A. 1.4)), 
we can define two-time correlation functions 



bp(t)b+(t)-b+(t)bp(t) = S a p 
b a (t)bp(t)-b p (t)b a (t) = 0 
b+(t)b+(t)-b+(t)b+(t) = 0 



(A. 1.9a) 
(A. 1.9b) 
(A. 1.9c) 



bp(t)b+(t) = b+(t)bp(t), 



(b+(t)b a (t)) = N a and (b a (t)b+(t)) = 1 + N t 



a 



(A.1.10) 



GfM,t')=(b+(t')b a (t)) 



(A.l.lla) 



and 



G%(t, t') = (b a (t)b+(t')) 



(A. 1.1 lb) 



which we have labeled with "ab" and "em" (instead of "n" and "p" for electrons), 
which stand for absorption and emission respectively. Under steady-state conditions 
these functions depend only on (t — t'), which can be Fourier transformed to yield 
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frequency domain correlation functions. At equilibrium (cf. Eqs. (A. 1.7)) 
g% (fico) = af p Qico)NQico) 

g% Qico) = af p {hco){\ + NQico)) (A.1.12) 
where the Fermi function has been replaced by the Bose function: 
NQico) = [exp(hco/k B T) - l]" 1 (A. 1.1 3) 

and the phonon spectral function in the eigenmode representation is given by 
a^Quo) = 8 a p8Qico — hco a ) (A.1.14) 
so that 

g%(E) = 8 ap S(h(o - hco a ) N a with N a = N(ha> a ) 

g%(t, t') = S aP N a exp[-ico(t - f^expC-i/l t - t' \ /h) (A.1.15) 
and 

g™(E) = S aP S(hco - Tico a )(N a + 1) 

gTp (t, t') = 8 afs (N a + 1) exp[-ia;(f - t')] expC-^ \t-t'\/h) 

Energy-time relationship: The next point to note is that the wavef unction \jr(t) and 
the field operator c(t) are not observable quantities. What is observable are correlation 
functions like \j/*{t')^j/{t)oxc + {t') c(t), in somewhat the same way that the noise voltage 
V(t) across a resistor is described by its correlation function V(f)V(t). Under steady- 
state conditions, such two-time correlation functions depend only on time differences 
(t — t') and the corresponding Fourier transform variable is the energy E. For example, 
an electron with a wavefunction i/r(f) = t/tq exp(— iet/h) has a correlation function of 
the form 

f*(t') f(t) = f* i/r 0 exp[-ie(? - t')/h] 

and the Fourier transform with respect to (/ — t') is proportional to the delta function 
8(E — e) at E = e. Steady-state phenomena can be described in terms of such Fourier 
transformed quantities with E as an independent variable, as we have been doing fol- 
lowing the introduction of broadening in Section 1 .3. In each of the following sections, I 
will first derive expressions in the time domain and then Fourier transform with respect 
to (t — t') to obtain energy domain expressions suitable for steady-state analysis. 



Non-equilibrium density matrix 



Partitioning: Operators obeying Eqs. (A. 1 .9) are generally referred to as Boson oper- 
ators while those obeying Eqs. (A. 1.3) are referred to as Fermion operators. At 
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Contact 
Fig. A.2.1 




Channel 



equilibrium, the corresponding correlation functions are given by Eqs. (A. 1.8) and 
(A. 1.1 5) respectively. The problem is to calculate them in the channel driven away 
from equilibrium and our strategy will be to assume that the channel is driven by 
the contacts and by the phonon/photon baths that are maintained in their respective 
equilibrium states by the environment. 

To implement this procedure, we partition the overall structure into a part that is of 
interest (labeled channel) and a reservoir (labeled contact) having a large continuous 
density of states (Fig. A.2.1). We start from the equations describing the composite 
system: 



\h- 



dt 



Si 

[r+]„ 



t ir 
Br 



(A.2.1) 



and obtain an effective equation for the channel of the form stated in Eq. (12.7), elim- 
inating the reservoir variables r (i and r are assumed to represent eigenstates of the 
isolated channel and reservoir respectively) by assuming that they are maintained 
in equilibrium by the environment so that the corresponding fields are described by 
Eqs. (A. 1.7). In this section let me illustrate the approach assuming that the coupling 
with the contact involves purely elastic interactions, just as we assumed in our dis- 
cussion of coherent transport in Chapters 8 and 9. As we will see, the mathematics 
in this case will look just as if the quantities c are ordinary complex numbers like the 
wavefunctions we have been using. We will not really need to make use of the fact that 
these are Fermion operators. However, in subsequent sections we will discuss more 
general problems involving electron-phonon and electron-electron interactions, where 
we will make use of the properties of Fermion and Boson operators to obtain results 
that would be hard to rationalize from a one-electron picture. 



Eliminating the reservoir variables: The contact subset of Eq. (A.2.1) yields (note: 
lh dl Cr = ( ' £r ~ ln " >Cr + ^ X * ir Cj + S ' (A.2.2) 
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Isolated 
contact 




Channel 



Fig. A.2.2 



after adding an infinitesimal imaginary part r\ to the energy and a source term S r 
following the same arguments that we used in Eq. (8.1.8a). We can write the solution 
for the reservoir field in the form 



Cr(t) 



Cr(t) +J2f dtlgrr(t,h)Tj r Cj(h) 



(A.2.3) 



Isolated 
contact 



Channel-induced 



where 



grr {t, t') = (t - t')exp(-ie r - rf){t - t') 



(A.2.4) 



represents the Green's function (or "impulse response") of the differential operator 
appearing in Eq. (A.2.2): 

L rgrr (t, t') = S(t - t') 

with 



ih- 



(s r - IT)) 



(A.2.5) 



and C r (f) is the solution to the homogeneous equation: L r C r (t) = S r . 

Physically, C r (i) represents the field operator in the isolated contact (Fig. A.2.2) 
before connecting to the channel at t = 0. This allows us to use the law of equilibrium 
(see Eqs. (A. 1.8a, b)) to write down the corresponding correlation function (f r = 
fo(e r - //)): 



g? s (E) = 8 rs 8(E-e r )f r 
g^(t,t') = (C+(t')C r (t)) 

= S rs f r exp[-ie r (f - t')] exp(-r]\t - t'\) 



(A.2.6a) 
(A.2.6b) 



The channel itself is assumed to be completely empty prior to t = 0 and is filled by 
the electrons "spilling over" from the contact after the connection is established at t = 0. 
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This process is described by starting from the channel subset of Eq. (A.2.1): 
d 

! — ( 

dt 



h7 C; = s ' c ' + 2^ Xir Cr 



j 

and substituting for c r (t) from Eq. (A.2.3): 

+00 

ih—Ci - Si a - j dh?: i j(t,t l )cj(t 1 ) = S i (t) (A.2.7) 

^ —00 

where 

^(t.Os^Tfrg^,^;, (A.2.8) 

r 

and 

5i(*)s^T /r C r (0 (A.2.9) 

r 

Equation relating correlation functions: Defining a Green's function for the integro- 
differential operator appearing in Eq. (A.2.7): 

+00 

ih-G ik (t, t') - Si G ik (t, t')-J2 / dhXijit, h) G jk (h,t') = 8 ik 8(t - t') 

•* — CO 

we can write the solution to Eq. (A.2.7) in the form 

+00 

Ci(t) = J2 f &iG ik (t,h)S k {h) (A2.10) 

k •> 

—00 

so that the correlation function is given by 
Gl.(t,t') = (c+(t')Ci(t)) 



= Y, ( dt i [ dt2G ik (?,ti)G*,(!',t2)(Sf(t 2 )S k (ti)) 
k,i J J 



-00 —00 



Defining 

^u(tut 2 )=(St(t 2 )S k (fi)) (A.2.1 1) 
and 

[G + ]ij(h, t') = [GTjiit', h) (A.2.12) 



we can write in matrix notation: 

+00 +00 

[G\t,t')]= j &h j df 2 [G(Mi)][£ in (^f 2 )][G+te,r')] (A.2.13) 

— OO —OO 
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where 

L[G(t, t')] — [I]S(t — t') 
with 

+00 

L = ih^[I] -[h]- J d/itECMO] (A.2.14) 

— OO 

[?:(t,t')] = [T][g(t,t')][T + ] (A.2.15) 

[h] being the Hamiltonian describing the isolated channel whose eigenstates are labeled 
by i. Equation (A.2. 13) relates the correlation function in the channel to the inscattering 
function E in describing the correlation of the source term. 

Under steady-state conditions, all functions depend only on the difference between 
the two time coordinates so that the time integrals in Eq. (A.2. 1 3) represent convolutions 
that turn into ordinary products if we Fourier transform with respect to the difference 
coordinate: 

[G n (£)] = [G(£)][£ in (£)][G+(£)] (A.2.16) 
with 

L[G(E)] = [I] 

L = E[I] - [h] - [£(£)] (A.2.17) 
[E(£)] ee [r][G(£)][r+] (A.2.18) 



Inscattering function: To evaluate the inscattering function 

E*(f, t') EE (S+(t r ) Si(t)) 

we substitute for the source term from Eq. (A.2.9) 

X%(t, t') = J2 r j*I2 r -(C + (t') C,(0) 

s r 

= £T ir g»(M')t* 

where g^ s (t, f) is given by Eq. (A. 2. 6) since it represents the correlation function for 
the isolated contact in equilibrium if it were not connected to the channel. In matrix 
notation 

[E in (M')] = [r][g n (f,r')][r+] (A.2.19) 



Once again, since this correlation function depends only on the difference between 
the two time arguments, we can Fourier transform with respect to the difference 
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coordinate to write 

[S in (£)] = [T][g n (£)][r+] (A.2.20) 

Inscattering vs. broadening: It is interesting to note that the anti-hermitian component 
of the self-energy function (see Eq. (A.2.18)), also called the broadening function, is 
given by 

[T(E)] = i[E(£) - £+(£)] = [T][a(£)][r+] 

where [«(£)] is the spectral function for the isolated contact: [a] = i[g — If the con- 
tact is assumed to be in equilibrium with the Fermi function f(E), then the inscattering 
function from Eq. (A.2.20) can be written as 

[£ in (£)] = [T][a(£)][r+]/(£) 

so that the inscattering and the corresponding broadening are related: 

[£ in (£)] = [T(E)]f(E) (A.2.21) 



Inflow and outflow 

We will now obtain an expression for the inflow and outflow, starting from the expression 
for the current (note that (c, + c,) tells us the number of electrons in state i) 

i 

= wX( c ' (t) ( ift d7 c ' (0 ))-((- ift d7 c ' (0 ) c ' w ) 

and substitute from Eq. (A. 2. 7) to obtain explicit expressions for the inflow and outflow. 
More generally we could define a two-time version /(f, t 1 ) as 

7 ( f ' f '^E(^-^)^ c '«> (A.3.1) 

whose "diagonal" elements (t = f) give us the total current. The advantage of the two- 
time version is that for steady-state transport we can Fourier transform with respect to 
(t — f) to obtain the energy spectrum of the current. Substituting from Eq. (A. 2. 7) into 
Eq. (A.3.1) we obtain 

/(/, t ') = i ia (t, t') - r\t, t') 
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where 
7 out (/, t') 



+ 00 



= (-P)E f dhCZijitJOic+it'ycjih)) - E*(f\fi)(4(ri)c/(f)» 

J — 00 
+00 

= (-!/»)£ / W> f a ) fa, f') - £*.(r', fj) G°(f, f x )) 



'■7 



and 

/ in (f, /') = (1/ift) £>+(*') S,(0 " SjV) c«(0) 

( 

+OO 

= (1/ifc) £ f d*iG*.(*', ft) (S+fa) 5,(0) - Gij{t, h) (S+(t') Sj(h)) 

ij 

J —00 

(making use of Eq. (A. 2. 10)) 



+00 

ij J 



(making use of Eq. (A. 2. 11)) 

In matrix notation we can write 

+00 



/ 



r a (t,t') = (l/ih) Trace / dfi[E m (/, fi)][G + (fi, f')] - [G(f , fi)][£ in (fi, 01 (A.3.2) 



+ CX) 

I out (t,t') = (l/ih) Trace J dfi[E(f, fi)][G*(&, f')] - [G n (f, fi)][£ + (fi, *')] (A.3.3) 

—00 

Note that these are just the conduction currents to which one should add the displacement 
currents to obtain the net terminal current. 

Once again, under steady-state conditions each of the quantities depends only on the 
difference between the two time arguments and on Fourier transforming with respect 
to the difference coordinate the convolution turns into a normal product: 

I in (E) = Trace[£ in (£) G+(£) - G(E) £ in (£)]/i7i 

= Trace[£ in (£) A(E)]/h (A3 A) 

I oul (E) = Trace[G n (£) £+(£) - £(£) G n (E)]/ih 

= Trace[r(£) G n (E)yh (A.3.5) 
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Multi-terminal devices: We have now obtained the basic expressions for inflow 
(Eq. (A. 3. 4)) and outflow (Eq. (A. 3. 5)) that we advertised in Fig. 1.6.5 along with an 
equation for G n (Eq. (A.2.16)). For simplicity we considered a channel connected to 
just one contact, but the results can be readily extended to real devices with two or 
more contacts labeled by indices p, q. For example, Eqs. (A.2.13-A.2.15) are modified 
to read 

+ 0O + 0O 

[G n (t,t')] = Y / j dfi J dt 2 [G(t, h)W2\h, h)i p \G + (t 2 ,t')] (A.3.6) 

P — oo — oo 

where 

L[G(t,t')] = um-t') 

with 

+ 0O 

L = ih^[I]-[h]-J2 f d*i[E(f, h)i p) (A.3.7) 

1 P -00 

[EC?, t')]^ = [r] ip) [g(t, ?')] (p) [t + ] (p) (A.3.8) 
while Eqs. (A.2.19), (A.3.2) and (A.3.3) become 

[E in (r, t')] {p) = [r] (p) [g n (t, t')] (p) [r + ] (p) (A.3.9) 

+00 

l' m (t, t') ip) = (l/ih) Trace j d*i[E in (f, f 1 )] (rt [G + (f 1 , t')] - [G(t, fi)][E in (?i, t')] ip) 

-oo 

(A.3. 10) 

I°"\t, t') {p) = (-l/ih) Trace j dfi[E(f, h)] (p) [G\h,t')] - [G n (t, f 1 )][E+(f 1 , f')]^ 

— oo 

Under steady-state conditions the multi-terminal versions take the form 

[G n (£)] = J] [G(£)][E in (£)] (p) [G + (£)] (A.3. 11) 

p 

L[G] = [7] L ee £[/] -W~Y^ l^(E)] (p) (A.3.12) 

p 

[E(£)] w ee [r] {p) [g(E)] {p) [r + ] (p) (A.3.13) 

[E^CE)]^ = [r] (p) [g n (E)] (p) [r+] (p) (A.3.14) 

I h \E) (p) = Trace[E in (£)] (p) [A(£)]//i (A.3. 15) 

I oat (E) (p) = Trace[T(£)] (/j) [G n (£)] (A.3. 16) 

The terminal current is given by the difference between the inflow and outflow: 

1(E) (P) = (l/^)Trace([E in (£)] (/,) [A(£)] - [T(£)] (p) [G n (£)]) 
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Making use of Eq. (A.3.10) and the relation 



A = ^ GT {CI) G 



+ 



G + T (q) G 



(which follows from Eqs. (A. 3.1 1) and (A.3.12)), we can write 



I{E) (P) 



(l/h) J]Trace(E in(p) Gr w G + - r (rt GE in(<?) G+) 



(lA)^Trace[r^Gr^G+](/ p - /,) 



if ~E m( - p) 



r (p) / p . We can then write the current as 



I{Ef p) 



(l/h)J2 Tipq) (f P - fi) 



(A.3.17) 



in terms of the transmission function: 



T ( Pq ) _ Trace[r (p) Gr w G+] 



(A.3.18) 



Linearizing Eq. (A.3.17) about the equilibrium electrochemical potential we obtain 
the standard Buttiker equations (using S to denote the change from the equilibrium 
value) 



widely used in mesoscopic physics (see Buttiker (1988) and Chapter 2 of Datta ( 1 995)). 

Inelastic flow 

We have seen earlier (Fig. 10.3.1) that inelastic processes within the channel can be 
understood by regarding the channel as its own contact. With this in mind, let us 
consider a problem in which an electron can enter the channel from the contact by 
emitting (creating) or absorbing (annihilating) a phonon (Fig. A.4.1). 

Note that in general we cannot assume the "contact" to be in equilibrium since it 
represents the channel itself, in other words, we should not make use of Eqs. (A.2.6). 
We start with the equation of motion for a channel field operator: 

•*, d 

in — Cj — e,c, = Si 




(A.3.19) 



dt 



where 




(A.4.1) 
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H 




Contact Channel 
Fig. A.4.1 



Equations of motion of this type describing the time evolution of the field operators (in 
the Heisenberg picture) are obtained using the Heisenberg equations of motion for any 
operator P 

ifidP/dt = PH - HP 

where H is the second quantized Hamiltonian: 

H = J2 £ i C t c < + e ' C r C r + nC0 «(K b « + 1/2) 
i r a 

+ ^2 {x ira cfc r b a + T*. a c+Cjb+ + r ria c+Cib a + r* ia cfc r b+) (A.4.2) 

i,r,a 

The electron-phonon interaction term (the last term in Eq. (A.4.2)) is obtained by 
writing the potential U(x) felt by one electron due to the phonon mode a(r a (x) is 
similar to f/| b (r) in Eq. (10.1.17)): 

U(x) = b a x a {x) + b+r a (x) + 

and then writing the second quantized version as we would for any ordinary potential 
U(x): 

H e l- p h = 22 U ir Cj + C r + UriC+Ci 

We will now evaluate the two source terms in Eq. (A.4.1) one by one. 

Evaluating c,b a : We start from the equations of motion for the individual electron 
and phonon operators: 

ift— C r = S r C r + r riaCib a + T* a C t b+ 

i, a 

ih^- b a = hw a b a + J2 r ria 4 C >- + T h-a C r C i 
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and write an equation for the product 

^ t Crb a =U^c\b a+ C r U±- t b a 



= \ e r c r + x r]P Cjbp + r* rp Cjb+J b a 
+ c r ]hco a b a + (r* ja c+c s + r* sa c+ cjU 



which is simplified by replacing the products involving reservoir variables with their 
average values (which are time-independent numbers) to obtain (note that (bpb a ) = 0 
and (c r c s ) = 0) 

d 

ih— c,-b a - (s r + h<D a )c r b a 
at 

= E E X h { H b -)^t C > ) + {Cr4){b a b+ ))CJ 
j s,P 

For the last step we have made use of the relations S rs = cfc s + c s c+ (Eq. (A. 1.3 a)) 
and S a p = b a b^ — b^b a (Eq. (A. 1.9a)). 

As we did in Eq. (A. 2. 3), we can write the total solution as a sum of an isolated 
solution and a response induced by the source term: 



r (t)b a (t) = C r (t)B a {t)+ / d?iX c y( ? i)E r jsfs8r a (t,ti) 

x ({b^(h)b a (h))(ct(h)c r (h)) + {c r {tx)cj{h)){b a {h)b + p {h))) 



where 
d 

tfi-r gra(t, h) - (£ r - 1/7 + hw a )g ra (t, ti) = S(t - t { ) 
at 

To lowest order, we can write c r (t) b a (t) ~ g ra {t, t\) c r (t\)b a (t\), so that 

c r (t) b a (t) = C r (t)B a (t) + / dt Y J2 cj(h) E r U 

x {{b+{h)b a (t)){c+{h)c r (t)) + {c r {t)c+{h)){b a (t)b + p {h))) 

= C r {t)B a (t) + [ dtiJ2 C J^ E x h 

-co i 

x (Gg(f, h)G n rs (t, h) + G* (f, h)G™(t, hj) (A.4.3a) 
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Evaluating c r Z?+: Now that we have evaluated c r b a , the next step is to evaluate c r ba . 
With this in mind, we start from 

ih^C r = E r C r +^ X ria c i b a + X * ra c i b a 

i,a 

and 

-i/i— Z?+ = hw a b+ + ^ x ira cfc r + T ria c r +Cj 
and write an equation for the product 

ih ^ c ' b « = (! h i Ci ) b «- c '(- ih ^ b «) 

= ^(s r - iri)c r + x nP cjbp + r* rp cjb^j b+ 

- c r {hw a b+ + (Jjsa c^c s + r sja cj cj^j 

which is simplified by replacing the products involving reservoir variables with their 
average values as before: 

ih— c,-b+ - (e,- - ha) a )c,bl = ^2 E x sjp(( b p b+)8 rs - (c r cf)8 a p)Cj 

= E E r S] p((bpb+){4c r ) + (c r 4)(b+bp)) Cj 
j s,0 

Once again we can write the solution as a sum of an isolated solution and a response 
induced by the source term: 

c r (t) b+(t) = C r (t)B+(t) + f dfi£ Cj{h) r sj pg ra (t, h) 



x {(bp{h)b+{h)){4ih)c r (h)) + {c r {h)c+{h)){b+{ tl )bp{h))) 



where 



d _ 
at 



Proceeding as before we write 

T sjP 



-too 

Cr(t)b+(t) « C r (t) B+(t) + f dhJ2 Cj(h) *sj 

J i t « 



*{{bp{h)b + a {t)){c+{h)c r (t)) + {c r (t)c+(h)){bt(t)bp(h))) 
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+00 

= C r (t)B+(t)+ f d*i J2 c j^J2 T ' 



x (G%(t u t)G%{t, h) + G?,(f, ?i)G* fo, 0) (A.4.3b) 

Eliminating reservoir variables: Substituting Eqs. (A.4.3a, b) into Eq. (A.4.1) we 
obtain an equation for the channel field (cf. Eqs. (A.2.7)-(A.2.9)): 

+00 

ih—a - SiCj - j dfj Ey(f, ?i) c ; (/i) = S,(0 (A.4.4) 

—00 

where 

Si(t) = *ir*C r {t) B a (t) + r* a C r (t) B+(t) (A4.5) 

E i7 (Mi) = - *i)r, 7 (Mi) (A4.6) 
and 

r 0 -(f, ?1 ) = J] T, ra t?^ (G*(r, h) G n rs (t, h) + G* (f, h) Gfflt, h)) 

+ </« (<^>, 0 G» (*, *i) + G?,(f, fl ) G* (f lt 0 ) (A4.7) 



Inscattering function: We evaluate the inscattering function 

r') s= (S+(f') 

as before by substituting for the source term from Eq. (A.4.5) 
4 n (M')= I] T i -™T*. /j (C i + (/')G(r))( J B+a')fi a (0) 

+ t.jfi r* a {C+(t') C r (t))(Bp(t')B+(t)) 
which yields 

Ufa, t') = J2 r ira t* sp G D rs (t, t') G%(f, t') + r sjP T* a G« rs (t, t') G™(t', t) (A4.8) 

Steady state: Under steady-state conditions we Fourier transform with respect to the 
difference time coordinate to obtain: 

00 

r< 7 (£) = f d(fto))/2jr 
0 

x r <™ x jsP ( G "v( £ " ruo)G%Quo) + &„(E - hco)G^(hcoj) 

+ typ r* a (G; S (E + ha))G™(tico) + G? s (£ + hco)Gf a (hco)) (A4.9) 



A.5 Coulomb blockade/Kondo resonance 



from Eq. (A.4.7) and 
E™(£) = j d{hco)/2n 

0 

x T <™ r U G "s(E - hco) G%(ha>) + r sjP r* a G n rs (E + hco) G%Quo) 

(A.4.10) 

from Eq. (A.4.8). If we assume the phonons to remain in equilibrium we can use 
Eqs. (A. 1.15) to obtain Eq. (10.3.5) from Eq. (A.4.10), noting that the present z a (x) 
is similar to Ui b (r) in Section 10.3. Eq. (A.4.9) gives the full tensorial version of 
Eq. (10.3.9). 

Current: Note that there is no need to rederive the expressions for the inflow and the 
outflow (see Eqs. (A.3.3)-(A.5.5)) since these were derived making use of Eq. (A.2.7) 
which is still valid (see Eq. (A. 4. 4)). What has changed is the expression for the self- 
energy [E] (cf. Eqs. (A.2.8) and (A.4.7)) and the inscattering [E in ] (cf. Eqs. (A.2.19) 
and (A.4.8)). But the basic expressions for the current in terms of these quantities 
remains the same. 



Coulomb blockade/Kondo resonance 

Next we consider a problem involving purely coherent coupling to the contact, but 
we now take into account the Coulomb interaction between the two spin levels inside 
the channel denoted by c and d (Fig. A.5.1). For simplicity, we will only consider 
an equilibrium problem (with one contact) and include one level of each type in this 
discussion: 
d v — > 

ih — c = sc + > r r c r + Ud dc (A.5. la) 

dt ^ 

ih — c r = s r c r + r*c (A.5. lb) 

We can proceed as before to write Eq. (A.2.7) from Eq. (A.2.1). We now obtain the 
same result except for an additional term Ud + dc: 



+ 0O 

ih—c-ec- j d?iE 0 (Mi)c(fi) = S c (t) + Ud + (t)d(t)c(t) (A.5.2) 



dt 



Fourier transforming we obtain 
(E - s - E 0 ) c = S c + U{d + dc}{E) (A.5.3) 
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fi 




Contact Channel 
Fig. A.5.1 




Fig. A.5.2 Density of states, D(E) = i[G - G + ] calculated using G(E) from Eq. (A.5.12) with 
g = -0. 1 eV, U = +0.2 eV, {d + d) = 0.5 and E 0 calculated from Eq. (A.5.3) assuming that the 
reservoir consists of a set of levels uniformly spaced by 0.4 meV over a range of energies from 
— 1 eV to +1 eV, with rj — 1 meV and x T — 1.8meV. 

where we have added the braces { } around d + dc to indicate that we need the Fourier 
transform of the product (which is different from the product of the individual Fourier 
transforms). 

Similarly, we can work with the equations for the down-spin components: 

d ^-^ , 

ih — d = sd + *rd r + Uc + cd (A.5.4a) 
at r 

and 

ih— d r = s r d r + r*d (A.5.4b) 
dt 

to obtain 

(E-s- E 0 )^ = S d + U{c + cd}(E) (A.5.5) 
where S d = H r r r D r . 
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Fig. A.5.3 Density of states, D(E) = i[G - G + ] calculated using G(E) from Eq. (A.5.20) with 
/li = 0.05 eV and the same parameters as in Fig. A. 5. 2 (also shown for reference is the result using 
G(E) from Eq. (A.5. 12)). Note how the "Kondo peak" appears at /n = 0.05 eV at the lower 
temperature (the author is grateful to A. W. Ghosh and D. Sen for their help). 

What we propose to show in this section is that if we treat the new terms Ud + dc and 
Uc + cd using a self-consistent field method, we will get a single peak for the spectral 
function as shown in Fig. 1.5.1, but if we use a better approximation for these terms we 
will obtain two peaks as shown in Fig. A.5. 2, which can be viewed as a combination of 
the two possibilities sketched in Fig. 1.5.2. If we take our approximation a step further 
we will obtain the central peak around E = fi as shown in Fig. A.5.3. This peak is 
responsible for the increased resistivity in bulk metals with magnetic impurities at low 
temperatures as explained in the 1960s by Kondo (see Kouwenhoven and Glazman, 
2001). More recently, experiments on single quantum dots and molecules in the 1990s 
have revealed an enhanced conductance believed to arise from the same Kondo peak 
in the spectral function (Meir et ai, 1991). 



Self -consistent field (SCF) approximation: The simplest approximation is to write 

{c + cd}(E) « (c+c)d(E) (A.5.6a) 
{d + dc}(E) % (d + d)c(E) (A.5.6b) 

so that from Eqs. (A.5.3) and (A.5.5) 

(A.5.7a) 



d = 



E-e- 




U{d+d) 




G C (E) 






1 




E-e- 


So- 


U(c+c) 



(A.5.7b) 



Gj(E) 
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This is essentially the unrestricted SCF approximation, though to complete the story we 
would need to discuss how we can calculate (c + c) and {d + d). We will not go into this 
aspect. Instead we will assume that (c+c) and (d + d) are given quantities, and discuss 
how we can improve our expressions for G c and Gj which are defined by the relations: 
c = G c S c andd = G d S d . 



Coulomb blockade: One approach is to replace Eq. (A. 5. 6b) with a better approxi- 
mation, starting from the time-dependent equation for d+dc, 

ih^-d+dc = (s + U)d+dc + (r*d+cd + r r d + d r , c + x r d + dc r ) (A.5.8) 
at *— ' 

r 

« (e + U)d+dc + J] v r d + dc r (A.5.9) 

r 

(E — e — U){d+dc} = J] x r d + dc r 

r 

and making use of Eq. (A. 5. 2) to write 

t r (d+d)C r (d+d) 

{d+dc}{E) = Y — = $ (A.5.10) 

^E-s-U-Hq E-s-U - S 0 

Substituting into Eq. (A.5.3) we obtain 

/ U{d+d) \ ,. 

(£-e-E 0 )c= 1 + - / - )S C (A.5.11) 

V E-s-U - Eo/ 

from which we can write the Green's function, G{E) 
1 U(d + d) 



E - s - E 0 (£ - e - E 0 ) (£ - s - U - So) 
1 - (d+d) (d+d) 



So E - s - U - S 0 



G(£) 



(A.5.12) 



The density of states, D(E) = i[G — G+], calculated using the above G(E) for a typical 
set of parameters is shown in Fig. A. 5. 2. This is similar to the picture we expect under 
Coulomb blockade conditions (see Fig. 1.5.2). 



Kondo resonance: To go further we step back to Eq. (A.5.8) 
ih^d+dc = (e + U)d+dc + ^ (r*d+cd + x r d+ d r c + r r d+dc r ) 

r 

-+(E-e- U){d+dc} = J] {x*{d+cd} + r r {d+d r c} + x r {d + dc r }) (A.5.13) 

r 

and try to do better than what we did in going to Eq. (A.5.9) by starting from the 
time-dependent equations for each of the three quantities appearing in Eqs. (A.5.13): 
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\h—d + dc r = (e r — ir])d + dc r + ^ (x*d + dc + x r d + d r c r + x*d^c,d) 

r 

« (s r — irj)d + dc r + ^ x*d + dc 

r 

{d+dc r } « (d + d)C r + V 1 ^ {c/+dc} (A.5.14) 

, E — e r +it) 

ih—d + d,c = s r d + d r c + ^ (x*d + dc + x r d + d,c r — x*dfd r c) 

r 

% s r d + d,-c + y x*d + dc — x* f, c 

r 

{d + d r c} % V ^ {J+Jc} ^ c (A.5.15) 

^ £-£,.+ IJ7 E - s r + 177 

ih—d^cd = (2s + U — s r — irj)d^cd + (x,d + dc — x r d^d r c — x r d^c, c) 

r 

«s (2e + — e,. — ir])d^cd + ^ (t r J + c?c — r r / r c) 

{rf+cd} « V {d+dc} — c 

E - 2s - U + s r + 177 £ - 2e - U + e r + i>7 

(A.5. 16) 

Substituting Eqs. (A.5.14), (A.5. 15) and (A.5. 16) into Eq. (A.5. 13) we obtain a better 
expression for {d + dc} than previously (see Eq. (A.5. 10)) 

(E - s - U - 2E 0 - Si){J + Jc} = (d + d)S c - (E 2 + E 3 )c 

(J+J) E 2 + E, 

{J+Jc} = S l ^— = c (A.5. 17) 

E - s - U - 2E 0 - Ei E - s - U - 2E 0 - Ei 



where 



|2 



£ — 2e — (/ + £ r + i?7 



^ E - 2s - U + + i?7 
Substituting Eq. (A.5. 17) back into Eq. (A.5. 13) we obtain 
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so that the Green's function G(E) (such that c = GS C ) is given by 




) 



(A.5.20) 



The density of states D(E) = i[G — G + ] calculated using G(E) from Eq. (A.5.20) with 
the same parameters as in Fig. A.5.2 is shown in Fig. A.5.3 (also shown for reference 
is the result using G(E) from Eq. (A. 5. 12)). Note how the central "Kondo peak" grows 
in amplitude as the temperature is lowered. Indeed at low temperatures and also for 
stronger coupling to the reservoir, the treatment presented above may be inadequate. It 
may be necessary to go to higher orders (perhaps infinite!) in perturbation theory and 
for many years this has been one of the major challenges in many-electron theory. 

Summary: We have derived the expressions for the current starting from the second 
quantized description of the composite channel-contact system and eliminating the 
contact variables to obtain an effective equation for the channel having the form 

d 

ih — c — He — Sc = S 



It is possible to base the quantum mechanical treatment on the one-electron wave- 
function instead of second quantized operators, but this does not provide satisfactory 
answers to subtle issues like the presence or absence of Pauli blocking. For example, it 
is natural to ask if E in the outflow term should depend on whether the final state (to 
which outflow occurs) is empty or full. The answer is usually "no" for coherent pro- 
cesses, but not always, as for example in the Kondo effect. Such questions are difficult 
to answer from the one-electron picture, but the answers come out naturally in a second 
quantized treatment. In strongly interacting systems it may be desirable to use similar 
approaches to write transport equations not for the bare electron described by c, but for 
"composite" or dressed particles obtained through appropriate unitary transformations 
that include part of the "contact." 



Outflow 



Inflow 



MATLAB codes used to generate text figures 



Copyright, Supriyo Datta: All codes included herein. It is planned to make "soft copies" of these 
codes available through my website and also through the nanohub where they can be executed without 
installation using a web browser. 

Chapter 1 

% Hq.1.1.1 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar=1.055e-34;q=1.602e-19;eps0=8.854E-12;epsr=4;m=0.25*9.11e-31;%Effective mass 
I0=q*q/hbar; 

%Parameters 

W=le-6;L=10e-9;t=1.5e-9;%W=Width,L=Lengfh of active region,t=oxide thickness 

Cg=epsr*eps0*W*L/t;Cs=0.05*Cg;Cd=0.05*Cg;CE=Cg+Cs+Cd;U0=q/CE; 

alphag=Cg/CE,alphad=Cd/CE 

%alphag= 1 ;alphad=0.5 ;U0=0.25 ; 

kT=0.025;mu=0;ep=0.2; 

v=le5;%Escape velocity 

g 1 =hbar*v/(q*L);g2=g 1 ;g=gl +g2; 
%gl=0.005;g2=0.005;g=gl+g2; 

%Energy grid 

NE=501 ;E=linspace(- 1 , 1 ,NE);dE=E(2)-E( 1 ); 

DO=m*q*W*L/(pi*hbar*hbar);% Step Density of states per eV 
D=D0*[zeros( 1,251) ones( 1,250)]; 

%D=(2*g/(2*pi))./((E."2)+((g/2)"2));% Lorentzian Density of states per eV 
%D=D./(dE*sum(D));%Normalizing to one 

%Reference number of electrons 

fD=17(l+exp((E+ep-mu)./kT));N0=2*(ffi*sum(D *f0);ns=N0/(L*W*le4),%/cm"2 
%Bias 

IV=6 1 ; VV=linspace(0,0.6,IV); 
for iV=l:IV 

Vg=0.5;Vd=VV(iV); 



343 



344 



MATLAB codes used to generate text figures 



%Vd=0.5;Vg=VV(iV); 

mu 1 =mu;mu2=mu l-Vd;UL=-(alphag* Vg)-(alphad* Vd); 

U=0;%Self-consistent field 
dU=l; 

while dU>le-6 

f 1 = 1 ./( 1 +exp((E+UL+U+ep-mu 1 ) ./kT)); 

f2=l./(l+exp((E+UL+U+ep-mu2)./kT)); 
N(iV)=dE*sum(D.*((fl.*gl/g)+(f2.*g2/g))); 
Unew=U0* (N(iV)-N0) ;dU=abs(U-Unew); 
U=U+0.1*(Unew-U); 

end 

I(iV)=dE*I0*(sum(D.*(fl-f2)))*gl*g2/g; 
end 

hold on 

h=plot(VV,I,'b l ); 
set(h,'linewidth',[2.0]) 
set(gca, ' Fontsize 1 , [25 ] ) 
xlabelC Voltage (V) --->') 
ylabelC Current (A) — > ') 
grid on 

% Fig.1.1.3 

clear all 

E=linspace(-.25,.25,501);dE=E(2)-E(l);kT=0.025;Ef=0; 

V=0;mul=Ef+(V/2);mu2=Ef-(V/2); 

fl=l./(l +exp((E-mu 1 ) ./kT)) ;f2= 1 ./( 1 +exp((E-mu2)./kT)); 

%dE*(sum(fl-f2))/V 

hold on 

h=plot(fl,E,'g'); 
set(h,'linewidth',[2.0]) 
set(gca, 1 Fontsize 1 , [25 ] ) 
xlabel(' Fermi function — >') 
ylabel(' E - mu (eV) — > ') 
grid on 

% Fig.1.3.3, 1.5.1 

clear all 

E=linspace(-.5,.5,50001);dE=E(2)-E(l);gam=0.05; 
D=(gam/(2*pi))./((E."2)+((gam/2)'2)); 

%D=(gam/(2*pi))-/(((E-0.25)."2)+((gam/2r2));%Use for Fig. 1.5.2 
%D=D+((gam/(2*pi))-/(((E+0.25).'2)+((gam/2)"2)));%Use for Fig. 1.5.2 
dE*sum(D) 

hold on 

h=plot(D,E,'g'); 
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set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[25]) 
xlabelC D(E) — >') 
ylabelC E (eV) — > ') 
grid on 

% Fig.1 .4.6 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar= 1 .055e-34;q=l .602e- 1 9;I0=q*q/hbar; 

%Parameters 

U0=0.025;kT=0.025;mu=0;ep=0.2; 

gl=0.005;g2=0.005;g=gl+g2; 

alphag=l;alphad=0.5; 

%Energy grid 

NE=50 1 ;E=linspace(- 1 , 1 ,NE);dE=E(2)-E( 1 ); 

D=(g/(2*pi))./((E."2)+((g/2)"2));% Lorentzian Density of states per eV 
D=D./(dE*sum(D));%Normalizing to one 

%Bias 

IV= 10 1 ; VV=linspace(0, 1 ,IV); 
foriV=l:IV 

Vg=0;Vd=VV(iV); 

%Vd=0;Vg=VV(iV); 

mul=mu;mu2=mul-Vd;UL=-(alphag*Vg)-(alphad*Vd); 

U=0;%Self-consistent field 
dU=l; 

while dU> le-6 

f 1 = 1 ./( 1 +exp((E+ep+UL+U-mu 1 ) ./kT)); 

f2=l./(l+exp((E+ep+UL+U-mu2)./kT)); 
N(iV)=dE*sum(D.*((fl.*gl/g)+(f2.*g2/g))); 
Unew=UO*N(iV);dU=abs(U-Unew); 
U=U+0.1*(Unew-U); 

end 

I(iV)=dE*I0*(sum(D.*(fl-f2)))*(gl*g2/g); 
end 

hold on 

h=plot(VV,N,'b'); 
%h=plot(VV,I,'b'); 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[25]) 
xlabelC Voltage ( V)— >') 
%ylabel(' Current ( A) — > ') 
ylabel(' Number of electrons — > ') 
grid on 
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% Fig.E.1 .3 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar= 1 .055e-34;q= 1 .602e- 1 9;I0=q*q/hbar; 

%Parameters 

U0=0.025;kTl=0.026;kT2=0.025;ep=0.2; 
gl=0.005;g2=0.005 ;g=g 1 +g2; 
alphag=l;alphad=0.5; 

%Energy grid 

NE=50 1 ;E=linspace(- 1 , 1 ,NE);dE=E(2)-E( 1 ); 
gl=0.005*(E+abs(E))./(E+E+le-6);% zero for negative E 
g2=0.005*ones(l,NE);gl=g2; 
g=gl+g2; 

%Bias 

IV=101;VV=linspace(-0.25,0.25,IV); 
foriV=l:IV 

mul=ep+VV(iV);mu2=mul; 

fl=l./(l+exp((E-mul)./kTl)); 
f 2= 1 ./( 1 +exp((E-mu2)./kT2)); 
D=(g./(2*pi))-/(((E-ep)."2)+((g./2).'2)); 
D=D./(dE*sum(D)); 
I(iV)=dE*2*I0*(sum(D *(fl-f2).*gl *g2./g)); 
end 

hold on 

%h=plot(VV,N/2,'b');%Part (a) 
h=plot(VV,I,'b l ); 
set(h,'linewidth',[2.0]) 
set(gca, 1 Fontsize 1 , [25 ] ) 
xlabelC Voltage (V)— >') 
ylabelC Current ( A ) — > ') 
%ylabel(' Number of electrons — > ') 
grid on 

% Fig.E.1. 4 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar=l .055e-34;q= 1 .602e- 19;I0=q*q/hbar; 

%Parameters 

U0=0.025;kT=0.025;mu=0;ep=0.2;N0=0; 

gl=0.005;g2=0.005;g=gl+g2; 

alphag=l;alphad=0.5; 

%Energy grid 

NE=50 1 ;E=linspace(- 1 , 1 ,NE);dE=E(2)-E(l); 
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gl=0.005*(E+abs(E))./(E+E+le-6);% zero for negative E 

g2=0.005*ones(l,NE); 

g=gl+g2; 

%Bias 

IV=101;VV=linspace(-.6,.6,IV); 
foriV=l:IV 

Vg=0;Vd=VV(iV); 

%Vd=0;Vg=VV(iV); 

mul=mu;mu2=mul-Vd;UL=-(alphag*Vg)-(alphad*Vd); 

U=0;%Self-consistent field 
dU=l; 

while dU> le-6 

f 1 = 1 ./( l+exp((E-mu 1 )./kT)); 

f2=l./(l+exp((E-mu2)./kT)); 
D=(g./(2*pi))./(((E-ep-UL-U).^2)+((g./2)."2)); 
D=D./(dE*sum(D)); 
N(iV)=dE*2*sum(D.*((fl.*gl./g)+(f2.*g2./g))); 
Unew=UO*(N(iV)-NO);dU=abs(U-Unew); 
U=U+0.1*(Unew-U); 

end 

I(iV)=dE*2*I0*(sum(D *(fl-f2) *gl *g2./g)); 
end 

hold on 

%h=plot(W,N/2,'b');%Part (a) 
h=plot(VV,I,'b l ); 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[25]) 
xlabelC Voltage (V) — >') 
ylabelC Current (A) — > ') 
%ylabel(' Number of electrons — > ') 
grid on 

Chapter 2 

% Fig.2.3.2a, b 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar= 1 .055e-34;m=9. 1 1 Oe-3 1 ;epsil=8.854e- 1 2;q= 1 .602e- 19; 

%Lattice 

Np=100;a=le-10;X=a*[l:l:Np];tO=(hbar"2)/(2*m*(a"2))/q;L=a*(Np+l); 
T=(2*t0*diag(ones( 1 ,Np)))-(tO*diag(ones( 1 ,Np- 1), l))-(tO*diag(ones(l ,Np- 1 ),- 1 )); 

[VJ3]=eig(T);D=diag(D);[Enum,ind]=sort(D); 

El=D(ind(l));psil=abs(V(:,ind(l)));Pl=psil.*conj(psil); 
E2=D(ind(25));psi2=abs(V(:,md(25)));P2=psi2.*conj(psi2); 
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%analytical eigenvalues 

Ean=(((hbar*pi)'2)/(2*m*(L'2))/q)*[ 1 :Np] .* [ 1 :Np] ; 
hold on 

%h=plot(Enum,'bx');% Part (a) 
%h=plot(Ean,'b');% Part (a) 
h=plot(Pl,'b');%Part(b) 
hl=plot(P2,'b');% Part (b) 
set^'linewidth'^.O]) 
set(hl,'linewidth',[1.0]) 
set(gca, 1 Fontsize 1 , [25 ] ) 

%xlabel(' Eigenvalue Number , alpha — >');% Part (a) 
%ylabel(' E (eV) — > ');% Part (a) 
xlabel(' Lattice site # —>');% Part (b) 
ylabelC Probability — > ');% Part (b) 
grid on 

% Fig.2.3.5 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar=1.055e-34;m=9.110e-31;epsil=8.854e-12;q=1.602e-19; 

%Lattice 

Np=100;a=le-10;X=a*[l:l:Np];tO=(hbar"2)/(2*m*(a'2))/q;L=a*(Np+l); 
T=(2*t0*diag(ones( 1 ,Np)))-(tO*diag(ones( 1 ,Np- 1 ), 1 ))-(tO*diag(ones(l ,Np- 1 ),- 1 )); 
T(l,Np)=-tO;T(Np,l)=-tO; 

[V,D]=eig(T);D=diag(D);[Enum,ind]=sort(D); 

El=D(ind(l));psil=abs(V(:,ind(l)));Pl=psil.*conj(psil); 
E2=D(ind(50));psi2=abs(V(:,ind(50)));P2=psi2.*conj(psi2); 

%analytical eigenvalues 

Ean=(((hbar*pi)"2)/(2*m*(L"2))/q)*[l:Np].*[l:Np]; 
hold on 

h=plot(Enum, ' bx 1 ); 

set(h,'linewidth',[3.0]) 

set(gca, ' Fontsize 1 , [25 ] ) 

xlabel(' Eigenvalue Number, alpha -—>'); 

ylabelC E (eV) — > '); 

grid on 

% Fig.2.3.6, 2.3.7 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar=1.055e-34;m=9.110e-31;epsil=8.854e-12;q=1.602e-19; 

a0=4*pi*epsil*hbar*hbar/(m*q*q),E0=q/(8*pi*epsil*a0) 
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%Lattice 

Np=100;a=(5e-10*2/Np);% *1 for Fig. 1.3.6 and *2 for Fig. 1.3.7 
R=a*[l:l:Np];tO=(hbar"2)/(2*m*(a"2))/q; 

%Quantum numbers 

n=l;l=0;% for Is, n=l and for 2s, n=2 

%Hamiltonian,H = Kinetic,K + Potential,U 

K=(2*t0*diag(ones( 1 ,Np)))-(tO*diag(ones( 1 ,Np- 1 ), 1 ))-(tO*diag(ones( 1 ,Np- 1 ),- 1 )); 

U=((-q/(4*pi*epsil)./R)+(l*(l+l)*hbar*hbar/(2*m*q))./(R.*R));U=diag(U); 

[V,D]=eig(K+U);D=diag(D);[DD,ind]=sort(D); 

E=D(ind(n-l));psi=V(:,ind(n-l)); 

P=psi.*conj(psi);[-E0/(n"2) E] 

%analytical solutions 
Pls=(4*a/(aO"3))*R.*R.*exp(-2*R./aO); 

P2s=(4*a/(2*4*4*(a0"3)))*R.*R.*((2-(R./a0))."2).*exp(-2*R./(2*a0)); 
P3s=(4*a/(3*81*81*(aO"3)))*R.*R.*((27-(18*R./aO)+(2*(R/aO).'2))."2).*exp(-2*R./(3*aO)); 
P2p=(4*a/(3*32*(a0'3)))*R.*R.*((R./a0).'2).*exp(-2*R./(2*a0)); 
P3p=(8*a/(3*81*81*(aO'3)))*R.*R.*((6-(R/aO))."2).*((R./aO)."2).*exp(-2*R./(3*aO)); 

hold on 

h=plot(R,P,'b l ); 

h=plot(R,Pls,'bx');% use Pis for 1 Is 1 andP2s for '2s' 

set(h,'linewidth',[2.0]) 

set(gca,'Fontsize',[25]) 

xlabel(' x (m ) — >'); 

ylabel(' Probability — > '); 

grid on 

Chapter 3 

% Fig.3.1 .4 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar=1.055e-34;m=9.110e-31;epsil=8.854e-12;q=1.602e-19; 

%Lattice 

Np=200;a=( 10e-10/Np);R=a*[l : 1 :Np];tO=(hbar"2)/(2*m*(a~2))/q; 
%Hamiltonian,H = Kinetic,T + Potential,U + Uscf 

T=(2*t0*diag(ones( 1 ,Np)))-(tO*diag(ones( 1 ,Np- 1 ), 1 ))-(tO*diag(ones( 1 ,Np- 1 ),- 1 )); 
UN=(-q*2/(4*pi*epsil))./R;% Z=2 for Helium 

Uscf=zeros( 1 ,Np);change= 1 ; 
while change>0.01 

[V,D]=eig(T+diag(UN+Uscf));D=diag(D);[DD,ind]=sort(D); 
E=D(ind(l));psi=V(:,ind(l));P=psi.*conj(psi);P=P'; 

Unew=(q/(4*pi*epsil))*((sum(P./R)-cumsum(P./R))+(cumsum(P)./R)); 
change=sum(abs(Unew-Uscf))/Np,Uscf=Unew; 

end 
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%analytical solutions for Is hydrogen 

a0=4*pi*epsil*hbar*hbar/(m*q*q); 

P0=(4*a/(a0"3))*R.*R.*exp(-2*R./a0); 

hold on 

%h=plot(R,UN,'b');% Part (a) 
%h=plot(R,Uscf,'b');% Part(a) 
h=plot(R,P,'b l );% Part (b) 
h=plot(R,PO,'bx');% Part (b) 
set(h,'linewidth',[2.0]) 
set(gca, 1 Fontsize 1 , [25 ] ) 
xlabelC R( m) — >'); 
%ylabel(' U ( eV ) — > ');% Part (a) 
%axis([0 le-9 -100 20]);% Part (a) 
ylabelC Probability — > ');% Part (b) 
axis([0 le-9 0 0.1]);% Part (b) 
grid on 

% Fig.3.1.5 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar=1.055e-34;m=9.110e-31;epsil=8.854e-12;q=1.602e-19; 

%Lattice 

Np=200;a=(10e-10/Np);R=a*[l;l:Np];t0=(hbar"2)/(2*m*(a"2))/q; 
%Hamiltonian,H = KineticJ + Potential,U + Ul + Uscf 

T=(2*t0*diag(ones( 1 ,Np)))-(t0*diag(ones( 1 ,Np- 1 ), 1 ))-(t0*diag(ones(l ,Np- 1 ),- 1 )); 
UN=(-q*14/(4*pi*epsil))./R;% Z=14 for silicon 
1= 1 ;U1=(1*(1+ 1 )*hbar*hbar/(2*m*q))./(R.*R); 

Uscf=zeros( 1 ,Np);change= 1 ; 
while change > 0.1 

[V,D]=eig(T+diag(UN+Uscf));D=diag(D);[DD,ind]=sort(D); 

Els=D(ind(l));psi=V(:,ind(l));Pls=psi.*conj(psi);Pls=Pls'; 

E2s=D(ind(2));psi=V(:,ind(2));P2s=psi.*conj(psi);P2s=P2s'; 

E3s=D(ind(3));psi=V(:4nd(3));P3s=psi.*conj(psi);P3s=P3s'; 

[V,D]=eig(T+diag(UN+Ul+Uscf));D=diag(D);[DD,ind]=sort(D); 
E2p=D(ind(l));psi=V(:,ind(l));P2p=psi.*conj(psi);P2p=P2p'; 
E3p=D(ind(2));psi=V(:4nd(2));P3p=psi.*conj(psi);P3p=P3p'; 
n0=(2*(Pls+P2s+P3s))+(6*P2p)+(2*P3p); 

n=n0*(13/14); 

Unew=(q/(4*pi*epsil))*((sum(n./R)-cumsum(n./R))+(cumsum(n)./R)); 

%Uex=(-q/(4*pi*epsil))*((n./(4*pi*a*R.*R))."(l/3));%Unew=Unew+Uex; 

change=sum(abs(Unew-Uscf))/Np,Uscf=Unew; 

end 



[ElsE2s E2p E3s E3p] 
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%analytical solution for Is hydrogen 

a0=4*pi*epsil*hbar*hbar/(m*q*q); 

P0=(4*a/(a0"3))*R.*R.*exp(-2*R./a0); 

hold on 

h=plot(R,Pls,'b'); 
h=plot(R,PO,'bx l ); 
h=plot(R,P3p,'bo'); 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[25]) 
xlabelC R (m) — >'); 
ylabel(' Probability — > '); 
axis([0 5e-10 0 0.08]); 
grid on 

% Fig.3.3.4 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar=1.055e-34;m=9.110e-31;epsil=8.854e-12;q=1.602e-19; 

a0=4*pi*epsil*hbar*hbar/(m*q*q);E0=q/(8*pi*epsil*a0); 

R0=.05*[l:200]; 

a=(-2*E0)*(l-(exp(-2*R0).*(l+R0)))./R0; 
b=(-2*E0)*exp(-R0).*(l+R0); 
s=(l+R0+((R0."2)/3)).*exp(-R0); 
UeeK2*E0)./sqrt(l+(R0.~2));UNN=(2*E0)./R0; 

EB0=(a+b)./(l+s);R=a0*R0; 

hold on 

h=plot(R,EB0,'b--'); 

h=plot(R,Uee,'bx'); 

h=plot(R,UNN,'b'); 

h=plot(R,(2*EB0)+UNN+Uee,'b+'); 

set(h,'linewidth',[2.0]) 

set(gca,'Fontsize',[25]) 

grid on 

xlabelC R (m) — >') 
ylabel(' Energy (eV) — > ') 
axis([0 4e-10-25 25]) 

% Fig.3.4.2 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar= 1 .055e-34;q=l .602e- 1 9;I0=q*q/hbar; 

%Parameters 

U0=0.5;% U0 is 0.25 for part(a), 0.1 for part (b) 
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kT=0.025;mu=0;ep=0.2; 
gl=0.005;g2=0.005;g=gl+g2; 
alphag=l ;alphad=0.5; 

%Bias 

IV= 10 1 ; VV=linspace(0, 1 ,IV); 
foriV=l:IV 

Vd=0;Vg=VV(iV); 

mu 1 =mu;mu2=mu 1 -Vd;UL=-(alphag* Vg)-(alphad* Vd); 
fl=l/(l+exp((ep+UL-mul)/kT));f2=l/(l+exp((ep+UL-mu2)/kT)); 
flU=l/(l+exp((ep+UL+U0-mul)/kT));f2U=l/(l+exp((ep+UL+U0-mu2)/kT)); 

P l=((g 1 *f 1 )+( g 2*f2))/( le-6+(gl *( 1 -f l))+(g2*( 1 -f2))); 

P2=P1 *((g 1 *f lU)+(g2*f2U))/( le-6+(g 1 *( 1 -f lU))+(g2*(l -f2U))); 

P0= l/( 1 +P 1 +P 1 +P2);P 1 =P 1 *P0;P2=P2*P0; 

p0(iV)=P0;p 1 (iV)=P 1 ;p2(iV)=P2; 

end 

hold on 

h=plot(VV,pO,'bo l ); 
h=plot(VV,pl,'b l ); 
h=plot(VV,p2,'bx l ); 
set(h,'linewidth',[2.0]) 
set(gca, ' Fontsize 1 , [25 ] ) 
grid on 

xlabel(' Gate voltage, VG ( volts ) — >') 
ylabel(' Current ( Amperes ) — > ') 
axis([0 1 0 1]) 

% Fig.3.4.3 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar= 1 .055e-34;q= 1 .602e- 1 9;I0=q*q/hbar; 

%Parameters 

U0=0.1;% U0 is 0.25 for part(a), 0.025 for part (b) 
kT=0.025;mu=0;ep=0.2; 
gl=0.005;g2=0.005;g=gl+g2; 
alphag=l;alphad=0.5; 

%Bias 

IV= 10 1 ; VV=linspace(0, 1 .5,IV); 
foriV=l:IV 

Vg=0;Vd=VV(iV); 

%Vd=0;Vg=VV(iV); 

mul=mu;mu2=mul-Vd;UL=-(alphag*Vg)-(alphad*Vd); 

%Multielectron method 

fl=l/(l+exp((ep+UL (-U0/2)-mul)/kT));f2=l/(l+exp((ep+UL(-U0/2)-mu2)/kT)); 
flU=l/(l+exp((ep+UL+(U0/2)-mul)/kT));f2U=l/(l+exp((ep+UL+(U0/2)-mu2)/kT)); 
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PI =((g 1 *f 1 )+( g 2*f2))/( le-6+(g 1 *( 1 -f 1 ))+(g2*( 1 -f2))); 

P2=Pl*((gl*flU)+(g2*f2U))/(le-6+(gl*(l-flU))+(g2*(l-f2U))); 

P0=1/(1+P1+P1+P2);P1=P1*P0;P2=P2*P0; 

Il(iV)=2*I0*((P0*gl*fl)-(Pl*gl*(l-fl))+(Pl*gl*flU)-(P2*gl*(l-flU))); 
I2(iV)=2*I0*((P0*g2*f2)-(Pl*g2*(l-f2))+(Pl*g2*f2U)-(P2*g2*(l-f2U))); 
end 

%RSCF method (same as Fig. 1.4. 6 with added factor of two) 
%Energy grid 

NE=501 ;E=linspace(- 1 , 1 ,NE);dE=E(2)-E(l); 

D=(g/(2*pi))./((E.~2)+((g/2)~ 2));% Lorentzian Density of states per eV 
D=D./(dE*sum(D));%Normalizing to one 

%Bias 
foriV=l:IV 

Vg=0;Vd=VV(iV); 

%Vd=0;Vg=VV(iV); 

mul=mu;mu2=mul-Vd;UL=-(alphag*Vg)-(alphad*Vd); 

U=0;%Self-consistent field 
dU=l; 

while dU>le-6 

F 1 = 1 ./( 1 +exp((E+ep+UL+U-mu 1 ) ./kT)) ; 

F2= 1 ./( 1 +exp((E+ep+UL+U-mu2) ./kT)); 
N(iV)=dE*2*sum(D.*((Fl *gl/g)+(F2 *g2/g))); 

Unew=UO*N(iV); 

dU=abs(U-Unew);U=U+0. 1 *(Unew-U); 

end 

I(iV)=dE*2*I0*(sum(D.*(Fl-F2)))*(gl*g2/g); 
end 

hold on 

h=plot(VV,Il,'b l ); 
h=plot(VV,I,'b-- 1 ); 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[25]) 
grid on 

xlabelC Drain Voltage, VD ( volts ) — >') 
ylabel(' Current ( Amperes ) — > ') 
axis([0 1.5 0 1.4e-6]) 

%E.3.5c: Unrestricted scf 
clear all 

%Constants (all MKS, except energy which is in eV) 
hbar= 1 .055e-34;q=l .602e- 1 9;I0=q*q/hbar; 

%Parameters 

U0=0.25;kT=0.025;mu=0;ep=0.2; 
g l=0.005; g 2=0.005 ;g=g 1 +g2; 
alphag=l;alphad=0.5; 
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%Energy grid 

NE=50 1 ;E=linspace(- 1 , 1 ,NE);dE=E(2)-E( 1 ); 

D=(g/(2*pi))./((E.~2)+((g/2)"2));% Lorentzian Density of states per eV 
D=D./(dE*sum(D));%Normalizing to one 

%Bias 

IV= 10 1 ; VV=linspace(0, 1 ,IV); 
foriV=l:IV 

Vg=0;Vd=VV(iV); 

%Vd=0;Vg=VV(iV); 

mu 1 =mu;mu2=mu 1 -Vd;UL=-(alphag* Vg)-(alphad* Vd); 

Uup=0;Udn=0. l;%Unrestricted self -consistent field 
dU=l;while dU>.001 

flup= 1 ./( 1 +exp((E+ep+UL+Uup-mu 1 )./kT)); 

f2up=l./(l+exp((E+ep+UL+Uup-mu2)./kT)); 

Nup(iV)=dE*sum(D.*((flup.*gl)+(f2up.*g2))./(gl+g2)); 
f 1 dn= 1 ./( 1 +exp((E+ep+UL+Udn-mu 1 )./kT)); 

f2dn= 1 ./( 1 +exp((E+ep+UL+Udn-mu2)./kT)); 

Ndn(iV)=dE*sum(D.*((fldn.*gl)+(f2dn.*g2))./(gl+g2)); 
Udnnew=2*U0*(Nup(iV)-0.5);Udn=Udn+0.1*(Udnnew-Udn); 
Uupnew=2*U0*(Ndn(iV)-0.5);Uup=Uup+0.1*(Uupnew-Uup); 
dU=abs(Uup-Uupnew)+abs(Udn-Udnnew); 

end 

Iup(iV)=dE*I0*sum(D.*(flup-f2up))*(gl*g2/g); 
Idn(iV)=dE*I0*sum(D.*(fldn-f2dn))*(gl*g2/g); 
end 

hold on 

%h=plot(VV,Nup,'bo l );%Part (b) 

%h=plot(VV,Ndn, l bx');%Part (b) 

h=plot(VV,Iup+Idn,'b'); 

set(h,'linewidth',[2.0]) 

set(gca, 1 Fontsize 1 , [25 ] ) 

xlabelC Voltage (V) — >') 

ylabel(' Current (A) — > ') 

%ylabel(' Number of electrons — > ');%Part (b) 

grid on 

Chapter 4 

% Fig.4.1 .4 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar=1.055e-34;m=9.110e-31;epsil=8.854e-12;q=1.602e-19; 

a0=4*pi*epsil*hbar*hbar/(m*q*q);E0=q/(8*pi*epsil*a0); 
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%Basis 

L=.074e-9/aO;s=exp(-L)*(l+L+((L~2)/3)); 
r=linspace(-2e- 1 0,+2e- 1 0, 10 1 );rO=r/aO; 

psi=sqrt(l/(pi*(aO'~3)))*(exp(-abs(rO-(L/2)))+exp(-abs(rO+(L/2)))); 
n=2*psi.*conj(psi)./(2*(l+s)); 

a=-2*E0*( 1 -(( 1 +L)*exp(-2*L)))/L; 
b=-2*E0*(l+L)*exp(-L); 
EB0=-E0+((a+b)/(l+s)); 
[a b s EBO] 

hold on 
h=plot(r,n,'b'); 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[25]) 
grid on 

xlabelC R (m) — >') 

ylabel(' Electron density ( /m"3 ) — > ') 

axis([-2e-10 2e-10 0 2e30]) 



% Fig.4.3.1 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar= 1 .055e-34;m=9. 1 1 0e-3 l;q=l .602e- 1 9;mu=0.25; 
kT=0.025;% 0.025 for Part (c),(e) and 0.0025 for Part (d),(f) 

%Lattice 

Np=100;a=2e-10;X=a*[l:l:Np];tO=(hbar"2)/(2*m*(a"2))/q;U=linspace(0,0 ) Np); 
T=(2*t0*diag(ones( 1 ,Np)))-(t0*diag(ones( 1 ,Np- 1), 1 ))-(t0*diag(ones( 1 ,Np- 1 ),- 1 )); 
T(l,Np)=-tO;T(Np,l)=-tO;%Periodic boundary conditions for Parts (d), (f) 
U(Np/2)=U(Np/2)+10;%Impurity potential with Parts (d), (f) 

[V,D]=eig(T+diag(U));E=sort(diag(D)'); 
D=diag(D)-mu; 

rho=l./(l+exp(D./kT));rho=V*diag(rho)*V';rho=diag(rho)/a; 

hold on 
grid on 

%h=plot(E,'b l );h=plot(mu*ones(Np/2,l), , b , );% Part (b) 

h=plot(X,rho,'b');% Part (c)-(f) 

set(h,'linewidth',[2.0]) 

set(gca,'Fontsize',[25]) 

grid on 

%xlabel(' Eigenvalues number —>');% Part (b) 

%ylabel(' Energy ( eV ) — > ');% Part (b) 

xlabelC x ( m ) —>');% Part (c)-(f) 

ylabelC Electron density ( /m"3 ) — > ');% Part (c)-(f) 
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%axis([0 100 0 4]);% Part (b) 
axis([0 2e-8 0 le9]);% Part (c)-(f) 

% Fig.4.4.1, 4.4.2 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar=1.055e-34;m=9.110e-31;epsil=8.854e-12;q=1.602e-19; 

a0=4*pi*epsil*hbar*hbar/(m*q*q);E0=q/(8*pi*epsil*a0); 

F=linspace(0,le9,ll);A=(a0*128*sqrt(2)/243)*F;B=(-3*a0)*F; 
forkF=l:ll 

M=[-E0 0 A(kF);0 -E0/4 B(kF);A(kF) B(kF) -E0/4]; 
[V,D]=eig(M);D=diag(D);[DD,ind]=sort(D); 
El(kF)=D(ind(l));E2(kF)=D(ind(2));E3(kF)=D(ind(3)); 
end 

%perturbation theory results 
Els=-E0-((A."2)/(3*E0/4)); 
E2s=-(E0/4)+B; 
E2p=-(E0/4)-B; 

hold on 

%h=plot(F,El, l b l );% Fig.3.4.1 
%h=plot(F,Els,'bx');% Fig.3.4.1 
h=plot(F,E2,'b l );% Fig.3.4.2 
h-plotCEES.'bO^o Fig.3.4.2 
h=plot(FE2s,'bx');% Fig.3.4.2 
h=plot(FE2p,'bo');% Fig.3.4.2 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[25]) 
grid on 

xlabelC Field ( V/m ) — >'); 
ylabel(' Energy ( eV ) — > '); 
%axis([0 2e-8 0 le9]); 

Chapter 5 

% Fig.5.1 .5 

clear all 

k=linspace(- 1 , 1 ,2 1 );a=2;b= 1 ; 
El=sqrt((a"2)+(b"2)+(2*a*b.*cos(pi*k))); 

hold on 

h=plot(k,El,'b l ); 
h=plot(k,-El,'b l ); 
set(h,'linewidth',[2.0]) 
set(gca, 1 Fontsize 1 , [25] ) 
xlabel('k (in units of pi/a)— >') 
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ylabel(' Energy (eV) — > ') 
grid on 

% Fig.5.3.2 

clear all 

Esa=-8.3431;Epa=1.0414;Esc=-2.6569;Epc=3.6686;Esea=8.5914;Esec=6.7386; 

Vss=-6.4513;Vxx=1.9546;Vxy=5.0779;Vsapc=4.4800;Vpasc=5.7839;Vseapc=4.8422; 

Vpasec=4.8077; 

%Either of the following choices for dl,d2,d3 an( j ^4 should give the same result. 
dl=[l 1 l]/4;d2=[l -1 -l]/4;d3=[-l 1 -l]/4;d4=[-l -1 l]/4; 
dl=[0 0 0]/2;d2=[0 -1 -l]/2;d3=[-l 0 -l]/2;d4=[-l -1 0]/2; 

1= 1 ;m=l ;n= 1 ;kmax=pi;Nt=2 1 ;%L-direction 
%\= 1 ;m=0;n=0;kmax=2*pi;Nt=2 1 ; %X-direction 

forNk=l:Nt 

k=[l m n]*kmax*(Nk-l)/(Nt-l); 

pl=exp(i*sum(k.*dl));p2=exp(i*sum(k.*d2)); 
p3=exp(i*sum(k.*d3));p4=exp(i*sum(k.*d4)); 

gO=(p 1 + P 2+p3+p4)/4;g l=(p l+p2-p3-p4)/4; 

g2=(p 1 -p2+p3-p4)/4;g3=(p l-p2-p3+p4)/4; 

h=[Esa/2 Vss*gO 0 0 0 Vsapc*gl Vsapc*g2 Vsapc*g3 0 0; 



0 


Esc/2 


-Vpasc*conj(gl) 


-Vpasc*conj(g2) 


-Vpasc*conj(g3) 0 0 0 0 0; 


0 


0 


Epa/2 


0 


0 


Vxx*g0 


Vxy*g3 Vxy*g2 0-Vpasec*gl; 


0 


0 


0 


Epa/2 


0 


Vxy*g3 


Vxx*g0 Vxy*gl 0 -Vpasec*g2; 


0 


0 


0 


0 


Epa/2 


Vxy*g2 


Vxy*gl Vxx*g0 0 -Vpasec*g3; 


0 


0 


0 


0 


0 


Epc/2 


0 0 Vseapc*(gl) 0; 


0 


0 


0 


0 


0 


0 


Epc/2 0 Vseapc*(g2) 0; 


0 


0 


0 


0 


0 


0 


0 Epc/2 Vseapc*(g3) 0; 


0 


0 


0 


0 


0 


0 


0 0 Esea/2 0; 


0 


0 


0 


0 


0 


0 


0 0 0 Esec/2]; 



H=h+h'; 



[V,D]=eig(H); 

eigst = sum(D); 

E(Nk,:) = sort(real(eigst)); 

X(Nk)=-(Nk-l)/(Nt-l);%L-direction 
XI (Nk)=(Nk- 1 )/(Nt- 1 ); %X-direction 

end 

hold on 

h=plot(X,E,'b'); 
^oh^plotCX^E^b 1 ); 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[25]) 

xlabel('k (as fraction of maximum value)— >') 
ylabel(' Energy (eV) — > ') 
grid on 
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%Note: X-axis from 0 to +1 represents the -X direction 
% while the section from 0 to -1 represents the -L direction 

%Fig.5.4.1a 

clear all 

soa=.3787/3;soc=.0129/3;Esa=-8.3431;Epa=1.0414;Esc=-2.6569;Epc=3.6686;Esea=8.5914; 

Esec=6.7386;Vss=-6.4513;Vxx=1.9546;Vxy=5.0779;Vsapc=4.4800; 

Vpasc=5.7839;Vseapc=4.8422;Vpasec=4.8077; 

dl=[l 1 l]/4;d2=[l -1 -l]/4;d3=[-l 1 -l]/4;d4=[-l -1 l]/4; 

dl=[0 0 0]/2;d2=[0 -1 -l]/2;d3=[-l 0 -l]/2;d4=[-l -1 0]/2; 

1= 1 ;m= 1 ;n= 1 ;kmax=pi;Nt= 101; %L-direction 
1= 1 ;m=0;n=0;kmax=2*pi;Nt= 101; %X-direction 

forNk=l:Nt 

k=[l m n]*kmax*(Nk-l)/(Nt-l); 

pl=exp(i*sum(k.*dl));p2=exp(i*sum(k.*d2)); 
p3=exp(i*sum(k.*d3));p4=exp(i*sum(k.*d4)); 

g0=(pl+p2+p3+p4)/4;gl=(pl+p2-p3-p4)/4; 

g 2=(pl-p2+p3-p4)/4;g3=(pl-p2-p3+p4)/4; 

h=[Esa/2 Vss*g0 0 0 0 Vsapc*gl Vsapc*g2 Vsapc*g3 0 0; 



0 


Esc/2 


-Vpasc*conj(gl) 


-Vpasc*conj(g2) 


-Vpasc*conj(g3) 0 0 0 0 0; 


0 


0 


Epa/2 


0 


0 


Vxx*g0 


Vxy*g3 Vxy*g2 0-Vpasec*gl; 


0 


0 


0 


Epa/2 


0 


Vxy*g3 


Vxx*g0 Vxy*gl 0 -Vpasec*g2; 


0 


0 


0 


0 


Epa/2 


Vxy*g2 


Vxy*gl Vxx*g0 0 -Vpasec*g3; 


0 


0 


0 


0 


0 


Epc/2 


0 0 Vseapc*(gl) 0; 


0 


0 


0 


0 


0 


0 


Epc/2 0 Vseapc*(g2) 0; 


0 


0 


0 


0 


0 


0 


0 Epc/2 Vseapc*(g3) 0; 


0 


0 


0 


0 


0 


0 


0 0 Esea/2 0; 


0 


0 


0 


0 


0 


0 


0 0 0 Esec/2]; 



H=[h+h' zeros(10); 

zeros(10) h+h']; 



hso=zeros(20); 

hso(3,4)=-i*soa;hso(3,15)=soa; 

hso(4,15)=-i*soa; 

hso(5,13)=-soa;hso(5,14)=i*soa; 

hso(6,7)=-i*soc;hso(6,18)=soc; 

hso(7,18)=-i*soc; 

hso(8,16)=-soc;hso(8,17)=i*soc; 

hso(13,14)=i*soa; 

hso(16,17)=i*soc; 

Hso=hso+hso'; 

[V,D]=eig(H+Hso); 
eigst = sum(D); 
E(Nk,:) = sort(real(eigst)); 
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X(Nk)=-(Nk- 1 )/(Nt- 1 ); %L-direction 
XI (Nk)=(Nk- 1 )/(Nt- 1 ); %X-direction 

end 

hold on 

%h=plot(X,E,'b'); 
h=plot(Xl,E,'b'); 
axis([-l 1 -3 3]) 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[25]) 

xlabel('k (as fraction of maximum value)— >') 
ylabel(' Energy (eV) — > ') 
grid on 

Chapter 6 

% Fig.6.1 .2 

clear all 

z=zeros(5);Z=zeros(10); 

%Constants (all MKS, except energy which is in eV) 

hbar= 1 .055e-34;q= 1 .602e- 1 9;a=2.45e- 10*4/sqrt(3);m=9. 1 10e-3 1 ; 

dl=[l 1 l]/4;d2=[l -1 -l]/4;d3=[-l 1 -l]/4;d4=[-l -1 l]/4; 

%sp3s* model parameters 
soa=.3787/3;soc=.0129/3; 

Esa=-8.3431;Epa=1.0414;Esc=-2.6569;Epc=3.6686;Esea=8.5914;Esec=6.7386; 

Vss=-6.4513;Vpasc=-5.7839;Vpasec=-4.8077; 

Vsapc=4.4800; Vseapc=4.8422; Vxx= 1 .9546; Vxy=5 .0779; 

%Conduction band effective mass model parameters 
Ec=1.55;meff=.12*m; 

Nt= 1 0 1 ;kk= 1 *linspace(0, 1 ,Nt); 
l=0.5;m=0.5;n=0.5;%L-direction 
%1= 1 ;m=0;n=0; %X-direction 

forNk=l:Nt 
k=2*pi*kk(Nk)*[l m n]; 

%sp3s* model 

pl=exp(i*sum(k.*dl));p2=exp(i*sum(k.*d2)); 
p3=exp(i*sum(k.*d3));p4=exp(i*sum(k.*d4)); 

g0=(p 1 + P 2+p3+p4)/4;g l=(p l+p2-p3-p4)/4; 

g2=(pl-p2+p3-p4)/4;g3=(pl-p2-p3+p4)/4; 

al=diag([Esa Epa Epa Epa Esea]);Al=[al z;z al]; 
a2=diag([Esc Epc Epc Epc Esec]);A2=[a2 z;z a2]; 
b=[Vss*gO Vsapc*gl Vsapc*g2 Vsapc*g3 0; 

Vpasc*gl Vxx*g0 Vxy*g3 Vxy*g2 Vpasec*gl; 

Vpasc*g2 Vxy*g3 Vxx*g0 Vxy*gl Vpasec*g2; 
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Vpasc*g3 Vxy*g2 Vxy*gl Vxx*gO Vpasec*g3; 

0 Vseapc*conj(gl) Vseapc*conj(g2) Vseapc*conj(g3) 0];B=[b z;z b]; 

h=[al b;b' a2];H=[Al B;B' A2]; 

aso=soa*[0 00000000 0; 

00 -i 000001 0; 
OiOOOOOO-iO; 
000000-1 iOO; 
000000000 0; 
000000000 0; 
000-1 OOOiOO; 
0 0 0 -i 0 0 -i 0 0 0; 
OliOOOOOOO; 
000000000 0]; 
cso=soc*[0000000000; 

00 -i 000001 0; 
OiOOOOOO-iO; 
000000-1 iOO; 
000000000 0; 
000000000 0; 
000-1 OOOiOO; 
0 0 0 -i 0 0 -i 0 0 0; 
OliOOOOOOO; 

000000000 0];H=H+[aso Z;Z cso]; 

[V,D]=eig(H); 

eiglst = sum(D); 

E(Nk,:) = sort(real(eiglst)); 

%Conduction band effective mass model 

Em(Nk)=Ec+((hbar"2)*sum(k.*k)/(2*meff*q*(a"2))); 

end 

kk=-kk; %L-direction 
hold on 

hl=plot(kk,E, 'b'); 
h2=plot(kk,Em,'b-'); 
axis([-l 1 -3 3]) 
set(hl,'linewidth',[1.0]) 
set(h2,'linewidth',[2.0]) 
set(gca, 1 Fontsize 1 , [24] ) 

xlabel(' ka (fraction of maximum value — > ') 
ylabel(' Energy ( eV ) — > ') 
grid on 

% Fig.6.1 .7 

clear all 

t=3;m=65;%66 for (a), 65 for (b) 
D=2*m*0.14*sqrt(3)/(2*pi); 
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Eg=2*t*0. 14/D;nu=round(2*m/3)+0;% +1 is used for higher mode 

kyb=2*pi*nu/(2*m); 

kxa=0.05*linspace(-pi,pi,101); 

El=(3*t/2)*sqrt(((kxa*2/3)."2)+(((abs(kyb)-(2*pi/3))*2/sqrt(3))."2));%a0=b*2/sqrt(3)=a*2/3; 
E2=t*sqrt(l+(4*cos(kyb).*cos(kxa))+(4*cos(kyb)."2)); 

k=kxa./pi;[D Eg nu min(El)] 

hold on 

h=plot(k,El, 'b'); 
h=plot(k,-El, 'b'); 
axis([-0.05 0.05 -0.6 0.6]) 
set(h,'linewidth',[1.0]) 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[24]) 

xlabel(' kxa/pi (fraction of maximum value — > ') 
ylabel(' Energy ( eV ) — > ') 
grid on 



% Fig.6.1 .9 

clear all 
t=3;kxa=0; 

kyb=linspace(-pi,pi, 10 1 ); 

El=(3*t/2)*sqrt(((kxa*2/3)."2)+(((abs(kyb)-(2*pi/3))*2/sqrt(3))."2));%a0=b*2/sqrt(3)=a*2/3; 
E2=t*sqrt(l+(4*cos(kyb).*cos(kxa))+(4*cos(kyb)."2)); 

k=kyb./pi; 

hold on 

h=plot(k,El,'b l ); 
h=plot(k,-El,'b l ); 
h=plot(k,E2,'bx'); 
h=plot(k,-E2,'bx l ); 
axis([-l 1 -15 15]) 
set(h,'linewidth',[1.0]) 
set(h,'linewidth',[2.0]) 
set(gca, ' Fontsize 1 , [24] ) 
xlabel(' kyb/pi — > ') 
ylabel(' Energy ( eV ) — > ') 
grid on 



% Fig.6.2.1 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar= 1 .055e-34;m=9. 1 1 0e-3 l;q=l .602e- 1 9;L= le-9; 
D2=zeros(l,101); 
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Lz=20e-9;%5e-9 for (a),20e-9 for (b) 

E0=(hbar"2)*(pr2)/(2*q*m*Lz"2); 

forp=l:25 

E=linspace(-0.1,0.25,101);thet=(E+abs(E))./(2*E); 
EE=E-(p*p*E0);theta=(EE+abs(EE))./(2*EE); 
Dl=(L)*q*m*thet.*real((2*m*E*q)."(-0.5))./(pi*hbar); 
D2=D2+((L"2)*q*m*theta./(2*pi*hbar*hbar)); 

D3=(L'3)*q*m*thet.*real((2*m*E*q)."0.5)./(2*pi*pi*hbar*hbar*hbar); 
end 

hold on 

h=plot(D2,E,'b'); 

h=plot(D3.*Lz/L,E,'b'); 

%axis([0 10 -0.1 0.25]);%Part (a) 

axis([0 40 -0.1 0.25]);%Part (b) 

set(h,'linewidth',[1.0]) 

set(h,'linewidth',[2.0]) 

set(gca,'Fontsize',[24]) 

xlabel(' D(E) (per eV per mrT2) — > ') 

ylabel(' Energy ( eV ) — > ') 

grid on 

% Fig.6.2.2 

clear all 

t=3;m=800;% Use 200 and 800 for two plots 

a0=0.14;D=2*m*a0*sqrt(3)/(2*pi);Eg=2*t*0.14/D;c=pi*D;L=l;D 

nuO=round(2*m/3);a=3*aO/2; 

E=linspace(0,0.25,101); 
DG=(2*c*L/(2*pi*a*a*t*t))*E; 

DN=zeros(l,101); 

for nu=nu0-100:nu0+100 

Ek=((t*2*pi/sqrt(3))*((3*nu/(2*m))-l))+(i*le-12); 

DN=DN+((2*L/(pi*a*t))*abs(real(E./(sqrt((E."2)-(Er2)))))); 

end 

hold on 

hl=plot(DG,E,'bx'); 
h2=plot(DN,E,'b'); 
hold on 

axis([0 50 0 0.25]); 

setChl.'linewidth'^l.O]) 

set(h2,'linewidth',[2.0]) 

set(gca, 1 Fontsize 1 , [24] ) 

xlabel(' D(E) (per eV per nm) — > ') 

ylabel(' Energy ( eV ) — > ') 

grid on 
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% Fig.6.3.3 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar= 1 .055e-34;m=9. 1 1 Oe-3 l;q=l .602e- 1 9;a=5e- 10;L= 10e-9; 

k=0.5 *linspace(- 1 , 1 ,20 1 )/a; 

Ek=(hbar"2)*(k."2)/(2*0.25*m*q); 

EE=linspace(0,0.2,201); 

%Subband(l,l) 

El=2*(hbar~2)*(pr2)/(2*0.25*m*q*L~2); 
M=((EE-E 1 )+abs(EE-E 1 )) ./(2*abs(EE-E 1 )) ; 

%Subbands (1,2) and (2,1) 

E2=5*(hbar-2)*(pi-2)/(2*0.25*m*q*L~2); 

M=M+(((EE-E2)+abs(EE-E2))./(abs(EE-E2))); 

%Subband (2,2) 

E3=8*(hbar"2)*(pr2)/(2*0.25*m*q*L~2); 
M=M+(((EE-E3)+abs(EE-E3))./(2*abs(EE-E3))); 

hold on 

h=plot(k,El+Ek,'b');%Part (a) 
h=plot(k,E2+Ek,'b');%Part (a) 
h=plot(k,E3+Ek,'b');%Part (a) 
%h=plot(M,EE,'b');%Part (b) 
set(h,'linewidth',[2.0]) 
set(gca, ' Fontsize 1 , [24] ) 
xlabel( , k(/m)');%Part(a) 
%xlabel(' M ( E ) ');%Part (b) 
ylabel('E - Ec ( eV )->'); 
axis([-le9 le9 0 0.3]);%Part (a) 
%axis([0 5 0 0.3]);%Part (b) 
grid on 



% Fig.6.3.4 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar= 1 .055e-34;m=9. 1 1 0e-3 1 ;q= 1 .602e- 1 9;a=5e- 10;L= 10e-9; 

k=0.5 *linspace(- 1 , 1 ,20 1 )/a; 

Ek=-(hbar"2)*(k.~2)/(2*0.25*m*q); 

EE=linspace(0,-0.2,201); 

%Subband (1,1) 

El=-2*(hbar"2)*(pi~2)/(2*0.25*m*q*L~2); 
M=((E 1 -EE)+abs(E 1 -EE)) ./(2*abs(E 1 -EE)) ; 
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%Subbands (1,2) and (2,1) 

E2=-5*(hbar"2)*(pr2)/(2*0.25*m*q*L"2); 

M=M+(((E2-EE)+abs(E2-EE))./(abs(E2-EE))); 

%Subband (2,2) 

E3=-8*(hbar"2)*(pi~2)/(2*0.25*m*q*L~2); 
M=M+(((E3-EE)+abs(E3-EE))./(2*abs(E3-EE))); 

hold on 

%h=plot(k,El+Ek,'b');%Part (a) 
%h=plot(k,E2+Ek,'b');%Part (a) 
%h=plot(k,E3+Ek,'b');%Part (a) 
h=plot(M,EE,'b');%Part (b) 
set(h,'linewidth',[2.0]) 
set(gca, 1 Fontsize 1 , [24] ) 
%xlabel('k ( / m )');%Part (a) 
xlabelC M(E) ');%Part (b) 
ylabel('E-Ev(eV )->'); 
%axis([-le9 le9 -0.3 0]);%Part (a) 
axis([0 5 -0.3 0]);%Part (b) 
grid on 

Chapter 7 

% Fig.7.1 .5 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar= 1 .055e-34;q= 1 .602e- 1 9;a=3e- 10;m=9. 1 10e-3 1 ; 

%Conduction band parameters 

mw=.07*m;ma=.22*m;mb^.7*mw)+(.3*ma);kk=0*. 1 *pi; 
Ec=0;Eb=(.7*0)+(.3*1.25); 

for nk= 1:24 

Nw=nk+10;Nb=2*Nw;Np=Nb+Nw+Nb;W(nk)=(Nw-l)*a*le9; 
tb=(hbar"2)/(2*mb*(a"2)*q);tw=(hbar"2)/(2*mw*(a"2)*q); 
t=[tb*ones(l,Nb) tw*ones(l,Nw-l) tb*ones(l,Nb)]; 
tt=[0t]+[t 0]; 

Ebk=Eb+(tb*(kk' 1 2));Ewk=tw*(kk"2);Ebwk=(Eb/2)+((tb+tw)*(kk"2)/2); 
U=Ec+[Ebk*ones(l,Nb) Ebwk Ewk*ones(l,Nw-2) Ebwk Ebk*ones(l,Nb)]; 
H=-diag(t,l)-diag(t,-l)+diag(tt)+diag(U); 
[V,D]=eig(H);D=diag(D);D=(sort(real(D)))'; 
El(nk)=D(l);E2(nk)=D(2); 

end 

hold on 

hl=plot(W,El,'b'); 
hl=plot(W,E2,'b-'); 



365 



MATLAB codes used to generate text figures 



set(hl,'linewidth',[2.0]) 
set(gca,'Fontsize',[24]) 
xlabelC W ( nm ) — > ') 
ylabel(' Energy ( eV ) — > ') 
axis([2 10 0.4]) 
grid on 

% Fig.7.1 .6 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar= 1 .055e-34;q= 1 ,602e- 1 9;a=3e- 10;m=9. 1 10e-3 1 ; 

%Conduction band parameters 
mw=.07*m;ma=.22*m;mb=(.7*mw)+(.3*ma); 
Nw=24;Nb=2*Nw;Np=Nb+Nw+Nb;W=(Nw-l)*a*le9 
Ec=0;Eb=(.7*0)+(.3*1.25); 

for nk= 1:26 

kk=(nk-l)*a*lel0/500;k(nk)=kk/(a*le9); 
tb=(hbar"2)/(2*mb*(a'2)*q);tw=(hbar'2)/(2*mw*(a"2)*q); 
t=[tb*ones(l,Nb) tw*ones(l,Nw-l) tb*ones(l,Nb)]; 
tt=[0 tj+[t 0]; 

Ebk=Eb+(tb*(kk"2));Ewk=tw*(kk"2);Ebwk=(Eb/2)+((tb+tw)*(kk"2)/2); 

U=Ec+[Ebk*ones( l,Nb) Ebwk Ewk*ones(l,Nw-2) Ebwk Ebk*ones(l,Nb)]; 

H=-diag(t,l)-diag(t,-l)+diag(tt)+diag(U); 

[V,D]=eig(H);D=diag(D);D=(sort(real(D)))'; 

E 1 (nk)=D( 1 );E2(nk)=D(2); 

end 

E 1 w=E 1 ( 1 )+(hbar~2)*(k."2)./(2*mw* 1 e- 1 8*q); 
E2w=E2( l)+(hbar"2)*(k."2)./(2*mw* 1 e- 1 8*q); 
Elb=El(l)+(hbar-2)*(k.-2)./(2*mb*le-18*q); 
E2b=E2(l)+(hbar~2)*(k.-2)./(2*mb*le-18*q); 

hold on 

h=plot(k,El,'b l ); 

h=plot(k,E2,'b'); 

h=plot(k,Elw,'b:'); 

h=plot(k,E2w,'b:'); 

h=plot(k,Elb,'b--'); 

h=plot(k,E2b,'b-'); 

set(h,'linewidth',[1.0]) 

set(gca,'Fontsize',[24]) 

xlabel(' k ( / nm ) — > ') 

ylabel(' Energy ( eV ) — > ') 

axis([0 .5 0 0.4]) 

grid on 
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% Fig.7.2.5 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar=l .06e-34;q= 1 .6e- 1 9;epsO=8.85E- 1 2;epsr=4;m=.25*9. le-3 1 ; 

mu=0;kT=.025;nO=m*kT*q/(2*pi*(hbar"2));nO 

%inputs 

a=3e-10;tOKhbar"2)/(2*m*(a~2)*q);eO=q*a/epsO; 
Nox=7;Nc=10;%use Nc=10,30 for 3,9nm channel respectively 
Np=Nox+Nc+Nox;XX=a* le9*[ 1 : 1 :Np]; 
Ec=[3*ones(Nox,l);0*ones(Nc,l);3*ones(Nox,l)]; 

%Hamiltonian matrix 

T=(2*t0*diag(ones( 1 ,Np)))-(tO*diag(ones( 1 ,Np- 1 ), 1 ))-(tO*diag(ones( 1 ,Np- 1 ),- 1 )); 
%dielectric constant matrix 

D2=epsr*((2*diag(ones( 1 ,Np)))-(diag(ones( 1 ,Np- 1), 1 ))-(diag(ones(l ,Np- 1),- 1 ))); 
iD2=inv(D2); 

Vg=.25;Ubdy=-epsr*[Vg;zeros(Np-2,l);Vg]; 
%Ubdy=-epsr*[0;zeros(Np-2,l);Vg];;%for asymmetric bias 
U0=iD2*Ubdy; 

%self-consistent calculation 

Ul=le-6*ones(Np,l);UU=Ul;change=l; 
while change> le-3 

U1=U1+(0.1*(UU-U1)); 
[P,D]=eig(T+diag(Ec)+diag(Ul));D=diag(D); 
rho=log( l+exp((mu-D)./kT));rho=P*diag(rho)*P' ; 
n=2*n0*diag(rho); 
forkp=l:Np 

ncl(kp)=a*2*(nO"1.5)*Fhalf((mu-Ec(kp)-Ul(kp))/kT); 

end 

%n=ncl';%use for semiclassical calculation 
UU=U0+(iD2*e0*n); 
change=max(max((abs(UU-Ul)))); 
U=Ec+Ul;%self-consistent band profile 

end 

%electron density in channel per cm2 

ns=le-4*sum(sum(n.*[zeros(Nox,l);ones(Nc,l);zeros(Nox,l)]));Vg,ns 
nn=le-6*n./a;%electron density per cm3 
Fn=mu*ones(Nc+Nox+Nox, 1 ); 

hold on 

h=plot(XX,nn,'g'); 

%h=plot(XX,Ec,'g-- 1 ); 

%h=plot(XX,Ec+Ul, 1 g l ); 

%h=plot(XX,Fn,'g:'); 

set(h,'linewidth',[2.0]) 
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set(gca,'Fontsize',[24]) 
xlabel(' z (nm) — > ') 
%ylabel('E(eV) -- > ') 
ylabel(' n (/cm3) — >') 
%axis([0 8 -.5 3]) 
axis([0 8 0 15el8j) 
grid on 

% Fig.7.3.1 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar= 1 .06e-34;q= 1 .6e- 1 9;epsO=8.85E- 1 2;epsr=4;m=.25 *9. le-3 1 ; 

mu=0;kT=.025;nO=m*kT*q/(2*pi*(hbar"2)); 

%inputs 

a=3e-10;t0^hbar"2)/(2*m*(a~2)*q);e0=q*a/eps0; 
Nox=7;Nc=10;%use Nc=10,30 for 3,9nm channel respectively 
Np=Nox+Nc+Nox;XX=a* le9*[ 1 : 1 :NpJ; 
Ec=[3*ones(Nox,l);0*ones(Nc,l);3*ones(Nox,l)]; 

%Hamiltonian matrix 

T=(2*t0*diag(ones( 1 ,Np)))-(tO*diag(ones( 1 ,Np- 1), 1 ))-(tO*diag(ones( 1 ,Np- 1 ),- 1 )); 
%dielectric constant matrix 

D2=epsr*((2*diag(ones( 1 ,Np)))-(diag(ones( 1 ,Np- 1), 1 ))-(diag(ones(l ,Np-l ),- 1 ))); 
iD2=inv(D2); 

Vg=linspace(-.25,. 25,26); 
for kg= 1:26 

Ubdy=-epsr*[Vg(kg);zeros(Np-2,l);Vg(kg)];kg; 
%Ubdy=-epsr*[0;zeros(Np-2,l);Vg(kg)];;%for asymmetric bias 
U0=iD2*Ubdy; 

%self -consistent calculation 

Ul=le-6*ones(Np,l);UU=Ul;change=l; 
while change> le-3 

U1=U1+(0.1*(UU-U1)); 
[P,D]=eig(T+diag(Ec)+diag(Ul));D=diag(D); 
rho=log( 1 +exp((mu-D) ./kT)) ;rho=P*diag(rho) *P' ; 
n=2*n0*diag(rho); 
forkp=l:Np 

ncl(kp)=a*2*(nO"1.5)*Fhalf((mu-Ec(kp)-Ul(kp))/kT); 

end 

%n=ncl';%use for semiclassical calculation 
UU=U0+(iD2*e0*n); 
change=max(max((abs(UU-Ul)))); 
U=Ec+Ul;%self -consistent band profile 

end 
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%electron density in channel per cm2 

ns(kg)=le-4*sum(sum(n.*[zeros(Nox,l);ones(Nc,l);zeros(Nox,l)])); 
nn(:,kg)=le-6*n./a;%electron density per cm3 
Fn(:,kg)=mu*ones(Nc+Nox+Nox,l); 

end 

C=q*(ns(26)-ns(25))/(Vg(26)-Vg(25)); 

d=le-4*epsr*epsO*2/C;d,C 

%ns=loglO(ns) 

hold on 

h=plot(Vg,ns,'b'); 
set(h,'linewidth',[2.0]) 
set(gca, 1 Fontsize 1 , [24] ) 
xlabelC Vg (V) — > ') 
ylabel(' ns (/cm2) — > ') 
%axis([0 .3 0 3.5el2]) 
grid on 

% Fig.7.3.2 

clear all 

E=linspace(-.5,1,1001); 
D=sqrt(E); 

hold on 

h=plot(D,E,'b'); 
set(h,'linewidth',[2.0]) 
set(gca, 'Fontsize 1 , [24]) 
xlabelC D ( E ) (arb. units) ') 
ylabelC E ( eV ) ') 
grid on 

% Fig.7.3.4 

clear all 

E=linspace(-.25,.25,501);dE=E(2)-E(l);kT=0.025;Ef=0; 

V=0;mul=Ef+(V/2);mu2=Ef-(V/2); 

f 1 = 1 ./( 1 +exp((E-mu 1 ) ./kT)) ;f2= 1 ./( 1 +exp((E-mu2)./kT)); 

FT=[0 diff(fl)];FT=FT.*(-l/dE); 

%dE*(sum(fl-f2))/V 

hold on 

h=plot(FT,E, l b'); 
set(h,'linewidth',[2.0]) 
set(gca, 'Fontsize 1 , [24]) 
grid on 
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% Fig.7.4.1, Fig.7.4.2 

clear all 

z=zeros(5);Z=zeros(10); 

%Constants (all MKS, except energy which is in eV) 

hbar= 1 .055e-34;q=l .602e-19;a=2.45e- 10*4/sqrt(3);m=9. 1 10e-3 1 ; 

dl=[l 1 l]/4;d2=[l -1 -l]/4;d3=[-l 1 -l]/4;d4=[-l -1 l]/4; 

%sp3s* model parameters 
soa=.3787/3;soc=.0129/3; 

Esa=-8.3431;Epa=1.0414;Esc=-2.6569;Epc=3.6686;Esea=8.5914;Esec=6.7386; 
Vss=-6.45 1 3; Vpasc=-5 .7839; Vpasec=-4.8077; 
Vsapc=4.4800; Vseapc=4.8422; Vxx= 1 .9546; Vxy=5 .0779; 

%Valence band Luttinger-Kohn parameters 

Ev=-.l;del=.3;gl=6.85;g2=2.1;g3=2.9; 

tl=(hbar"2)*gl/(2*m*q*(a"2)); 

t2=(hbar"2)*g2/(2*m*q*(a"2)); 

t3=(hbar"2)*g3/(2*m*q*(a-2)); 

Nt= 1 0 1 ;kk= 1 *linspace(0, 1 ,Nt) ; 

l=l;m=0;n=0;%X-direction 

l=0.5;m=0.5;n=0.5;%L-direction 

forNk=l:Nt 
k=2*pi*kk(Nk)*[l m n]; 

%sp3s* model 

pl=exp(i*sum(k.*dl));p2=exp(i*sum(k.*d2)); 
p3=exp(i*sum(k.*d3));p4=exp(i*sum(k.*d4)); 

g0=(p 1 + P 2+p3+p4)/4;g l=(p l+p2-p3-p4)/4; 

g2=(p 1 -p2+p3-p4)/4;g3=(p 1 - P 2-p3+p4)/4; 

al=diag([Esa Epa Epa Epa Esea]);Al=[al z;z al]; 
a2=diag([Esc Epc Epc Epc Esec]);A2=[a2 z;z a2]; 
b=[Vss*gO Vsapc*gl Vsapc*g2 Vsapc*g3 0; 

Vpasc*gl Vxx*g0 Vxy*g3 Vxy*g2 Vpasec*gl; 

Vpasc*g2 Vxy*g3 Vxx*g0 Vxy*gl Vpasec*g2; 

Vpasc*g3 Vxy*g2 Vxy*gl Vxx*g0 Vpasec*g3; 

0 Vseapc*conj(gl) Vseapc*conj(g2) Vseapc*conj(g3) 0];B=[b z;z b]; 

h=[al b;b' a2];H=[Al B;B' A2]; 

aso=soa*[0 00000000 0; 

00 -i 000001 0; 
OiOOOOOO-iO; 
000000-1 iOO; 
000000000 0; 
000000000 0; 
000-1 OOOiOO; 
0 0 0 -i 0 0 -i 0 0 0; 
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OliOOOOOOO; 
000000000 0]; 
cso=soc*[0 0 00000 0 0 0; 

00 -i 000001 0; 
OiOOOOOO-iO; 
000000-1 iOO; 
000000000 0; 
000000000 0; 
000-1 OOOiOO; 
0 0 0 -i 0 0 -i 0 0 0; 
OliOOOOOOO; 

000000000 0];H=H+[aso Z;Z cso]; 

[V,D]=eig(H); 

eiglst = sum(D); 

E(Nk,:) = sort(real(eiglst)); 

%Valence band Luttinger-Kohn model 

P=Ev+(tl*sum(k.*k));Q=t2*((k(l)"2)+(k(2)"2)-(2*(k(3r2))); 

R=-(sqrt(3)*t2*((k(l)"2)-(k(2)"2)))+(i*2*t3*sqrt(3)*k(l)*k(2)); 

S=2*t3*sqrt(3)*((k(l)-(i*k(2)))*k(3)); 

H4=-[P+Q -S R 0; 

-S 1 P-QOR; 
R 1 0 P-Q S; 

OR 1 S' P+Q];[V,D]=eig(H4); 
eiglst = sum(D); 
ELK4(Nk,:) = soit(real(eiglst)); 

H6=-[P+Q -S R 0 -S/sqrt(2) sqrt(2)*R; 
-S' P-Q 0 R -sqrt(2)*Q sqrt(1.5)*S; 
R 1 0 P-Q S sqrt(1.5)*S' sqrt(2)*Q; 
0 R 1 S' P+Q -sqrt(2)*R' -S'/sqrt(2); 
-S'/sqrt(2) -sqrt(2)*Q' sqrt(1.5)*S -sqrt(2)*R P+del 0; 
sqrt(2)*R' sqrt(1.5)*S' sqrt(2)*Q' -S/sqrt(2) 0 P+del]; 

[V,D]=eig(H6); 
eiglst = sum(D); 
ELK6(Nk,:) = sort(real(eiglst)); 

end 

kk=-kk; %L-direction 
hold on 

hl=plot(kk,E,'b'); 

%h2=plot(kk,ELK4, 1 b- 1 ); % Fig. 6.4. 1 
h2=plot(kk,ELK6, 1 b- 1 ); % Fig.6.4.2 
set(hl,'rinewidth',[2.0]) 
set(h2,'linewidth',[3.0]) 
set(gca, 1 Fontsize 1 , [24] ) 

xlabel(' ka (fraction of maximum value) — > ') 
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ylabel(' Energy ( eV ) — > ') 
axis([-l 1 -2 3]) 
grid on 

% Fig.7.4.4 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar= 1 .055e-34;q= 1 .602e- 1 9;a=3e- 10;m=9. 1 10e-3 1 ; 

Eb=. 15; 

%Luttinger-Kohn parameters 

gl=6.85;g2=2.1;g3=2.9;%GaAs 

wl=(hbar"2)*gl/(2*m*q*(a"2)); 

w2=(hbar~2)*g2/(2*m*q*(a~2)); 

w3=(hbar~2)*g3/(2*m*q*(a"2)); 

gl=3.45;g2=0.68;g3=1.29;%AlAs 

al=(hbar"2)*gl/(2*m*q*(a"2));bl=(.7*wl)+(.3*al); 

a2=(hbar"2)*g2/(2*m*q*(a"2));b2=(.7*w2)+(.3*a2); 

a3=(hbar"2)*g3/(2*m*q*(a~2));b3=(.7*w3)+(.3*a3); 
Ev=0;Evb=(0.7*0)+(0.3*0.75);kx=0*pi;ky=0*pi;k2=(kx^2)+(ky'2); 

for nk= 1:20 

Nw=nk+10;Nb=Nw;Np=Nb+Nw+Nb;W(nk)=(Nw-l)*a*le9;Z=zeros(Np);nk 
X(nk)=Nw-l; 

t=[bl*ones(l,Nb) wl*ones(l,Nw-l) bl*ones(l,Nb)];tt=[0 t]+[t 0]; 
Ebk=Evb+(b 1 *k2);Ewk=( w 1 *k2) ;Ebwk=(Ebk+Ewk)/2; 
U=Ev+[Ebk*ones(l,Nb) Ebwk Ewk*ones(l,Nw-2) Ebwk Ebk*ones(l,Nb)]; 
P=-diag(t, 1 )-diag(t,- 1 )+diag(tt)+diag(U); 

t=-2*[b2*ones(l,Nb) w2*ones(l,Nw-l) b2*ones(l,Nb)];tt=[0 t]+[t 0]; 
Ebk=b2*k2;Ewk=w2*k2;Ebwk=(Ebk+Ewk)/2; 

U=[Ebk*ones(l,Nb) Ebwk Ewk*ones(l,Nw-2) Ebwk Ebk*ones(l,Nb)]; 
Q=-diag(t,l)-diag(t,-l)+diag(tt)+diag(U); 

Ebk=-(sqrt(3)*b2*((kx"2)-(ky"2)))+(i*2*b3*sqrt(3)*kx*ky); 

Ewk=-(sqrt(3)*w2*((kx"2)-(ky"2)))+(i*2*w3*sqrt(3)*kx*ky); 

Ebwk=(Ebk+Ewk)/2; 

U=[Ebk*ones(l,Nb) Ebwk Ewk*ones(l,Nw-2) Ebwk Ebk*ones(l,Nb)]; 
R=diag(U); 

t=2*i*sqrt(3)*(kx-(i*ky))*[b3*ones(l,Nb) w3*ones(l,Nw-l) b3*ones(l,Nb)]; 
S=diag(t,l)-diag(t,-l); 

H=[P+Q Z;Z P+Q];HL=[P-Q Z;Z P-Q]; 
HC=[-S R;R' S']; 

H=-[H HC;HC HL]; 

[V,D]=eig(H);D=diag(D);D=-(sort(real(-D)))'; 
El(nk)=D(l);E2(nk)=D(2);E3(nk)=D(3);E4(nk)=D(4); 
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E5(nk)=D(5);E6(nk)=D(6);E7(nk)=D(7);E8(nk)=D(8); 
end 

%Analytical results for infinite well 
Ean 1 =-( w 1 -(2* w2))*(pi~2)./(X.~2); 
Ean2=-(wl+(2*w2))*(pi~2)./(X.~2); 

hold on 

%h=plot(W,Eanl,'b'); 

%h=plot(W,Ean2,'b'); 

h=plot(W,El,'b'); 

%h=plot(W,E2,'bx'); 

h=plot(W,E3,'b'); 

%h=plot(W,E4,'b+ l ); 

h=plot(W,E5,'b l ); 

%h=plot(W,E6,'bx'); 

h=plot(W,E7,'b l ); 

%h=plot(W,E8,'b+'); 

set(h,'linewidth',[2.0]) 

set(gca, 1 Fontsize 1 , [24] ) 

xlabel('W ( nm ) — > ') 

ylabel(' Energy ( eV ) — > ') 

axis([3 9 -.25 0]) 

grid on 



% Fig.7.4.5 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar= 1 .055e-34;q= 1 .602e- 1 9;a=3e- 10;m=9. 1 10e-3 1 ; 

%Luttinger-Kohn parameters 

gl=6.85;g2=2.1;g3=2.9;%GaAs 

wl=(hbar~2)*gl/(2*m*q*(a~2)); 

w2=(hbar"2)*g2/(2*m*q*(a"2)); 

w3=(hbar"2)*g3/(2*m*q*(a"2)); 

gl=3.45;g2=0.68;g3=1.29;%AlAs 

al=(hbar"2)*gl/(2*m*q*(a"2));bl=(.7*wl)+(.3*al); 

a2=(hbar"2)*g2/(2*m*q*(a"2));b2=(.7*w2)+(.3*a2); 

a3=(hbar"2)*g3/(2*m*q*(a' 1 2));b3=(-7*w3)+(.3*a3); 
Ev=0;Evb=(0.7*0)+(0.3*0.75); 

Nw=18;Nb=Nw;Np=Nb+Nw+Nb;W=(Nw-l)*a*le9,Z=zeros(Np); 
for nk=l:26 

k(nk)=(nk-l)/500;% in A~-l 
l=0;m=l;lm=sqrt((r2)+(m"2)); 
kx=(l/lm)*k(nk)*a*lelO;ky=(m/lm)*k(nk)*a*lelO; 
k2=(kx"2)+(ky"2); 
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t=[bl*ones(l,Nb) wl*ones(l,Nw-l) bl*ones(l,Nb)];tt=[0 t]+[t 0]; 
Ebk=Evb+(bl*k2);Ewk=(wl*k2);Ebwk=(Ebk+Ewk)/2; 
U=Ev+[Ebk*ones(l,Nb) Ebwk Ewk*ones(l,Nw-2) Ebwk Ebk*ones(l,Nb)]; 
P=-diag(t, 1 )-diag(t,- 1 )+diag(tt)+diag(U); 

t=-2*[b2*ones(l,Nb) w2*ones(l,Nw-l) b2*ones(l,Nb)];tt=[0 t]+[t 0]; 
Ebk=b2*k2;Ewk=w2*k2;Ebwk=(Ebk+Ewk)/2; 

U=[Ebk*ones(l,Nb) Ebwk Ewk*ones(l,Nw-2) Ebwk Ebk*ones(l,Nb)]; 
Q=-diag(t,l)-diag(t,-l)+diag(tt)+diag(U); 

Ebk=-(sqrt(3)*b2*((kx' 1 2)-(ky"2)))+(i*2*b3*sqrt(3)*kx*ky); 

Ewk=-(sqrt(3)*w2*((kx"2)-(ky"2)))+(i*2*w3*sqrt(3)*kx*ky); 

Ebwk=(Ebk+Ewk)/2; 

U=[Ebk*ones(l,Nb) Ebwk Ewk*ones(l,Nw-2) Ebwk Ebk*ones(l,Nb)]; 
R=diag(U); 

t=-2*i*sqrt(3)*(kx-(i*ky))*[b3*ones(l,Nb) w3*ones(l,Nw-l) b3*ones(l,Nb)]/2; 
S=diag(t,l)-diag(t,-l); 

H=[P+Q Z;Z P+Q];HL=[P-Q Z;Z P-Q]; 
HC=[-S R;R' S 1 ]; 

H=-[H HC;HC HL]; 
[nk sum(sum(abs(H-H')))] 

[V,D]=eig(H);D=diag(D);D=-(sort(real(-D)))'; 

El(nk)=D(l);E2(nk)=D(2);E3(nk)=D(3);E4(nk)=D(4); 

end 

k=k* 10;%per Angstrom to per nm 
hold on 

%h=plot(W,Eanl,'b'); 

%h=plot(W,Ean2,'b'); 

h=plot(k,El,'b l ); 

%h=plot(k,E2, l bx'); 

h=plot(k,E3,'b l ); 

%h=plot(k,E4,'b+ l ); 

set(h,'linewidth',[2.0]) 

set(gca,'Fontsize',[24]) 

xlabel(' k ( /nm ) — > ') 

ylabel(' Energy ( eV ) — > ') 

axis([0 .5 -.1 0]) 

grid on 

Chapter 8 

% Fig.8.1 

clear all 

E=linspace(-.3,.3,50001);dE=E(2)-E(l);gam=0.05; 
D=(gam/(2*pi))./(((E-.14).^)+((gam/2) A 2)); 
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D=D+(gam/(2*pi))./(((E-.04)."2)+((gam/2)"2));%Use for Fig.P.5.2 
D=D+((gam/(2*pi))-/(((E+.06)."2)+((gam/2)"2)));%Usefor Fig.P.5.2 
D=D+(gam/(2*pi))./(((E+.15).'2)+((gam/2r2)); 
dE*sum(D) 

hold on 

h=plot(D,E,'b'); 
set(h,'linewidth',[2.0]) 
set(gca, 1 Fontsize 1 , [24] ) 
xlabelC D(E) (pereV) — >') 
ylabelC E (eV) — > ') 
grid on 

% Fig.8.2.5 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar= 1 .06e-34;q= 1 .6e- 1 9;m=0.25 *9. 1 e-3 1 ;mu=0.25;kT=0.025; 

%inputs 

a=2e-10;tO=(hbar"2)/(2*m*(a^2)*q);Np=50;tO 
X=a*linspace(0,Np- 1 ,Np) ;U=linspace(-0.05 ,0.05 ,Np); 

H=(2*t0*diag(ones( 1 ,Np)))-(tO*diag(ones( 1 ,Np- 1 ), 1 ))-(tO*diag(ones( 1 ,Np- 1 ),- 1 )); 

H=H+diag(U);HP=H; 

HP( 1 ,Np)=-tO;HP(Np, 1 )=-t0; 

[V,D]=eig(HP);D=diag(D); 

rho=l./(l+exp((D-mu)./kT)); 

rho=V*diag(rho)*V';rho=diag(rho)/a; 

%Energy grid for Green's function method 

Emin=-0.1;Emax=0.4;NE=250;E=linspace(Emin,Emax,NE);dE=E(2)-E(l);zplus=i*le-12; 
f= 1 ./( l+exp((E-mu)./kT)); 

%Green's function method 

sigl=zeros(Np,Np);sig2=zeros(Np,Np);n=zeros(Np,l); 
fork=l:NE 

ck=( 1 -((E(k)+zplus-U( 1 ))/(2*t0)));ka=acos(ck); 

sigma=-t0*exp(i*ka);sig 1(1,1 )=sigma; 
ck=( 1 -((E(k)+zplus-U(Np))/(2*tO)));ka=acos(ck); 

sigma=-tO*exp(i*ka);sig2(Np,Np)=sigma; 

G=inv(((E(k)+zplus)*eye(Np))-H-sigl-sig2); 

n=n+(f(k)*(dE*diag(i*(G-G'))/(2*pi*a))); 

end 
hold on 

h=plot(X,rho,'b'); 
h=plot(X,n,'bx'); 
grid on 

set(h,'linewidth',[2.0]) 
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set(gca,'Fontsize',[24]) 
xlabelC X ( m ) --> ') 
ylabel(' n ( / m ) — > ') 

% Fig.8.2.6 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar= 1 .06e-34;q= 1 .6e- 1 9;m=0.25 *9. 1 e-3 1 ;mu=0.25;kT=0.025; 

%inputs 

a=2e-10;tO=(hbar"2)/(2*m*(a~2)*q);Np=50;tO 
X=a*linspace(0,Np-l,Np);U=linspace(-0.05,0.05,Np); 

H=(2*t0*diag(ones( 1 ,Np)))-(tO*diag(ones( 1 ,Np- 1 ), 1 ))-(tO*diag(ones( 1 ,Np- 1 ),- 1 )); 
H=H+diag(U); 

%Energy grid for Green's function method 

Emin=-0.1;Emax=0.4;NE=250;E=linspace(Emin,Emax,NE);dE=E(2)-E(l);zplus=i*le-12; 
f=l./(l+exp((E-mu)./kT)); 

%Green's function method 
sigl=zeros(Np,Np);sig2=zeros(Np,Np); 
fork=l:NE 

ck=(l-((E(k)+zplus-U(l))/(2*tO)));ka=acos(ck); 

sigma=-tO*exp(i*ka) ;sig 1(1,1 )=sigma; 
ck=(l-((E(k)+zplus-U(Np))/(2*tO)));ka=acos(ck); 

sigma=-tO*exp(i*ka);sig2(Np,Np)=sigma; 

G=inv(((E(k)+zplus)*eye(Np))-H-sigl-sig2); 

D0=diag(i*(G-G'))/(2*pi);Dl(k)=D0(l);D2(k)=D0(Np); 

end 
hold on 

%h=plot(X,U,'b l ); 
h=plot(Dl,E,'b'); 
%h=plot(D2,E, l b l ); 
grid on 

set(h, , linewidth',[2.0]) 
set(gca, ' Fontsize 1 , [24] ) 
xlabelC X ( m ) --> ') 
ylabelC U(eV)-> ') 
%axis([0 le-8 -.1 .4]) 
axis([0 1.2 -.1 .4]) 

%Fig.8.4.1 

ep=-0.25;epl=0.25;t=0.5;eta=0.025; 
H=[ep t;t epl]; 

E=linspace( - 1 , 1 ,20 1 ); 
for kE= 1:201 
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G=inv(((E(kE)+(i*eta))*eye(2,2))-H); 
A=diag(i*(G-G' ));D(kE)=A( 1 ); 
end 

hold on 

h=plot(D,E,'gx'); 
set(h,'linewidth',[3.0]) 
set(gca,'Fontsize',[24]) 
grid on 

xlabel('LDOS(/eV)-> ') 
ylabel(' Energy (eV)-> ') 

%Fig.E.8.2 

clear all 

t0=l;zplus=le-10; 

NE=8 1 ;X=linspace(- 1 ,3,NE); 
forkE=l:NE 

E=2*X(kE); 

ck= 1 -((E+zplus)/(2*t0));ka=acos(ck); 
if imag(ka) < 0 
ka=ka';end 
sig(kE)=-tO*exp(i*ka); 

end 

hold on 

h 1 =plot(real(sig),X, 1 g 1 ); 
h2=plot(imag(sig),X,'g'); 
h l=plot(real(sig),X, 1 go' ); 
set(hl,'linewidth l ,[2.0]) 
set(h2,'linewidth',[4.0]) 
set(gca, 1 Fontsize 1 , [24] ) 
grid on 
xlabel(' — > ') 
ylabel(' — > ') 



%Fig. E.8.5 

clear all 

%Constants (all MKS, except energy which is in eV) 
hbar=1.06e-34;q=1.6e-19;m=0.25*9.1e-31;zplus=i*5e-3; 

%inputs 

a=2.5e-10;tO=(hbar"2)/(2*m*(a"2)*q);Np=100;tO 

X=a*linspace(0,Np- 1 ,Np) ;U=zeros( 1 ,Np);U(Np/2)=5/(a* 1 e 1 0); 

H=(2*t0*diag(ones( 1 ,Np)))-(tO*diag(ones( 1 ,Np- 1 ), 1 ))-(tO*diag(ones( 1 ,Np-l ),- 1 )); 

H=H+diag(U); 

E=0.1; 
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%Green's function method 
sigl=zeros(Np,Np);sig2=zeros(Np,Np); 

ck=( 1 -((E+zplus-U( 1 ))/(2*t0)));ka=acos(ck); 

sigma=-tO*exp(i*ka);sig 1(1,1 )=sigma; 
ck=(l-((E+zplus-U(Np))/(2*tO)));ka=acos(ck); 
sigma=-tO*exp(i*ka);sig2(Np,Np)=sigma; 

G=inv(((E+zplus)*eye(Np))-H-sigl-sig2); 
D0=diag(i*(G-G'))/(2*pi); 

hold on 

h=plot(X,D0,'b'); 
grid on 

set(h,'linewidth',[2.0]) 
set(gca, ' Fontsize 1 , [24] ) 
xlabelC X (m) --> ') 
ylabelC DOS ( / eV ) -> ') 

Chapter 9 

% Fig.9.4.2 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar= 1 .055e-34;m=9. 1 1 Oe-3 l;q=l .602e- 1 9;a=5e- 10;L= 10e-9; 

k=0.5 *linspace(- 1 , 1 ,20 1 )/a; 

Ek=(hbar"2)*(k."2)/(2*0.25*m*q); 

EE=linspace(0,0.2,201); 

%Subband(l,l) 

El=2*(hbar'2)*(pi*2)/(2*0.25*m*q*L'2); 
M=((EE-E 1 )+abs(EE-E 1 )) ./(2*abs(EE-E 1 )) ; 

%Subbands (1,2) and (2,1) 

E2=5*(hbar"2)*(pr2)/(2*0.25*m*q*L~2); 

M=M+(((EE-E2)+abs(EE-E2))./(abs(EE-E2))); 

%Subband (2,2) 

E3=8*(hbar"2)*(pr2)/(2*0.25*m*q*L~2); 
M=M+(((EE-E3)+abs(EE-E3))./(2*abs(EE-E3))); 
k=k*le-9; 
hold on 

h=plot(k,El+Ek,'b'); 
h=plot(k,E2+Ek,'b'); 
h=plot(k,E3+Ek,'b'); 
set(h,'linewidth',[2.0]) 
set(gca, ' Fontsize 1 , [24] ) 
xlabel('k(/nm)'); 
ylabel('E - Ec ( eV )-->'); 
axis([-l 1 0 0.3]); 
grid on 
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% Fig.9.5.5 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar= 1 .06e-34;q= 1 .6e- 1 9;m=.25*9. le-3 1 ;IE=(q*q)/(2*pi*hbar); 

Ef=0.1;kT=.025; 

%inputs 

a=3e-10;t0=(hbar"2)/(2*m*(a~2)*q); 
NS= 1 5 ;NC=30;ND= 1 5 ;Np=NS+NC+ND; 

%Hamiltonian matrix 

%NS=15;NC=20;ND=15;Np=NS+NC+ND;UB=0*ones(Np,l);%no barrier 
%NS=23;NC=4;ND=23;Np=NS+NC+ND; 

%UB=[zeros(NS,l);0.4*ones(NC,l);zeros(ND,l);];%tunneling barrier 
NS= 1 5;NC= 1 6;ND= 1 5 ;Np=NS+NC+ND; 

UB=[zeros(NS,l);.4*ones(4,l);zeros(NC-8,l);.4*ones(4,l);zeros(ND,l)];%RT barrier 
T=(2*t0*diag(ones(l ,Np)))-(tO*diag(ones( 1 ,Np- 1 ), 1 ))-(tO*diag(ones(l ,Np- 1 ),- 1 )); 
T=T+diag(UB); 

%Bias 

V=0;mul=Ef+(V/2);mu2=Ef-(V/2); 

Ul=V*[.5*ones(l,NS) linspace(0.5,-0.5,NC) -.5*ones(l,ND)]; 
U 1 =U 1 1 ; % Applied potential profile 

%Energy grid for Green's function method 
NE=50 1 ;E=linspace(-.2,.8,NE);zplus=i* le- 12;dE=E(2)-E( 1 ); 
f 1 = 1 ./( l+exp((E-mu 1 )./kT»; 

f2=l./(l+exp((E-mu2)./kT)); 

%Transmission 

I=0;%Current 

fork=l:NE 

sigl=zeros(Np);sig2=zeros(Np);sig3=zeros(Np); 
ck= 1 -((E(k)+zplus-Ul ( 1 )-UB( 1 ))/(2*t0));ka=acos(ck); 
sig 1 ( 1 , 1 )=-tO*exp(i*ka);gam l=i*(sig 1 -sig 1 1 ); 

ck=l-((E(k)+zplus-Ul(Np)-UB(Np))/(2*tO));ka=acos(ck); 
sig2(Np,Np)=-tO*exp(i*ka);gam2=i*(sig2-sig2'); 

G=inv(((E(k)+zplus)*eye(Np))-T-diag(Ul)-sigl-sig2-sig3); 
TM(k)=real( trace(gam 1 *G*gam2*G' )); 
I=I+(dE*IE*TM(k)*(fl(k)-f2(k))); 

end 
V,I 

XX=a*le9*[l:l:Np]; 

XS=XX([l:NS-4]);XD=XX([NS+NC+5:Np]); 
hold on 

%h=plot(TM,E,'b'); 
h=plot(XX,Ul+UB,'b l ); 
h=plot(XS,mu 1 *ones( 1 ,NS-4),'b- 1 ); 
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h=plot(XD,mu2*ones(l,ND-4),'b--'); 
%axis([0 1.1 -.2 .8]) 
axis([0 15 -.2 .8]) 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[24]) 
%xlabel(' Transmission — > ') 
xlabel(' z ( nm ) — >') 
ylabel(' Energy ( eV ) — > ') 
grid on 

% Fig.9.5.8 

clear all 

%Constants (all MKS, except energy which is in eV) 

hbar= 1 .06e-34;q= 1 .6e- 1 9;m=.25*9. le-3 1 ;IE=(q*q)/(2*pi*hbar); 

Ef=0.1;kT=.025; 

%inputs 

a=3e40;t0=(hbar"2)/(2*m*(a*2)*q); 
NS=15;NC=30;ND=15;Np=NS+NC+ND; 

%Hamiltonian matrix 

NS= 1 5;NC= 1 6;ND= 15;Np=NS+NC+ND; 

UB=[zeros(NS,l);.4*ones(4,l);zeros(NC-8,l);.4*ones(4,l);zeros(ND,l)];%RT barrier 
T=(2*t0*diag(ones(l ,Np)))-(tO*diag(ones( 1 ,Np- 1 ), 1 ))-(tO*diag(ones( 1 ,Np- 1 ),- 1 )); 
T=T+diag(UB); 

%Bias 

V=0;mu 1 =Ef+(V/2);mu2=Ef-(V/2); 

Ul=V*[.5*ones(l,NS) linspace(0.5,-0.5,NC) -.5*ones(l,ND)]; 
U1=U1';% Applied potential profile 

%Energy grid for Green's function method 
NE=50 1 ;E=linspace(-.2,.8,NE);zplus=i* le- 12;dE=E(2)-E( 1 ); 
f 1 = 1 ./( l+exp((E-mu 1 )./kT)); 

f2=l./(l+exp((E-mu2)./kT)); 

%Transmission 

I=0;%Current 

fork=l:NE 

sigl=zeros(Np);sig2=zeros(Np);sig3=zeros(Np); 

ck= 1 -((E(k)+zplus-U 1 (1 )-UB(l ))/(2*t0));ka=acos(ck); 

sig 1 ( 1 , 1 )=-tO*exp(i*ka);gam 1 =i*(sig 1-sigl '); 

ck=l-((E(k)+zplus-Ul(Np)-UB(Np))/(2*tO));ka=acos(ck); 
sig2(Np,Np)=-tO*exp(i*ka);gam2=i*(sig2-sig2'); 

sig3(Np/2,Np/2)=-i*0.25;gam3=i*(sig3-sig3');%Buttiker probe 
G=inv(((E(k)+zplus)*eye(Np))-T-diag(U 1 )-sigl -sig2-sig3); 
Tl 2=real(trace(gam 1 *G*gam2*G' )); 
T13=real(trace(gaml*G*gam3*G')); 
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T23=real(trace(gam2*G*gam3*G')); 

TM(k)=Tl 2+(T 1 3 *T23/(T 1 2+T23)); 
I=I+(dE*IE*TM(k)*(f 1 (k)-f2(k))); 

end 
V,I 

XX=a*le9*[l:l:NpJ; 

XS=XX([l:NS-4]);XD=XX([NS+NC+5:Np]); 
hold on 

h=plot(TM,E,'b l ); 
axis([0 1.1 -.2 .8]) 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[24]) 
xlabel(' Transmission — > ') 
ylabel(' Energy ( eV ) — > ') 
grid on 



% Fig.9.5.10 

cleai' all 

%Constants (all MKS, except energy which is in eV) 

hbar= 1 .06e-34;q= 1 .6e- 1 9;m=.25*9. le-3 1 ;IE=(q*q)/(2*pi*hbar); 

Ef=0.1;kT=.025; 

%inputs 

a=3e-10;t0=(hbar"2)/(2*m*(a~2)*q); 
NS=15;NC=30;ND=15;Np=NS+NC+ND; 
%Hamiltonian matrix 

%NS=15;NC=20;ND=15;Np=NS+NC+ND;UB=0*ones(Np,l);%no barrier 
%NS=23;NC=4;ND=23;Np=NS+NC+ND; 

%UB=[zeros(NS,l);0.4*ones(NC,l);zeros(ND,l);];%tunneling barrier 
NS= 1 5;NC= 1 6;ND= 1 5 ;Np=NS+NC+ND; 

UB=[zeros(NS,l);0.4*ones(4,l);zeros(NC-8,l);0.4*ones(4,l);zeros(ND,l)];%RT barrier 
T=(2*t0*diag(ones(l ,Np)))-(tO*diag(ones( 1 ,Np- 1 ), 1 ))-(tO*diag(ones(l ,Np- 1 ),- 1 )); 
T=T+diag(UB); 

%Bias 

NV=26;VV=linspace(0,.5,NV); 
foriV=l:NV 

V=VV(iV);mul=Ef+(V/2);mu2=Ef-(V/2); 
Ul=V*[.5*ones(l,NS) linspace(0.5,-0.5,NC) -.5*ones(l,ND)]; 
U1=U1';% Applied potential profile 

%Energy grid for Green's function method 
NE=101;E=linspace(-.2,.8,NE);zplus=i*le-12;dE=E(2)-E(l); 

f 1 = 1 ./( l+exp((E-mu 1 )./kT)); 

f2= 1 ./( l+exp((E-mu2)./kT)); 

%For infinite 2-D cross-section 
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%fl=(2*m*kT*q/(2*pi*hbar"2)).*log(l+exp((mul-E)./kT)); 
%f2=(2*m*kT*q/(2*pi*hbar"2)).*log(l+exp((mu2-E)./kT)); 

%Transmission 

I=0;%Current 

fork=l:NE 

sigl=zeros(Np);sig2=zeros(Np);sig3=zeros(Np); 
ck= 1 -((E(k)+zplus-Ul (1 )-UB(l ))/(2*t0));ka=acos(ck); 
sig 1 ( 1 , 1 )=-tO*exp(i*ka);gam 1 =i*(sig 1-sigl '); 

ck=l-((E(k)+zplus-Ul(Np)-UB(Np))/(2*tO));ka=acos(ck); 
sig2(Np,Np)=-tO*exp(i*ka);gam2=i*(sig2-sig2'); 

sig3(Np/2,Np/2)=-i*0.00025;gam3=i*(sig3-sig3');%Buttiker probe 
G=inv(((E(k)+zplus)*eye(Np))-T-diag(Ul)-sigl-sig2-sig3); 
Tl 2=real(trace(gam 1 *G*gam2*G' )); 
T13=real(trace(gaml*G*gam3*G')); 
T23=real(trace(gam2*G*gam3*G')); 

TM(k)=T 1 2+(T 1 3*T23/(T 1 2+T23)); 
I=I+(dE*IE*TM(k)*(fl(k)-f2(k))); 

end 

II(iV)=I;V,I 
end 

XX=a*le9*[l:l:Np]; 

XS=XX([l:NS-4]);XD=XX([NS+NC+5:Np]); 
hold on 

h=plot(VV,II,'b'); 

%h=plot(XX,U 1 +UB , 1 b' ); 

%h=plot(XS,mu 1 *ones( 1 ,NS-4),'b-'); 

%h=plot(XD,mu2*ones(l,ND-4), l b-- 1 ); 

axis([0 .5 0 3.5e-7]) 

%axis([0 15 -.3 .7]) 

set(h,'linewidth',[2.0]) 

set(gca, ' Fontsize 1 , [24] ) 

xlabelC Voltage ( V ) — > ') 

%xlabel(' z ( nm ) — >') 

%ylabel(' Energy ( eV ) — > ') 

ylabelC Current ( A ) — > ') 

grid on 

Chapter 10 

% Fig. 10.4.4 

clear all 

beta=pi*linspace(- 1 , 1 ,201 ); w0= 1 ; 
y=sqrt(2*w0*(l-cos(beta))); 

hold on 

h=plot(beta,y,'b'); 



382 



MATLAB codes used to generate text figures 



set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[24]) 
grid on 

% Fig. 10.4.5 

clear all 

beta=pi*linspace(- 1 , 1 ,20 1 ); w 1 = 1 ; w2=2; 
forn=l:201 

A=[wl+w2 wl+(w2*exp(-i*beta(n)));wl+(w2*exp(i*beta(n))) wl+w2]; 

[V,D]=eig(A);D=sort(real(diag(D))); 

D 1 (n)=real(sqrt(D( 1 )));D2(n)=real(sqrt(D(2))) ; 

end 

hold on 

h=plot(beta,Dl,'b'); 
h=plot(beta,D2,'b'); 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[24]) 
grid on 

Chapter 11 

%Fig.1 1.2.2, 11.2.7 

clear all 

%1-D with elastic phase-breaking and/or coherent, T vs. E, fixed length 

%Constants (all MKS, except energy which is in eV) 

hbar= 1 .06e-34;q= 1 .6e- 1 9;m= 1 *9. le-3 1 ;IE=(q*q)/(2*pi*hbar);kT=.025; 

%inputs 

a=3e-10;tO=(hbar"2)/(2*m*(a"2)*q);D=0.01*0; 
%Energy grid 

NE=401;E=linspace(.l,.3,NE);zplus=i*le-12;dE=E(2)-E(l); 
%Bias 

V=0.01;fl=l/(l+exp((-V/2)/kT)); 

f2=l/(l+exp((V/2)/kT)); 

%Hamiltonian 

Np=40;UB=zeros(Np,l);UB(5)=0.5*l;UB(36)=0.5*l; 
U 1 = V*linspace(0.5 ,-0.5 ,Np) ' ;XX=a*linspace(0,Np- 1 ,Np); 

T=(2*t0*diag(ones( 1 ,Np)))-(tO*diag(ones(l ,Np-l), l))-(tO*diag(ones(l ,Np- 1),-1)); 

%Iterative solution 
fork=l:NE 

sig 1 =zeros (Np) ; sig2=zeros (Np) ; 

ck= 1 -((E(k)+zplus-Ul ( 1 )-UB( 1 ))/(2*t0));ka=acos(ck); 
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sig 1 ( 1 , 1 )=-tO*exp(i*ka);gam 1 =i*(sig 1-sigl '); 

ck=l-((E(k)+zplus-Ul(Np)-UB(Np))/(2*tO));ka=acos(ck); 
sig2(Np,Np)=-tO*exp(i*ka);gam2=i*(sig2-sig2'); 

%calculating the Green function, G self-consistently 
G=inv(((E(k)+zplus)*eye(Np))-T-diag(Ul+UB)-sigl-sig2);change=l; 

while(change> le-4) 

sigp=diag(D*diag(G)); 
S=inv(((E(k)+zplus)*eye(Np))-T-diag(Ul+UB)-sigl-sig2-sigp); 
change=sum(sum(abs(G-S)))/(sum(sum(abs(G)+abs(S)))); 

G=(0.5*G)+(0.5*S); 

end 

G=S;A=i*(G-G); 
M=D*(G.*conj(G)); 

%calculating the electron density ,n(r;E) 
gamp=i*(sigp-sigp');gamma=gaml+gam2+gamp; 

sigin 1 =f 1 *gam 1 ;sigin2=f2*gam2; 

n=(inv(eye(Np)-M))*diag(G*(sigin 1 +sigin2)*G ); 

siginp=D*diag(n); 

%calculating the correlation function Gn 

Gn=G*(siginl+sigin2+siginp)*G'; 
%calculating the effective transmission 

1 1 (k)=( l/(f2-f 1 ))*real(trace(gam 1 *Gn)-trace(siginl * A)); 

I2(k)=( l/(f 1 -f2))*real(trace(gam2*Gn)-trace(sigin2*A)); 

end 

hold on 

h=plot(Il,E,'b'); 
%h=plot(I2,E,'bx'); 
%h=plot( 1 e9 *XX,U 1 +UB , 1 b 1 ); 
%h=plot( 1 e9*XX,U 1 +UB , 1 bo ' ) ; 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[24]) 
%xlabel(' x ( nm ) — > ') 
%ylabel(' Potential ( eV ) — > ') 
xlabel(' Transmission — > ') 
ylabel(' Energy ( eV ) — > ') 
grid on 

axis([0 1.1 .1 .3]) 



% Fig.1 1.2.4, 11.2.6 

clear all 

%multi-moded coherent transport,T vs. E 

%Constants (all MKS, except energy which is in eV) 
hbar=1.06e-34;q=1.6e-19;m=9.1e-31;IE=(q*q)/(2*pi*hbar);kT=.025; 
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%inputs 

a=5e-10;t0=(hbar"2)/(2*m*(a"2)*q); 
%Energy grid 

NE=1 1;% 1 1 for one scatterer, 101 for two 
E=linspace(0. 1,0.3 ,NE);zplus=i* 1 e- 1 2;dE=E(2)-E( 1 ); 

%Bias 

V=0.0 1 ;f 1= l/( l+exp((- V/2)/kT)); 

f2=l/(l+exp((V/2)/kT)); 

%Transverse modes 
NW=15;NT=7; 

alpha=(4*t0*diag(ones(l ,NW)))-(tO*diag(ones( 1 ,NW- 1 ), 1 ))-(tO*diag(ones( 1 ,NW- 1 ),- 1 )); 

[VT,D]=eig(alpha);[D ind]=sort(diag(D)); 

in=[];fork=l:NT 

in=[in ind(k)];end 
VT=VT(:,in);D=diag(VT'*alpha*VT); 

%Hamiltonian 

Np=40;UB=zeros(Np,l);UB(5)=0.25*l;UB(36)=0.25*0; 

impshape=[linspace(0, 1 ,7) linspace( 1 ,0,NW-7)]; 

Ul=V*linspace(0.5,-0.5,Np)'; 

al=alpha+(U 1 ( l)*eye(NW,NW)); 

H=VT'*al*VT;Hl=H; 

Z=zeros(NT,NT);bet=-tO*eye(NT,NT); 

for N=2:Np 

al=alpha+(Ul(N)*eye(NW,NW));all=al; 

al=al+(diag(UB(N)*impshape)); 

al=VT'*al*VT;H=[Hbet;bet' al]; 

all=VT'*all*VT;Hl=[Hl bet;bet' all];%Use for one scatterer 
bet=[Z;bet]; 

end 

%calculating the transmission 
fork=l:NE 

ck=(D-E(k)-zplus+Ul(l))./(2*tO);ka=acos(ck); 

sl=-tO*exp(i.*ka);sigl=[diag(sl) zeros(NT,NT*(Np-l));zeros(NT*(Np-l),NT*Np)]; 
ck=(D-E(k)-zplus+Ul(Np))./(2*tO);ka=acos(ck); 

s2=-tO*exp(i.*ka);sig2=[zeros(NT*(Np-l),NT*Np);zeros(NT,NT*(Np-l)) diag(s2);]; 
gaml=i*(sigl-sigl');gam2=i*(sig2-sig2'); 

G=inv(((E(k)+zplus)*eye(NT*Np))-H-sig 1 -sig2); 

T(k)=real(trace(gaml*G*gam2*G')); 
Gl=inv(((E(k)+zplus)*eye(NT*Np))-Hl-sigl-sig2);%Use for one scatterer 

M(k)=real(trace(gaml*Gl*gam2*Gl'));[k T(k) M(k)],%use for one scatterer 

end 

Tsc=T./(2-(T./M));%semiclassical addition, use for one scatterer 

%save condfluct2 
XX=a*linspace(0,Np- 1 ,Np) ; 
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hold on 

%h=plot(T,E,'b'); 
h=plot(Tsc,E,'b-'); 
%h=plot(M,E,'b l ); 
set(h,'linewidth l ,[2.0]); 
set(gca,'Fontsize',[24]); 
xlabel(' Transmission — > ') 
ylabel(' Energy ( eV ) — > ') 
axis([0 5 .1 .3]) 
grid on 

% Fig. 11. 2.8 

clear all 

%1-D elastic coherent and/or phase-breaking, R vs. L, fixed E 

%Constants (all MKS, except energy which is in eV) 
hbar=1.06e-34;q=1.6e-19;m=.25*9.1e-31;IE=(q*q)/(2*pi*hbar);kT=.025; 

%inputs 

a=3e- 1 0;tO=(hbar~2)/(2*m*(a-2)*q);D=0.05; V=0.0 1 ; 
%Bias 

%Energy grid 
E=0.1;zplus=i*le-12; 

fl = l/(l+exp((-V/2)/kT)); 
f2=l/(l+exp((V/2)/kT)); 

%Current 
fork=2:21 

Np=k;UB=zeros(Np,l);Ul=V*linspace(0.5,-0.5,Np)';k 

T=(2*t0*diag(ones(l ,Np)))-(tO*diag(ones( 1 ,Np- 1 ), 1 ))-(tO*diag(ones( 1 ,Np- 1 ),- 1 )); 

sigl=zeros(Np);sig2=zeros(Np);sig3=zeros(Np); 
ck= 1 -((E+zplus-U 1 (l)-UB(l ))/(2*t0));ka=acos(ck); 
sig 1 ( 1 , 1 )=-tO*exp(i*ka);gam 1 =i*(sig 1-sigl '); 

ck=l -((E+zplus-U 1 (Np)-UB(Np))/(2*tO));ka=acos(ck); 

sig2(Np,Np)=-tO*exp(i*ka);gam2=i*(sig2-sig2'); 

%calculating the Green function, G self-consistently 
G=inv(((E+zplus)*eye(Np))-T-diag(U l+UB)-sig 1 -sig2);change= 1 ; 

while(change> le-4) 

sigp=diag(D*diag(G)); 
S=inv(((E+zplus) *eye(Np))-T-diag(U 1 +UB)-sig 1 -sig2-sigp); 
change=sum(sum(abs(G-S)))/(sum(sum(abs(G)+abs(S)))); 

G=(0.5*G)+(0.5*S); 

end 

G=S;A=i*(G-G); 
M=D*(G.*conj(G)); 
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%calculating the inscattering functions from the contacts F1,F2 
gam 1 =i*(sig 1 -sig 1 1 );gam2=i*(sig2-sig2' ); 
gamp=i*(sigp-sigp l );gamma=gaml+gam2+gamp; 

sigin 1 =f 1 *gam 1 ;sigin2=f2*gam2; 

n=(inv(eye(Np)-M))*diag(G*(siginl+sigin2)*G'); 

siginp=D*diag(n); 

%calculating the correlation function Gn 
Gn=G*(siginl+sigin2+siginp)*G'; 

%calculating the current 

1 1 (k- 1 )=( l/(f 1 -f2))*real(trace(gam 1 *Gn)-trace(siginl * A)); 
I2(k-l)=(l/(fl-f2))*real(trace(gam2*Gn)-trace(sigin2*A)); 
L(k-l)=k*a*lelO; 

end 

L=L./10;% Angstrom to nm 
hold on 

h=plot(L,l./I2,'b l ); 
%h=plot(Il+I2,'g- 1 ); 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[24]) 
xlabel(' Length ( nm ) — > ') 
ylabel(' Normalized resistance — > ') 
axis([0 6 0 3]) 
grid on 

% Fig.11.3.1, 11.3.2, 11.3.3 

clear all 

%1-D with inelastic scattering 

%Constants (all MKS, except energy which is in eV) 
hbar=l .06e-34;q=l .6e- 19;m=.25*9. le-3 1 ;Ef=0. 15;kT=0.025; 

%inputs 

a=3e-10;t0=(hbar"2)/(2*m*(a'2)*q); 

%Hamiltonian matrix 

Np=40;UB=0* [zeros( 1 0, 1 );0.25*ones(Np- 10, 1 )]; 

T=(2*tO*diag(ones(l,Np)))-(tO*diag(ones(l,Np-l),l))-(tO*diag(ones(l,Np-l),-l)); 
%Bias 

V=0.1;mul=Ef+(V/2);mu2=Ef-(V/2); 

Ul=V*[.5*ones(l,l) linspace(0.5,-0.5,Np-2) -.5*ones(l,l)]';%Applied potential profile 
D=le-l;%Scattering strength 

%Energy grid 

NE=101;E=linspace(-.05,.35,NE);zplus=i*le-12;dE=E(2)-E(l); 
f 1 = 1 ./( l+exp((E-mu 1 )./kT»; 

f2= 1 ./( 1 +exp((E-mu2)./kT)); 
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%Initial guess 

sigin=0*ones(Np,NE);sigout=0*ones(Np,NE); 

%Iterative solution of transport equation 
change= 1 ;it= 1 ;n=zeros(Np,NE);p=zeros(Np,NE); 
while change> le-3 
fork=l:NE 

sigl=zeros(Np);sig2=zeros(Np); 

ck= 1 -((E(k)+zplus-U 1 ( 1 )-UB ( 1 ))/(2*t0)) ;ka=acos(ck); 
sig 1 ( 1 , 1 )=-tO*exp(i*ka);gaml=i*(sig 1 -sig 1' ); 

ck=l-((E(k)+zplus-Ul(Np)-UB(Np))/(2*tO));ka=acos(ck); 
sig2(NpJSfp)=-tO*exp(i*ka);gam2=i*(sig2-sig2'); 
siginl(:,k)=f I(k)*diag(gaml);sigin2(:,k)=f2(k)*diag(gam2); 
sigout 1 ( : ,k)=( 1-f 1 (k))*diag(gaml );sigout2(: ,k)=( l-f2(k))*diag(gam2); 
gamp=sigin(:,k)+sigout(:,k); 

G=inv(((E(k)+zplus)*eye(Np))-T-diag(Ul+UB)-sigl-sig2+(i*0.5*diag(gamp))); 
A=diag(i*(G-G')); 

n(:,k)=real(diag(G*((fl(k)*gaml)+(f2(k)*gam2)+diag(sigin(:,k)))*G')); 
p(:,k)=A-n(:,k); 

end 

off=0;%less than NE-1, equal to 0 for elastic 
C=exp(-dE*off/kT); 

ne=n(:,[off+l:NE]);ne=[ne zeros(Np,off)]; 
na=n(:,[l:NE-off]);na=[zeros(Np,off) na]; 
pa=p(:,[off+l:NE]);pa=[pa zeros(Np,off)]; 
pe=p(:,[l:NE-off]);pe=[zeros(Np,off) pe]; 

siginnew=(D*ne)+(C*D*na); 

sigoutnew=(D*pe)+(C*D*pa); 

change=sum(sum(abs(siginnew-sigin))); 

change=change+sum(sum(abs(sigoutnew-sigout))) 

sigin=((l-it)*sigin)+(it*siginnew); 

sigout=((l-it)*sigout)+(it*sigoutnew); 

end 

Il=real((sigoutl.*n)-(siginl.*p));Il=sum(Il); 
I2=real((sigout2.*n)-(sigin2.*p));I2=sum(I2); 
I3=real((sigout.*n)-(sigin.*p));I3=sum(I3); 

I123=(dE/V)*[sum(Il) sum(I2) sum(I3)],%Normalized Conductance 
IE=(dE/(V*V))*[sum(E.*Il) sum(E.*I2) sum(E.*I3)],%Normalized Power 
kirchoff=[sum(I123) sum(IE)],%checking for conservation of current and energy current 

save inelO 
hold on 

h=plot(Il,E,'b'); 
h=plot(I2,E,'b-'); 
%h=plot(I3,E,'c'); 
set(h,'linewidth',[2.0]) 
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set(gca, 1 Fontsize 1 , [24] ) 

xlabel(' Normalized current / energy — > ') 

ylabel(' Energy ( eV ) — > ') 

axis([-.2 .2 -.05 .35]) 

% Fig. 11. 4.4 

clear all 

%Ballistic self-consistent solution 

%Constants (all MKS, except energy which is in eV) 
hbar= 1 .06e-34;q= 1 .6e- 1 9;m=.25*9. le-3 1 ; 
kT=0.0259;zplus=i*le-12;eps0=8.854e-12; 

%inputs 

a=3e-10;tO=(hbar"2)/(2*m*(a~2)*q);N=40; 
Ef=0.1;Ec=-0.5;Vg=0; 

r=5e-9;tox=5e-9;K=2;%Use large value of permittivity K for Laplace limit 
U0=q/2/pi/a/K/eps0.*log((r+tox)/r) 

%Hamiltonian matrix 
Np=40; 

HO=(2*tO*diag(ones(l ) Np)))-(tO*diag(ones(l,Np-l),l))-(tO*diag(ones(l,Np-l),-l)); 
%Energy grid 

NE=40 1 ;E=linspace(-0. 5,0.3 ,NE);dE=E(2)-E( 1 );I0=(q"2)/hbar/2/pi 
%Bias 

iV=41;V=linspace(0,0.4,iV);nO=0;UL=-Vg*ones(Np,l);U=UL; 
forkk=l:iV 

Vd=V(kk);mul=Ef;mu2=Ef-Vd; 

sig 1 =zeros (Np) ; sig2=zeros (Np) ; 

epsilon=l; 

while (epsilon>0.001) 
rho=0; 
fork=l:NE 

fl=l/(l+exp((E(k)-mul)/kT));f2=l/(l+exp((E(k)-mu2)/kT)); 

cka 1 = 1 -(E(k)+zplus-Ec)/2/t0; ka 1 =acos(cka 1 ); 
sigl(l,l)=-tO*exp(i*kal);gaml=i*(sigl-sigl'); 

cka2= 1 -(E(k)+zplus-Ec+Vd)/2/t0; ka2=acos(cka2); 
sig2(N,N)=-tO*exp(i*ka2);gam2=i*(sig2-sig2'); 

G=inv((E(k)+zplus)*eye(N)-H0-diag(U)-sigl-sig2);A=i*(G-G'); 
sigin 1 =f 1 *gam 1 ;sigin2=f2*gam2; 

Gn=G*(siginl+sigin2)*G';rho=rho+dE/2/pi*Gn; 
T(k)=trace(gaml*G*gam2*G'); 
II (k)=real(trace(sigin 1 * A)-trace(gam 1 *Gn)); 
I2(k)=-real(trace(sigin2*A)-trace(gam2*Gn)); 
end 

n=real(diag(rho));Unew=UL+(U0*(n-n0)); 
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dU=Unew-U;epsilon=max(abs(dU)) 
U=U+0.25*dU; 
if Vd==0 

nO=n;epsilon=0;end 

end 

IDl=2*I0*dE*sum(Il);ID2=2*I0*dE*sum(I2);%2 for spin 
I(kk)=IDl; 

end 

save IV2 
IonL=I0*Ef 
hold on 
h=plot(V,I,'b'); 

h=plot(V,IonL*ones(iV,l),'bx l ); 
set(h,'linewidth',[2.0]) 
set(gca, ' Fontsize 1 , [24] ) 
grid on 

xlabelC Voltage ( V ) -> ') 
ylabelC Current (A) — > ') 



% Fig.E.11.5 

clear all 

%1-D tunneling and/or elastic phase-breaking, R vs. L, fixed E 

%Constants (all MKS, except energy which is in eV) 

hbar=1.06e-34;q=1.6e-19;m=.25*9.1e-31;IE=(q*q)/(2*pi*hbar);kT=.025; 

zplus=i*le-51; 

%inputs 

a=3e-10;t0=(hbar"2)/(2*m*(a"2)*q); 

D=3e-1;% Scattering Strength: 2e-l (x's) and 3e-l (o's) eV~2 
V=0.001;% Applied voltage 
mu=0. 1;% Fermi energy 

fl = l/(l+exp((-V/2)/kT));%Fermi function in contact 1 at E=mu 
f2=l/(l+exp((V/2)/kT));%Fermi function in contact 2 at E-mu 

% Actual calculation 

E=mu; 

for k=5:26 

Np=k;%Length of barrier = (Np-2)*a 
UB=[0;0.5*ones(Np-2,l);0];% Barrier height 
Ul=V*linspace(0.5,-0.5,Np)';% Applied potential profile 
T=(2*t0*diag(ones( 1 ,Np)))-(tO*diag(ones( 1 ,Np- 1 ), 1 ))-. . . 

(tO*diag(ones(l,Np-l),-l));%Tight-binding Hamiltonian 

sigl=zeros(Np);sig2=zeros(Np);sig3=zeros(Np); 
ck= 1 -((E+zplus-U 1 (l)-UB(l ))/(2*t0));ka=acos(ck); 
sigl(l,l)=-tO*exp(i*ka);gaml=i*(sigl-sigl');%Self-energy for contact 1 
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ck=l -((E+zplus-U 1 (Np)-UB(Np))/(2*tO));ka=acos(ck); 
sig2(Np,Np)=40*exp(i*ka);gam2=i*(sig2-sig2');%Self-energy for contact 2 

%calculating the Green function, G self-consistently 
G=inv(((E+zplus)*eye(Np))-T-diag(U 1 +UB)-sig 1 -sig2);change= 1 ; 
while(change> le-15) 

sigp=diag(D*diag(G));%Self-energy due to scattering 
S=inv(((E+zplus)*eye(Np))-T-diag(Ul+UB)-sigl-sig2-sigp); 
change=sum(sum(abs(G-S)))/(sum(sum(abs(G)+abs(S)))); 

G=(0.5*G)+(0.5*S); 

end 

G=S;A=i*(G-G);M=D*(G.*conj(G)); 

%calculating the inscattering functions from the contacts F1,F2 
gam 1 =i*(sig 1 -sig 1 ' );gam2=i*(sig2-sig2' ); 
gamp=i*(sigp-sigp l );gamma=gaml+gam2+gamp; 

sigin 1 =f 1 *gam 1 ;sigin2=f2*gam2; 

n=(inv(eye(Np)-M))*diag(G*(siginl+sigin2)*G'); 

siginp=D*diag(n);%Inflow due to scattering 

%calculating the correlation function Gn 
Gn=G*(siginl+sigin2+siginp)*G'; 

%calculating the current 

1 1 (k-4)=( l/(f 1 -f2))*real(trace(gam 1 *Gn)-trace(siginl * A)); 
I2(k-4)=(l/(fl-f2))*real(trace(gam2*Gn)-trace(sigin2*A)); 
L(k-4)=(k-2)*a*le9;%in nanometers 

end 

hold on 

h=plot(L,loglO(-l./H),'g');% Current at left end 

h=plot(L,loglO(l./I2),'go');% Current at right end 

set(h,'linewidth',[2.0]) 

set(gca, 1 Fontsize 1 , [24] ) 

xlabel(' Length ( nm ) — > ') 

ylabel(' loglO ( resistance ) — > ') 

grid on 

%Fig.E.11.6 

clear all 

%0-D with inelastic scattering 

%Constants (all MKS, except energy which is in eV) 
hbar=l .06e-34;q= 1 .6e- 1 9;I0=q*q/(2*pi*hbar); 

%Parameters 

H0=5;Ef=0;kT=0.0025;dE=0.0005;zplus=i* 1 e- 1 2;gamma=0. 1 ; 
D0=0;Dnu=0*[0.5 0.7];Nph=size(Dnu,2); 

hnu=[100 550];%Multiply by dE for actual hnu 
Nhnu=l./((exp(dE*hnu./kT))-l); 
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%Bias 

NV=203; VV=linspace(-0.5 1 ,0.5 ,NV);dV=VV(2)- VV( 1 ); 
foriV=l:NV 

V= V V(i V) ;mu 1 =Ef ;mu2=Ef- V;U 1 =(-0.5) * V; 
%Energy grid 

E=[mu2-(10*kT)-(10*dE):dE:mul+(10*kT)+(10*dE)]; 
if V<0 

E=[mul-(10*kT)-(10*dE):dE:mu2+(10*kT)+(10*dE)]; 

end 

NE=size(E,2);[iVNE] 

f 1 = 1 ./( 1 +exp((E-mu 1 ) ,/kT)); 
f2= 1 ./( 1 +exp((E-mu2)./kT)); 

%Initial guess 

n=zeros( 1 ,NE);p=zeros( 1 ,NE); 
sigin 1 =zeros( 1 ,NE);sigout 1 =zeros( 1 ,NE); 
sigin2=zeros( 1 ,NE);sigout2=zeros( 1 ,NE); 
sigin=0*ones( 1 ,NE);sigout=0*ones( 1 ,NE); 
%Iterative solution of transport equation 
change=l;it=l; 
while change > le-3 
fork=l:NE 

sig l=-i*gamma/2;gam 1 =i*(sigl -sig 1 ' ); 
sig2=-i*gamma/2;gam2=i*(sig2-sig2'); 

sigin 1 (k)=f 1 (k)*gam 1 ;sigin2(k)=f2(k)*gam2; 

sigout 1 (k)=( 1-f l(k))*gaml ;sigout2(k)=( 1 -f2(k))*gam2; 

gamp=sigin(k)+sigout(k); 
G=inv((E(k)+zplus)-H0-Ul-sigl-sig2+(i*0.5*gamp)); 

A=i*(G-G'); 

n(k)=real(G*((fl(k)*gaml)+(f2(k)*gam2)+sigin(k))*G'); 
p(k)=A-n(k); 

end 

siginnew=D0*n;sigoutnew=D0*p; 
for iph=l:Nph 

inu=hnu(iph); 

if inu<NE 

ne=n([inu+l:NE]);ne=[ne zeros(l,inu)]; 
na=n( [ 1 :NE-inu] ) ;na=[zeros( 1 ,inu) na] ; 
pe=p([inu+l:NE]);pe=[pe zeros(l,inu)]; 
pa=p( [ 1 :NE-inu] ) ;pa=[zeros( 1 ,inu) pa] ; 

siginnew=siginnew+((Nhnu(iph)+l)*Dnu(iph)*ne)+(Nhnu(iph)*Dnu(iph)*na); 
sigoutnew=sigoutnew+(Nhnu(iph)*Dnu(iph)*pe)+((Nhnu(iph)+l)*Dnu(iph)*pa); 
end 

end 

change=sum(sum(abs(siginnew-sigin))); 
change=change+sum(sum(abs(sigoutnew-sigout))); 



392 



MATLAB codes used to generate text figures 



sigin=(( 1 -it) * sigin)+(it* siginnew); 
sigout=((l-it)*sigout)+(it*sigoutnew); 

end 

Il=real((sigoutl.*n)-(siginl.*p));Il=sum(Il); 
I2=real((sigout2.*n)-(sigin2.*p));I2=sum(I2); 
I3=real((sigout.*n)-(sigin.*p));I3=sum(I3); 

I123=dE*[sum(Il) sum(I2) sum(I3)],%Normalized Conductance 
%IE=(dE/(V*V))*[sum(E.*Il) sum(E.*I2) sum(E.*I3)],%Normalized Power 
%kirchoff=[sum(I123) sum(IE)],%checking for conservation of current and energy current 

II(iV)=sum(I2)*dE*I0; 
end 

Gl=diff(II)./dV;VG=VV([2:NV]); 
IETS=diff(Gl)./dV;VETS=VV([3:NV]); 

hold on 

%h=plot(W,n, 1 rx l ); 
h=plot(VG,Gl,'b-'); 
set(h,'linewidth',[2.0]) 
set(gca,'Fontsize',[24]) 
%xlabel(' Voltage (V) --> ') 
%ylabel(' d2I/dV2 -> ') 

Appendix 

% Fig.A.5.2, A.5.3 

clear all 

NE=1001;E=linspace(-.25,.25,NE);zplus=i*le-3;dE=E(2)-E(l);kT=.00026; 
Nep=500 1 ;ep=linspace(- 1 , 1 ,Nep);tau=0.05;dep=ep(2)-ep( 1 );delta=3. 1 17*tau*tau/2 
ep0=-25 *delta;U=50*delta; [U/pi abs(epO)]/delta 
D=ones(l ,Nep);f=l ./( l+exp(ep./kT));fK= 1 ./( 1 +exp(E./kT));tau=0.06; 

forkE=l:NE 

sO(kE)=dep*tau*tau*sum(D./(E(kE)-ep+zplus)); 

sl(kE)=dep*tau*tau*sum(D./(E(kE)-epO-epO-U+ep+zplus)); 

s2(kE)=dep*tau*tau*sum(D.*f./(E(kE)-ep+zplus)); 

s3(kE)=dep*tau*tau*sum(D.*f./(E(kE)-epO-epO-U+ep+zplus)); 

end 

g=U./(E-epO-U-sO-sO-sl); 

GK=(l+(0.5*g))./(E-epO-sO+(g.*(s2+s3))); 

G=(l+(0.5*U./(E-epO-U-sO)))./(E-epO-sO); 

A=i*(G-conj(G))/(2*pi);dE*sum(A) 

AK=i*(GK-conj(GK))/(2*pi);dE*sum(AK) 

dE*sum(AK.*fK) 

del=-dE*sum(imag(sO)) 
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hold on 

%h=plot(E,-imag(sO)); 

%h=plot(E,imag(sl)); 

%h=plot(E,imag(s2),'mx'); 

%h=plot(E,imag(s3),'m'); 

h=plot(A,E,'b-'); 

h=plot(AK,E,'b'); 

set(h,'linewidth',[2.0D 

set(gca, ' Fontsize 1 , [24] ) 

grid on 

xlabelC D(E) per eV -> ') 
ylabelC E(eV)-> ') 
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This is not intended to be a representative bibliography, just a list of references that could help readers 
broaden their understanding of the material presented herein, which is a very small subset of the vast 
literature in the field. 

General 

This book has grown out of a graduate course (and recently its undergraduate version) that I have 
been teaching for a number of years. The reader may find it useful to view the videostreamed course 
lectures, which are publicly available through the web. Information should be available at my website 

http://dynamo.ecn.purdue.edu/~datta 

and through the "nanohub" at www.nanohub.org. 

1 Prologue 

This chapter and the Appendix have been adapted from Datta (2004). With corrections. 

The example used to illustrate the importance of the potential profile in determining the 
current-voltage characteristics in Section 1.4 (Figs. 1.4.2, 1.4.3) is motivated by the experiments 
discussed in 

Datta S., Tian W., Hong S., Reifenberger R., Henderson J., and Kubiak C. P. (1997). STM current- 
voltage characteristics of self-assembled monolayers (SAMs). Phys. Rev. Lett., 79, 2530. 

We will not be discussing the Coulomb blockade regime in this book (other than Sections 1.5 and 
3.4). For further reading, see for example, Bonet et al. (2002) and: 

Kastner M. (1993). Artificial atoms. Phys. Today, 46, 24. 

Likharev K. (1999). Single-electron devices and their applications. Proc. IEEE, 87, 606. 
Kouwenhoven L. R and McEuen R L. (1997). Single electron transport through a quantum dot. In 

Nano-Science and Technology, ed. G. Timp. AIP Press. 
Ferry D. K. and Goodnick S. M. (1997). Transport in Nano structures. Cambridge University Press. 

Chapter 4. 

The simple nanotransistor model briefly described in Section 1.6 is essentially the same as that 
described in: 

Rahman A., Guo J., Datta S., and Lundstrom M. (2003). Theory of ballistic transistors. IEEE Trans. 
Electron Dev., 50, 1853. 
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I mentioned in Section 1.6 that the regime of transport with t < Uq presents major theoretical chal- 
lenges (see, for example, Georges (2004)). One of the paradigms widely investigated in this context 
is that of "Luttinger liquids," see, for example, Giamarchi (2004). 

For an introduction to the Kondo effect, see for example, Kouwenhoven and Glazman (2001). 

2 Schrodinger equation 

For a summary of basic quantum mechanics and the hydrogen atom the reader could consult any 
beginning text, such as: 

Eisberg R. and Resnick R. (1974, 1985). Quantum Physics. Wiley. 

Cox P. A. (1996). Introduction to Quantum Theory and Atomic Structure. Oxford Chemistry Primers. 

We have discussed only the finite difference method here. The reader may want to look up the finite 
element method. See for example Ramdas Ram-Mohan (2002) or White et al. (1989). 

3 Self-consistent field 

For a detailed discussion of the self-consistent field method, the reader is directed to Herman and 
Skillman( 1963) and: 

Slater, J. C. (1963-1974). Quantum Theory of Molecules and Solids, Vols. I-IV. McGraw-Hill. 
Grant G. H. and Richards W. G. (1995). Computational Chemistry. Oxford Chemistry Primers. 

For more discussion of the structural aspects: 

Pettifor D. (1995). Bonding and Structure of Molecules and Solids. Oxford University Press. 
The discussion in Section 3.4 is based on the approach described in: 

Beenakker C. W. J. ( 1 99 1 ). Theory of Coulomb blockade oscillations in the conductance of a quantum 
dot. Phys. Rev. B, 44, 1646. 

For a discussion of the interpretation of one-particle energy levels, see for example: 

Brus L. E. (1983). A simple model for the ionization potential, electron affinity, and aqueous redox 
potentials of small semiconductor crystallites. J. Chem. Phys., 79, 5566. 

More recent references include: 

Bakkers E. P. A. M., Hens Z., Zunger A., Franceschetti A., Kouwenhoven L. P., Gurevich L., and 
Vanmaekelbergh D. (2001). Shell-tunneling spectroscopy of the single-particle energy levels of 
insulating quantum dots. Nano Lett., 1, 551. 

Niquet Y. M., Delerue C, Allan G., and Lannoo M. (2002). Interpretation and theory of tunneling 
experiments on single nanostructures. Phys. Rev. B, 65, 165334. 

4 Basis functions 

The reader may enjoy the discussion of "base states" in Feynman (1965), especially Chapter 8. 
Orthogonal basis functions are widely discussed in all quantum mechanics texts such as: 
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Cohen-Tannoudji C, Diu B., and Laloe F. (1977). Quantum Mechanics. Wiley. 
Schiff L. I. (1955). Quantum Mechanics. McGraw-Hill. 

Non-orthogonal bases are discussed in more detail in quantum chemistry texts such as: 
Szabo A. and Ostlund N. S. (1996). Modern Quantum Chemistry. Dover. 

5 Bandstructure 

Bandstructure-related concepts are discussed in solid-state physics texts like: 

Ziman J. M. (1972). Principles of the Theory of Solids. Cambridge University Press. 
Kittel C. (1976). Introduction to Solid State Physics. Wiley. 

Section 5.3 closely follows the seminal work of Vogl etal. (1983). For more recent developments and 
references, see for example: 

Boykin T. B., Klimeck G., Chris Bowen R., and Oyafuso F. (2002). Diagonal parameter shifts due 
to nearest-neighbor displacements in empirical tight-binding theory. Phys. Rev. B, 66, 125207, 
and references therein. 

We have only described the empirical tight-binding method. Many other approaches have been used, 
most notably the pseudopotential method and the k- p method. See for example Fischetti (1991) and 
Singh (1993). 

6 Subbands 

Detailed discussion of carbon nanotubes can be found in: 

Dresselhaus M. S., Dresselhaus G., and Eklund P. C. (1996). Science of Fullerenes and Carbon 
Nanotubes. Academic. 

7 Capacitance 

The term "quantum capacitance" was probably first introduced by: 
Luryi S. (1988). Quantum capacitance devices. Appl. Phys. Lett., 52, 501. 
It has been used by other authors, see for example: 

Katayama Y. and Tsui D. C. (1993). Lumped circuit model of two-dimensional tunneling transistors. 
Appl. Phys. Lett., 62, 2563. 

For more on the multi-band effective mass model see Singh (1993). 

8 Level broadening 

For interesting discussions of the problem of describing irreversible phenomena starting from 
reversible laws, see for example: 

Prigogine I. (1980). From Being to Becoming. Freeman. 
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Feynman R. P. (1965). The distinction of past and future. Character of Physical Law. MIT Press. 
Chapter 5. 

9 Coherent transport 

For discussions of the transmission formalism the reader can consult Datta (1995) and Buttiker (1988). 
Also: 

Imry Y. (1997). Introduction to Mesoscopic Physics. Oxford University Press. 

Ferry D. K. and Goodnick S. M. (1997). Transport in Nanostructures. Cambridge University Press. 

To get a flavor of some of the more recent developments, see for example Beenakker (1997) and 
Buttiker (2001). 

Coherent transport calculations are often carried out non-self-consistently as in Fig. 9.5.10, but this 
aspect can affect the current-voltage characteristics significantly. See for example Cahay eta\.{\ 987), 
which uses the transmission formalism to calculate the electron density, but I believe it is more 
convenient to use the NEGF equations discussed in this chapter. 

10 Non-coherent transport 

For more on electron-photon interactions, see: 

Feynman R. P. (1985). QED: The Strange Theory of Light and Matter. Princeton University Press. 
Marcuse D. (1980). Principles of Quantum Electronics. Academic. 

Semi-classical methods that ignore quantum interference but treat non-coherent scattering processes 
in great detail are widely used to model electronic devices. For a lucid introduction, see: 

Lundstrom M. S. (2000). Fundamentals of Carrier Transport. Cambridge University Press. 

The lowest order treatment of electron-phonon interaction described in Section 10.3 is similar to that 
described in Caroi et al. (1972). 

I mention in Section 10.3 that the exclusion principle acts in a somewhat non-intuitive way. The 
reader may want to look at Section 4.4 of Kadanoff and Baym (1962) and Section 8.2 of ETMS (Datta, 
1995). 

11 Atom to transistor 

For more detailed discussions of the physics of conduction the reader can consult any of those under 
"Coherent transport." Chapter 7 of ETMS (Datta, 1995) discusses the similarities and differences 
between the problem of electron transport and optical propagation. 

The example on Peltier effect in Section 1 1.3.1 was suggested by Landauer and is based on Lake 
and Datta (1992b). The discussion in Section 11.4 is based on the approach described in Lundstrom 
(1997). 

Quantum models for ID devices based on the NEGF formalism have been extensively developed 
by the "NEMO" group. See, for example, Klimeck et al. (1995). 

These are available for public use via their website (http://hpc.jpl.nasa.gov/PEP/gekco/nemo). 

Quantum models for molecular electronic devices based on the NEGF formalism have also been 
developed. See for example, Zahid et al. (2003). This book also contains a brief discussion of the 
NEGF equations in non-orthogonal bases in the Appendix. 
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Appendix: advanced formalism 

Despite the title, I believe the approach presented here is less "advanced" and more accessible to 
beginners than the treatments available in the literature that may be needed for a systematic approach 
to higher order calculations. A few standard references and review articles, which cover the classic 
work on the NEGF formalism as applied to infinite homogeneous media, are Martin and Schwinger 
(1959), Kadanoff and Baym (1962), Keldysh (1965), Danielewicz (1984), Rammer and Smith (1986), 
Mahan (1987), and Khan et al. (1987). 

Many authors have applied the NEGF formalism to problems involving finite structures following 
Caroli et al. (1972). The basic picture presented in this book is based primarily on Datta (1989) and 
Meir and Wingreen (1992) and Datta as explained in Section 1.6. Chapter 8 of ETMS (Datta, 1995) 
has a discussion of the NEGF and its relation to the Landauer formalism. 

The time-dependent equations described here are similar to those described in: 

Jauho A. P., Wingreen N. S., and Meir Y. (1994). Time-dependent transport in interacting and non- 
interacting resonant tunneling systems. Phys. Rev. B, 50, 5528. 

Haug H. and Jauho A. P. (1996). Quantum Kinetics in Transport and Optics of Semiconductors. 
Springer- Verlag. 

The Green's function equations described for the Kondo resonance are the same as those presented 
in Meir et al. (1991). 

Electron transport in strongly correlated systems is a topic of much current research. A few refer- 
ences that may be useful are Georges (2004), Giamarchi (2004) and: 

Fulde P. (1991). Electron Correlations in Molecules and Solids. Springer- Verlag. 
Mahan G. D. (1991). Many-Particle Physics. Plenum. 

Hewson A. C. (1993). The Kondo Problem to Heavy Fermions. Cambridge University Press. 
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